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Modified Uncertainty Relation

Robertson–Schrödinger relation

p∆Aq2p∆Bq2 ě

ˇ

ˇ

ˇ

ˇ

xAB ` BAy

2
´ xAyxBy

ˇ

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ

ˇ

xrA,Bsy

2

ˇ

ˇ

ˇ

ˇ

2

rq̂, p̂s “ iℏp1 ` γ2p̂2q,

∆q∆p ě
ℏ
2

r1 ` γ2p∆pq2s

∆q

∆p

HUP

GUP

h̄γ

1/γ

Kempf, Mangano, Mann, PRD 52, 1108-1118 (1995)
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Modified Uncertainty Relation

rq̂, p̂s “ iℏr1 ´ 2δp̂ ` pδ2 ` ϵqp̂2s

Momentum space

p̂ “ p

q̂ “ iℏr1 ´ 2δp̂ ` pδ2 ` ϵqp̂2s
d

dp

(Quasi-)position space

p̂ “

tan
´

´iℏ
?
ϵ d
dξ

¯

?
ϵ` δ tan

´

´iℏ
?
ϵ d
dξ

¯

q̂ “ ξ ` iℏr´δ ` pδ2 ` ϵqp̂s

rq̂, P̂s “ iℏ, p̂ “

tan
´?

ϵP̂
¯

?
ϵ` δ tan

´?
ϵP̂

¯

PB: Clas.Quan.Grav., 38, 145006, [arXiv:2012.04795 [gr-qc]] (2021).
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Harmonic Oscillator with GUP (non-perturbative)

HO Schrödinger Equation

d

dp

„

f ppq
d

dp
ψnppq

ȷ

`
2

ℏ2mω2

1

f ppq

ˆ

En ´
p2

2m

˙

ψnppq “ 0

f ppq “ 1 ´ 2δp ` pδ2 ` ϵqp2

PB, G.G. Luciano: Eur.Phys.J.C 81, 982, [arXiv:2109.15259 [hep-th]] (2021).
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Harmonic Oscillator with GUP (non-perturbative)

Solution

ψnpζq “ ζρnp1 ´ ζqρ
˚
n
2F1pan, bn, cn; ζq

ζ “
1

2

„

1 ´ i
pδ2 ` ϵqp ´ δ

?
ϵ

ȷ

, ρn “ ´

b

2Enm ´ 1
pδ`i

?
ϵq2

2mωℏ
?
ϵ

,

an “ ´ n, bn “ ´ n ´

a

m2ω2ℏ2pδ2 ` ϵq2 ` 4

mωℏpδ2 ` ϵq
,

cn “ 1 ` 2ρn

PB, G.G. Luciano: Eur.Phys.J.C 81, 982, [arXiv:2109.15259 [hep-th]] (2021).
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Hypergeometric functions

Combinations of ζ¨ and
d

dζ
Ó

2F1pan, bn, cn; ζq Ñ 2F1pan`k, bn`l , cn`m; ζq with k , l ,m P Z.

an ` k “an´k r“ ´pn ´ kqs ✓

bn ` l “bn´l ✓

cn ` m “1 ` 2ℜpρn´mq ` iℑpρnq ✗

No ladder operator made out of ζ¨ and
d

dζ
if δ ‰ 0.

PB, G.G. Luciano: Eur.Phys.J.C 81 (2021) 11,982, [arXiv:2109.15259 [hep-th]].
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GUP Ladder Operators (δ “ 0)

A˘ “
ωℏ

?
ϵm

2

«

˘
2ip

?
ϵ

a

1 ` ϵp2

ˆ

ρ0 ´
N

2

˙

`
i
a

1 ` ϵp2
?
ϵ

d

dp

ff

A`ψnppq “
ωℏ

?
ϵm

2
p2ρ0 ´ nqψn`1ppq,

A´ψnppq “
ωℏ

?
ϵm

2

np1 ` 4ρ0 ´ nq

n ´ 2ρ0 ´ 1
ψn´1ppq,

Nψnppq “nψnppq

pA˘q:pN ´ 2ρ0q “ pN ´ 2ρ0qA¯.
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Better Ladder Operators

C` “
?
2
a

pN ´ 2ρ0qpN ´ 4ρ0qA`

d

1

pN ´ 2ρ0qpN ´ 4ρ0q
,

C´ “
?
2

d

N ´ 2ρ0
N ´ 4ρ0

A´

d

N ´ 4ρ0
N ´ 2ρ0

pC˘q: “C¯ C´ “C H “C :C ` E0I

C |ny “
a

En ´ E0|n ´ 1y, C :|ny “
a

En`1 ´ E0|n ` 1y

PB, G.G. Luciano: Eur.Phys.J.C 81 (2021) 11, 982, [arXiv:2109.15259 [hep-th]].
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QFT with GUP

Fields as anti-transforms of ladder operators

ϕpξq “
1

?
2πℏ

ż `π{2
?
ϵ

´π{2
?
ϵ
dPNP cosp

?
ϵPqe i

ξ
ℏPpCP ` C :

´Pq

xp|ϕ|0y9 cosp
?
ϵPqe´i ξℏP

PB, G.G. Luciano: Eur.Phys.J.C 81 (2021) 11, 982, [arXiv:2109.15259 [hep-th]].
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QFT with GUP

Time-dependent fields

ϕpp, tq “ e´iΩptCp ` C :
´pe

`iΩpt

Ωp “
1

ℏ
rCp,C

:
p s “

ℏω
2

´

2
?
1 ` 2ϵmH ` ℏωϵm

¯

:ϕpp, tq “ ´Ωpϕpp, tqΩp `
1

2
rΩpϕpp, tq ` ϕpp, tqΩps

´
1

2
ϕpp, tqpαpωpϵmq2

PB, G.G. Luciano: Eur.Phys.J.C 81 (2021) 11, 982, [arXiv:2109.15259 [hep-th]].
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Grazie!


