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K- Minkowski

Celeghini, Giachetti, Sorace, Tarlini, JMP 31 (1990)]
Lukierski, Nowicki, Ruegg, PLB 264 (1991), 293 (1992)]
Majid, Ruegg, PLB 334 (1994)] [Zakrzewski, JPA 27 (1993)]

|xt, xV] = i(v“x" —vVx*), u=0,..,d v#eRIL

(x!)T =x*, [k] = ¢! = (length) ™! scale,

x* € A =coordinate algebra= ‘non-commutative functions'=scalar fields



k- Poincare
Poincare group described through C[IS0(3,1)]

AN =AY, ® A%, Ala*] =AY, @ a’ +a* ® 1,

S[A%] = (ahs,  Slat]=-(HhaY,  e[at] =6Y,  elat] =

Non-commutative deformation of C[IS0(3,1)] --» C,[ISO0(3,1)]

[AMV’ aY] - é[(Aﬂava - vu)Ayv T (Aavgaﬁ N gv,@)vﬁgﬂy]
1 5] O, ] = - 7

Aua Avﬁ ga,B = g", Aﬂa AV,B Juv = Yap

Hopf algebra Vvg,.,: 9,,9"" = 62{ Different models <

VvV
vhvVg,,




Non-commutative Poincare transformation

% Relativity principle

Left co-action (1) : A = C,[IS0(3,1)] ® A
Xt =AxY +at,  [xH A ] = [xH,a¥] =0

Given the C,.[IS0(3,1)] algebra

[x#, 2] = ~ (vHx — vVxH) = [xF,x7]

the commutation relations are the same to all observers.



Multilocal functions

%ﬁ% Field theory on x-Minkowski %l?

QFT requires the concept of N-point functions. In the commutative case, given the
Abelian algebra of coordinates F, two-point functions are elements of F & F,

generated by
xi=x*®1, x;, =1Qx#, 1=1Q1

Starting from the non-abelian algebra A, the canonical algebra structure on the
tensor product A @ Ais

b 1] = £ (ot — o7, [, 2] = L (v — w7k,

[x£,1] = [x£,1] = 0, | [xt, x3] = 0



“ﬁ%@%{% Braided tensor product algebra é@?

We look for a deformation A &), A of the tensor product algebra, such that:

[t o] = (vt = vV, [ 23] = (vFad = v¥ay),

P 1] = [ 1] =0, [x, %3] =[x, 3]

Assuming that [x{’, x¥ | goes to zero as v# — 0 and that it is linear in x/, we find a
unique solution:



%ﬁ}ﬁ Braided tensor product algebra 5\?5

This algebra can be immediately extended to N points, A®x

|xt, xp| = i[v“x}{ —vVxy — g* g,ovP (xg — x7)|, a,b=1,..,N

If we impose the Jacobi rule, we find

[, [, x| + [, [2, ]| + |22, [t 23] | =

= 9a%0% (gup (gt — xt) + gPH (Y — x2) + g# (] — 2£)) = O

K2

and this is satisfied only if gaﬁv“vﬁ = 0, 1.e. the so-called /ightlike-Kk -Minkowski
non-commutativity.



A®x is a mostly-commutative
algebra

v () (0)
[xa'xb] v'uxa V=X _gli gpavp(xa _xb)]
The coordinate differences 6 x*. = x* — x" close an Abelian subalgebra:
ab a b

824, 8x24] = 0

All the noncommutativity is concentrated on the center-of-mass degrees of
freedom

n o _ 1 u u _ b u
— ﬁzaxa» [xcm» x}/m] — ; (U‘“xgm o vvxcm)

Vo = Xg — Xem, [xfm,ygf] = é(g”"gpavpya v ya) [YaJ’b] =0



A representation of A®"

The component of x.... along v¥, x5, = 9y V¥ Xy, commutes with all the yi

[xc_m:ygzt] =0, [Xgm, xc_m] = év,uxc—m'

but the other components are irreducibly noncommutative: the maximal Abelian
subalgebra is generated by x,,, and y.' (with the constraint =,y. = 0).

In 3+1 dimensions, choosing w.l.o.g. g*¥ = diag(—1,1,1,1), v* = (1,1,0,0),
X = x2, — xL,, and y!" are multiplicative operators with real spectrum and



A representation of A®x

xbr =x2 +xl., xZ,., x2. canbe represented as sums of Lorentz

matrices and a x,,, —dilatation:

2 12 02 3 13 03

. _ 0 .
xt, = 2M0 + 2ix_, o T
= i YNZ1ykgve 2 yvaup 2 Generators of rigid Lorent
=i yN- — — Y2 g > Generators of rigid Lorentz
0¥q 0¥q

transformations of N points



%ﬁ%@ K- Poincarré]invariant field S;\f
theory

QFT requires the concept of N-point functions, i.e. , in the commutative case,
Poincare-invariant distributions which admit a Fourier representation.

In the non-commutative case, we can choose an ordering prescription for the x/,
and try to write a function of N points as

f(xy) = f Akt d*kN F(kE) etk . eleixn

and we can prove that rc-Poincaré invariance implies that /(x5 ) only depends
U
upon y~".



338" 1+1D k- deformed field theory S:53554;

1-point ordered plane waves e, [ku] = eik-xa giksxg k+ € R, forma Lie group
under noncommutative multiplication.

The group manifold is a half Minkowski space

— Lorentz breaking?

Nonlinear action of the x -Poincaré group
on momentum space:

e_a[k] — eik_fc_leik+f; — ea[/’{(k, a))]eik—a_eik+a+

Ak, w) = ( “ok_, 2inl1 + (e — 1)])



The missing jigsaw pieces

1
Fork, <0, e® > T

1-e K

2k.|.

A(k,a))+=%ln[e“’(1—erc —1] -|-%T+Tl7'[i

[Arzano, Bevilacqua, Kowalski-Glikman, Rosati, Unger,
PRD 103 (2021)]

+

. _ T 4+
ea[k] - €, [p] o T IRy | = plif=liy) elp+x2|{e_§xae—nnxar

|

= (—1)™ in our representation of A®x always appears to an
even power in N-point functions



Conclusions

2k

bCio) = | dky ———=(alkeqle,) + e72b" (kel(k,)) +
R+

2k

| ey e (aledeathn) + e (e Deay)
R+

All 2-point functions are identical to the commutative ones;

[$(x1),$+(x2)] = iAP](xl — X3), [QB(M);(IS(xz)] = [<IS+(3C1);<IS+(X2)] = 0;
consistent and x-Poincaré invariant deformed h.o. algebra.

Future perspectives: N-point functions and interacting fields.
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Geometry of momentum space

Left-invariant metric:

= d¢_d<,,
=l ) s 6> -3

Right-invariant metric:




