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Technical details: nonorthogonal double foliation

The basis adapted to the temporal hypersurfaces

gab = —n,n, +mm, + g,,
From duality relations:
3
a a /V:;N
_ — a a a 8 = sinh
(at> = Nn + N + [/} S
a a
— | =Mm*+ M*
oy

The basis adapted to the spacial hypersurfaces
gab - = kakb + lalb + 8up

From duality relations:

(5)
— ] = ¢+ N
ot ¢

( 0 >a = M (-8k“ + cl) + M“
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Embedding variables

The decomposition of the covariant derivatives:
vV, n, = a T 2m Ky + mm, E + nm,L* —na,
?alb = L, + 2k, L + kjp L + [k, K + b,

Vky = K% + LHE +1,L,+ LT + k1, Z — kar

vV, my, = L* +n, 2} + mZE , + nm,L* + mn,xE + mb¥

Definitions of the geometric variables:

Kap = 9598V eng || Lay = 9598V clg
Ko =gmiVeng || Lo = —gSk?V 1y
K =m*mV.ny || L=Ek¥V. I,
a, = ¢InV.nq b, = g%I°V. 14
Ko, = 9595 Veka | Ly, = 9595 Vema
K = gdl1eV kg L¥ = —gnV .my
IC* = 14V kg L* = nn?V.my
= g2k°V kg b = g3m°V .myq




GR in the formalism

Einstein—Hilbert action:  Sgy = Jd4x\/—§l§

Decomposition of the:

1) Determinant of the metric: 1/—g = NM\/§
2) Ricci-scalar:

(n,m) basis (k,l) basis

R=R+K, K" —L"L" +2H°H,— K (K+2%) R=R+K"K* —LL,,+2%'%,— K* (K* + 2%*)

+L* (L* = 22%) +2D* (In M) D, (In N) +L(L —22) +20% (10 L) D, In(eM)
—ZVQ[D“ (lnNM) — (K+ %) n + (L*—g*) ma] . [D“ (1 NM) K*c+ %*) 1ot (L g) l“]

\ 4

Now, which form we should use?



For starting
1) Background spherically

symmetric, static: dS2 — detz + Mzdrz + 1"2 <d92 + Sin2 quoz)
k= (=N,0,0,0); [“=(0,M,0,0); N*=M*=0

2) The foliation orthogonal BEFORE the perturbation: ./ = (

3) The relation between the gradient of the scalar . V.9
and the normal of the spacial hypersurface: ! \/)_(

¥

The decomposed EFT action in the (k,|) basis:
SEFT _ Jd“x\/—gLEFT (N, M, NV, T, 8, K*, 5%, L, L, A, )

Scalars on the background:

Vanishing Nonvanishing
Foit=Ri=0  Fe-y L= Ie—
=X = —  MN’ M Corem?
20

4) Conformal gauge: =€



2+1+1 decomposition of the Horndeski Lagrangian

The equations of motion:

_ _ 1 /2 O,N
LEFT+NL5FT+E<;+ N +6r)LEFT:0
GNLEFF 2F _o0
MN Mr
_ 2 1 /2 8,N
LEFT‘r—zL%”‘ﬁ(ﬁ N ”r)f:"
/:ar
\s A7 7 EFT\/ _ .27 A7 7 EFT
(PMNLETY = PMNL S
gs 0Gg
Horndeski Lagrangian: Gy =N N, M, T* K* L L2, R.p.p
4
=y L = Gy($. X)
=2
l _G3(¢ X)O¢ = Gy, X)[ +\/)_((L 3)]

L'=G, <R + KK — K*2) + 2\/)—((;44, (L - %) - (G, - 2XGyy)
X |LL,, 2%, + 2K*H* — L* + 2LL — 2D*In (N/¢) D, In (¢M)|

0G,(¢p, X) 0Gy(9, X)
Gap(, X) =
X 4@, X) o0

O¢ =Y,V X =3%0,00,¢ Gyx(, X) =




Application: k-essence theory with nonminimal coupling

The 2+1+1 nonorthogonal decomposition of the k-essence Lagrangian:

LT = G, (¢, X) + G, (¢) (R— 2+ L2 = 2LZ) +2¢/XGy, (¢) (L — Z)

The field equations with the choice of M~ = N :

- ( |
2 2 \ 2
oy = s 2N (V) o ( )
1-N r(N)—G4 2G2+ —t— +N?0,| (G,
\
o2 [ae
1-N*—r(N?) == | -=G, + + Gy’ + NGy
G4 \ r
P e ,
_ ST B v, 2 2
=5 3¢ <rN +(N)+Nar> <G4¢q§>]
( 2)
2 2 (%)
(PRGy) =Gy = [1- N2 = r (W) | Gy
\ )



Examples: Black holes, horizons, naked singularities

Special cases

G, = (162G)™!

_ _ d do d _ _
Method: choose G, ==p N? = — 2r2J — J dpG, (gb (p)) =) G,
c*G, (¢ (0))

A > 0: Schwarzschild—anti de Sitter

N2=1- 2_m — Ar? (_}2 = oA A < 0: Schwarzschild—de Sitter

r 167G A = 0: asymptotically flat
N2 _ 1 Q A o) G <¢) - _ 12A¢ + l Not asymptotically
_5+ﬁ_ r 2 o flat even, if A =0

Horizons: (J~tidal charge

A>0, 0<0

A>0, 0>0

A<0O, 0<0 A<O0, 0>0

) _11\/1+16QA 1\/

o= ry =

4A 2

r, > r > 0: homogeneous,
not static
ry > r > r,: spherically
symmetric, static
r > r; - homogeneous, not
static, asymptotically
anti de Sitter

r, > r > 0: spherically

r > r,: homogeneous, not

1++/T+160A 1\/1—\/1+16QA

r1=—

A 2 A

r; > r > 0: homogeneous,
not static
r > r,: spherically

naked singularity in
the spherically
symmetric, static

symmetric, static

static symmetric, static, spacetimg,
asymptotically asymptotically asymptotically
anti de Sitter de Sitter de Sitter



Black holes, horizons, naked singularities

Method: choose G, ==p N? = — 2r2J -
0'4G4

do
(¢ (o))

rd/)@ (cb (/))) =p G,

Special cases

G4:¢:r(l

a>1

A >0,

S B ©

= +
l4+a rlte

(a— I)X a=2

— Ar? (_}2(¢)=T+a¢a —(6+5a+a2)/\¢

Not asymptotically flat even, if A = 0

The locations of the horizons is determined by:  —Ar % +
l+a
Horizons:
C<O0 A<0O, C>0 A>0, C>0

r, > r > 0: homogeneous, naked singularity in

not static

the homogeneous,

ry > r > r,: spherically not static spacetime,
symmetric, static asymptotically
r > r; - homogeneous, not  anti de Sitter
static, asymptotically

anti de Sitter

naked singularity in 7, > r > 0: spherically

the spherically symmetric,
symmetric, static static
spacetime, r > r,: homogeneous,
asymptotically not static,

de Sitter

asymptotically
anti de Sitter

—rt 4 Cc=0

A<0, C<O0

r; > r > 0: homogeneous,
not static
r > ry: spherically
symmetric, static,
asymptotically
de Sitter



Black holes, horizons, naked singularities

Special cases

G,=¢ =A(+Br) r
! —Ar? — B? (1 +6Bm) rZ1n

Not asymptotically flat even, if A = 0
Horizons and singularities:

Bm =1

r/m

— 2m
N*=1+3Bm———B(1+6Bm)r

Br
1+ Br

_ 6mAZB3
G —

ST oA
+AB? (% - 12) (1+6mB)

—6(2¢9 —A)A

—6B* (1 +6mB) (2¢ —A) In

¢ —A

n

.

m? < 0: There is a horizon
Outside: Spherically symmetric, static spacetime
Inside: Homogeneous, not static spacetime with

a singularity at r = 0

~

_J

Homogeneous, not static spacetime without
horizon and with a singularity at ¥ = 0




Black holes, horizons, naked singularities

Special cases _

G,=¢ =A(l+Br) r Br

Horizons and singularities:

Bm=-1

- 2m
N?*=1+43Bm———B(1+6Bm)r

—Ar?—B? (1 + 6Bm) r2ln | ———
1+ Br

-

(Amz < 0: There is a horizon )
Outside: Spherically symmetric, static spacetime

Inside: Homogeneous, not stw/w—

which include an external naked
singularity (from the logarithmic term)

a central singularity )

2:

6mA?B3
¢ —A
, (A

+AB 5—12 (1+6mB)

—6(29 —A)A

b —A

—6B%(1+6mB) (2¢ —A) In p

r/m

C\m2 > (: There are 2 horizons
Outside of the external horizon: Homogeneous, not static spacetime
Between the 2 horizons: Spherically symmetric, static spacetime

contains a singularity (from the logarithmic term)
Inside of the interior horizon: Homogeneous, not static spacetime with a

\ central singularity at r = 0

J




Black holes, horizons, naked singularities

Special cases

- 2m
N*=1+3Bm—-——B(1+6Bm)r

Gi=¢ =A(+Br r B
! —Ar2—32(1 +6Bm) r?1In _2r
1+ Br
Horizons and singularities:
Am? =—-1
80 r

Bm > 0: There is a horizon
Outside: Spherically symmetric, static spacetime
Inside: Homogeneous, not static spacetime with

a central singularity at r = 0

(Bm < 0: There is a horizon
Outside: Spherically symmetric, static spacetime
with an external naked singularity
(from the logarithmic term)
Inside: Homogeneous, not static spacetime with a

K central singularity at r = 0 J

2:

6mA?B3
¢ —A
, (A

+AB 5—12 (1+6mB)

—6(29 —A)A

—6B%(1+6mB) (2¢ —A) In

b —A

¢




The second order perturbation of the EFT action

Simple form:  §,SFFT

/ d'z\/—5 (§,LEET) |

A li more complex form:

/d%: (\/—g 5, LEFT 4 §,1/—§6,LEFT 4 ZEFTaz\/—g)

+L5FT
2M N2
+2%(a 5N®) (8,0N?) — 8,0N* DoSN + MDSN D, w]

[W(aw )(BJM)—f(arSM)(BJN)Jr(arSM ) (DabN)

Y —2(6,() D§N, + D(o N, D aN"}
M

[ 30t (ON) —

m Dq 5N773 (EM)——[) (6M)
SNSN EMJN SN EFT 4 [BFT
SN)?2  (6M)*> 3 6 6 _ (i S ) N
S L " ( Nz) ( M2) TR OMON + HCON + -COM + 6¢*| LEFT 9 bar[ww o) = (e + W 20|
ZLf;T (8,0 = = 8,(D*sM, +(§4M) +2—D( «OMy D@ sMY
5N 6M5N 6M 5M6N +ﬂ 20,¢ DJN—%[ + 57z (GMD*6M, - 20,¢5M)
+ ( N) + 2<6N + M ] LEFT + ( M) + ZC(SM + N ] LEFT +ﬂ/ [2(84 DsNz‘W]zLH SERRF (ON) + SLERT (0h)?
- += LfiT (6N)? + LEETSNSM + LERFSNON + LERT 6 MON
8,~N (6M )2 ON M +%ij%¢5¢+LE£T5¢5N+Lﬁ§TJ¢5M+Lgﬁ%qﬁw . /j
It (2] 4 oesm — 5 0N L 9% ) 55N
+ M2N ( M +2% 2N2 ( N) N2M + NM?2 9 wosrisn]
1 a 1 a N
+-—35.N'8t6N+ N2M5N8t5M+ N——(SM D 0N — —2(5N Da(SN
206N (6N)?  6MONY\ (2 O.N
— N 0,0, 2 L i z LEFT
N2MN N+(NM+N2M+M2N r TR £
_ 1 . 2 [ (6M) SMSN
2(D*6M, + —g*®6T%, 6 M; — —— 2¢6M
1% 7] ab M2r(M+C +N)
2(6N  2¢6M  4¢*\ (2 &N e
NM M?2 M r N
a — Ha 400M  4CON 8 | ppr
+[ ¢*+ 2D, D¢ 2 (Dol) (D%C) = 225 — w5 — ¢ | LE
_ /
L (N0 | aMEg N | pen (mNLET) )
N M ¢ r2MN




Simplifications from symmetry and gouge choices

1) Spherical symmetry:
The Helmholtz-decomposition of Shift-vectors and the 2D metric on a unit sphere is
recommended into rotation-free (even), and divergence-free (odd) parts:

5Na — DaP+EbanQ )
5Ma = DaV + E_banW ’
_ AT | Jp— c
6gab = gabA + DoDyB + 5 (E.aDcDb + E-bDCDa) C. Eab = V9eab €op = 1

Even-type perturbational variables (8db): N, M, V', B, A, 6¢, P,V
Odd-type perturbational variables (3db): C, W, O

2) Gauge fixing:
e Conformal gauge (from the beginning): B=0=C —» g, = (1 +A)g,, —» g, = €¢*8,;
e \What about the 2 dof which is left?

...previously in the literature:
KMS-gauge for Horndeski theory

T. Kobayashi, H. Motohashi, T. Suyama, Phys. Rev. D 85, 084025 (2012) [arXiv:1202.4893 [gr-qc]], Phys. Rev. D 89, 084042 (2014) [arXiv:1402.6740 [gr-qc]].

Even Odd

Gauge fixing: B=A=P=0 C=0

After variable transformations: Y, 4) Z


https://arxiv.org/abs/1202.4893
https://arxiv.org/abs/1402.6740

Odd part: final action, stability-analysis?

Methods:
1) Introduction of a Lagrange multiplier and a new variable:

a na I 2
= D"Z = W-Q'+-Q

2) The use of spherical harmonics and their orthogonality:

tT'H(P) Z Z Flm(t'r m(0790)=ZFl(t7T70’90)
=0

=0 m=—1 F.G = 0.W.2
/dgpd@ sin 0Y;™ (0, ) ﬁm, (0, p) = S1 Smmy /dcpdﬁ sin 0F'G = Z / dpdf sin 0 F; Gy
The odd-type twice perturbed EFT action:
= I(+1 _
uSEET =3 e [ deva |- 82 - @) - a1 (D2) ~ Un 2} | +6aS ot 0uS s
=2
1 — 2a1 =9
Ug = —a10, —~8T ai\/—g ] - — t
azv —g ( ) r2 (DF)* = D,FD°F
The avoidance of ghosts: U,(r) >0 and a; <0 w =
The avoidance of Laplace instabilities: the square of sound speed (s7) az = Lﬁ:f

has to be positive LBFT

as =

2M?
A. D. Felice, S. Tsujikawa, JCAP 1202:007, [arXiv:1110.3878 [gr-qc]](2012).



https://arxiv.org/abs/1110.3878

Even part: gauge fixing?,final action(s)?, stability-analysis?

The even-type EFT action in...
KMS-gauge: B=P=A=0

5 LERT =

" aarsy

,i,‘stsN] LEFT 4 [

perr _ 2 6M)°
M T N \ M2

(om)° ON oM ;
( M 2N2 (‘W) ) <N2M * NM2) &N

+%5Na,m

A?M‘w‘a' J\M

e (1 8000) 1

VD.0N

'VIIM

L (3N8o | oMb qu(“‘ v
N M i

+% [;W ) (BaV) + (0:D°V) (DudN) + N D*SND, 5N}
+ BVY L (6N) — NMI@, (M) -
+ (% + JM‘S[/;/) ( +0, )] LEFT — % (iv]\;ig/ + 6}%%:/) LEFT
ﬂ (1(\541?:: — —D .D*VD,DYV + ——— 2M 3 (17 #Jr W
ﬁ‘.? (6N)* + l‘ff’\} @My + ,E‘KrT (6N)* + LEAF 6NOM

+Lﬁ”51\ N+ ij T6¢6¢ + Lf,{ To¢ON + LELT 666 M

VLEETG0ON + LERTOMON + 2 ZaMD*D.V

+LEET [mf’i;w s
= [%f - ;XIB SN+ = — ‘VMZ (5M)

o [‘5 :;W _N TN + NMZJN&MJr NzMJN:SN]
+LGET [M?fﬁf ;J‘La §N+ 5¢5w+ ;E}L‘\[[Mﬁl\’]
- [(até-:;ﬁt&ﬂ/ 1%26‘3;26 N+ N7Ma (0.8 6M + N3M2 (8:6M) N
[ 2] s B
~Fu [%D"Dﬂ" : %ﬁ)z L;;fl SNBM
—F [%f)ﬂf)av+ ZJ?JM} .

e %} j&éz (8u5M)?
+# [(atfévj‘w a0 + V. @nysmt
2&5 QNN+~ (@) ZBAN -

D"D oV DED,V + —JMD“D Vit M2 5 (6M) ]

a"WDf‘D V4 b D Var,sv (D*DaV) 6M
- 25M8¢6.N'
~i (D*DV) 6N — =

o

BLEET =

. Gergely, Z. Keresztes, L. A. Gergely, Phys. Rev. D 99, 104071 (2019) [arXiv:1905.00039 [gr-gc]],

..GKG-gauge: B=P =6¢ =0

(6M)*
i

+rm16v+ (AN 7(5M+6(2]i5FT

ffd,oND"D,,V + 7:7 SND*D,V —
ld

5M§1\4
M

e, [(6M)°
Ly +[ 7

s )
N ) + (
SNOON + h#.wm M+

N (2451\/ N @GNy N 51}1,59') (Z LoN L, )} LEFT

-5 ‘1 77 IMOLON + F" MO, 6N —

s [

NM ~ N2M M2N N

4+
N

2 [((M)? SMSN
[zwnv i ( XM+ )

26N N 2SN | 25M  4C*\ (2 | &,
o) ()

_2LERT
N

+a)|7

4 o S N ren  ACGGM 4GN 8 L o sND.D® (b, D¢ + %!
4 [#HQCDQD ¢ -2(Dag) (D) - oy — oy — aC*| LB + 0N DD - ¢ o NDuD¢+ x
~2Fr {A,,Nd ¢~ m,(D"D,(V - Wr,oﬂl + —.),40.,0"4
’W (D*DuC) (D*DyV) — \[—zo\w,,u"(]
8, (6M) o (6M) :

COON — (05N +

it Y \Ir‘

20N EFT
+ NM) ( +d,)][

%Lf,’j}' (6M)? + LERTSMSN +2

+% LERT (6N)? + LERTSNGM + LERTSNON + 2

orr orr
L 00 @M + 2R (0

orr [ 2 D D%
—2LERT [ﬂ (6M + M DoD (]

[ 30 +(a,<)D,.D"<]

—2LEET [ i(&;v + mDnD“g] - 2 [rzga,&:\[ + (0,6M) D,,D"(}

NM

_apEET [ 2N+ A‘/\/D.,D"(] +2LEET [f‘,g? + A¢DuD7C + (DuD) (D,,D"()]

+LEET [w - SNSM + (51\')2}
FLEET [W\B’ZAN M+ 5 &M&N]
oor [ANON
+LIT [T - Mﬁzww + N&A’]
2LET [8:C0SN 8¢ . a \
N N? MO oN+ vh\/ @) oN
BOMON a.m N
[ 2 70N + v @uM)aM + 1\” i N (0.0 6N]
o [ONG mw 25N
EFT
L [ N TN T Naee t }
2 1 snpe v
+Fn [Mlszvarg - 37OND DLV ~ Wmm}
+Fu ist - LJMD“D V- \T? (5MY }
+Fx [ S SN — — 6ND"D V- .wam]
NM [Ma COOM — 73,151\10 DV - W&M@W}
P |2 OCD DV — £ 3Md
=5 r(0:C — =i - Mz e
Frl2 -
-5 [Mmmf =MD’ DnV]
+;; {? (0:0)° - = BCD‘D,‘V— _ JMB{
2M (D*DaV) (D”va) + M—zéMD"D.,V + MJ 5 (6M) ]
LEFT 2 02 2 5ap (5”) (a b
0 |5 @9 = 59D DaV + S D(an)VD DoV .


https://arxiv.org/abs/1905.00039

Thank you for
your attention!



