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Dark matter and dark energy candidates

EFT



The basis adapted to the temporal hypersurfaces

From duality relations:

g̃ab = − nanb + mamb + gab

( ∂
∂χ )

a

= Mma + Ma

( ∂
∂t )

a

= Nna + Na + 𝒩ma

( ∂
∂χ )

a

= M (−𝔰ka + 𝔠la) + Ma

g̃ab = − kakb + lalb + gab

( ∂
∂t )

a

=
N
𝔠

ka + Na

The basis adapted to the spacial hypersurfaces

Technical details: nonorthogonal double foliation

From duality relations:

𝒩 =
𝔰
𝔠

N

𝔰 = sinh ψ
𝔠 = cosh ψ



     The decomposition of the covariant derivatives: 

      Definitions of the geometric variables: 
  

Embedding variables

∇̃anb = Kab + 2m(a𝒦b) + mamb𝒦 + nambℒ* − na𝔞b

∇̃alb = Lab + 2k(aℒb) + kakbℒ + lakb𝒦* + la𝔟b

∇̃akb = K*ab + la𝒦*b + lbℒa + lalb𝒦* + kalbℒ − ka𝔞*b
∇̃amb = L*ab + naℒ*b + nb𝒦a + nanbℒ* + manb𝒦 + ma𝔟*b



Einstein–Hilbert action:          

Decomposition of the: 

1) Determinant of the metric:    
2) Ricci-scalar: 

(n,m) basis                                                     (k,l) basis

Now, which form we should use?

SEH = ∫ d4x −g̃R̃

−g̃ = NM g

GR in the formalism

R̃ = R + KabKab − L*abL*ab + 2𝒦a𝒦a − K (K + 2𝒦)
+L* (L* − 2ℒ*) + 2Da (ln M) Da (ln N)
−2 ∇̃a[Da (ln NM) − (K + 𝒦) na + (L* − ℒ*) ma]

R̃ = R + K*abK*ab − LabLab + 2ℒaℒa − K* (K* + 2𝒦*)
+L (L − 2ℒ) + 2Da (ln

N
𝔠 ) Da ln (𝔠M )

−2 ∇̃a[Da (ln NM) − (K* + 𝒦*) ka + (L − ℒ) la]



1) Background spherically  
symmetric, static:

2) The foliation orthogonal BEFORE the perturbation:

3) The relation between the gradient of the scalar  
and the normal of the spacial hypersurface:

The decomposed EFT action in the (k,l) basis: 

Scalars on the background: 
                                Vanishing                                       Nonvanishing 

4) Conformal gauge: 

For starting

la =
∇aϕ

X

SEFT = ∫ d4x −g̃LEFT (N, M, 𝒩, 𝒦*, 𝔨, K*, ϰ*, ℒ, L, λ, ζ; ϕ)

ds2 = − N̄2dt2 + M̄2dr2 + r2 (dθ2 + sin2 θdφ2)
N̄a = M̄a = 0k̄a = (−N̄,0,0,0); l̄a = (0,M̄,0,0);

�̄� = 0

�̄� = ϰ̄* = K̄* = 0 ℒ̄ = −
N̄′ 

M̄N̄
; L̄ =

2
rM̄

; λ̄ =
4

r2M̄2
;

𝔨 = ℒaℒa; ϰ* = K*abK*ab; K* = K*a
a ; λ = LabLab; L = La

a

gab = e2ζḡab



The equations of motion: 

Horndeski Lagrangian:

2+1+1 decomposition of the Horndeski Lagrangian

X = g̃ab∂aϕ∂bϕ G4X(ϕ, X ) =
∂G4(ϕ, X )

∂X
G4ϕ(ϕ, X ) =

∂G4(ϕ, X )
∂ϕ

LH =
4

∑
i=2

LH
i

× [LabLab −2ℒaℒa + 2K*𝒦* − L2 + 2Lℒ − 2Da ln (N/𝔠) Da ln (𝔠M )]

LH
2 = G2(ϕ, X )

LH
3 = G3 (ϕ, X) □ ϕ = G3(ϕ, X )[ ∇̃aϕ ∇̃a X

2X
+ X (L − ℒ)]

LH
4 = G4 (R + K*abK*ab − K*2) + 2 XG4ϕ (L − ℒ) − (G4 − 2XG4X)

□ ϕ = ∇̃a ∇̃aϕ

𝒢B = 𝒩, N, M, 𝒦*, K*, ℒ, L , λ , R , ϕ, ϕ′ 

′ = ∂r



The 2+1+1 nonorthogonal decomposition of the k-essence Lagrangian: 

The field equations with the choice of  : M̄−1 = N̄

Application: k-essence theory with nonminimal coupling

LEFT = G2 (ϕ, X) + G4 (ϕ) (R − λ + L2 − 2Lℒ) + 2 XG4ϕ (ϕ) (L − ℒ)

1 − N̄2 − r (N̄2)′ =
r2

Ḡ4
−

1
2

Ḡ2 +
2N̄2

r
+ (N̄2)′ 

2
+ N̄2∂r (Ḡ4ϕϕ′ )

1 − N̄2 − r (N̄2)′ =
r2

Ḡ4
−

1
2

Ḡ2 +
2N̄2

r
+ (N̄2)′ 

2
Ḡ4ϕϕ′ + N̄2ϕ′ 2Ḡ2X

[r2 (N̄2)′ ]
′ 

2
=

r2

Ḡ4 [ 1
2

Ḡ2 − ( 1
r

N̄2 + (N̄2)′ + N̄2∂r) (Ḡ4ϕϕ′ )]

(r2N̄2ϕ′ G2X)′ −
r2

2
Ḡ2ϕ = 1 − N̄2 − r (N̄2)′ −

[r2 (N̄2)′ ]
′ 

2
Ḡ4ϕ



Examples: Black holes, horizons, naked singularities
Method: choose                       Ḡ4 N̄2 = − 2r2 ∫

r dσ
σ4Ḡ4 (ϕ (σ)) ∫

σ
dρḠ4 (ϕ (ρ)) Ḡ2

N̄2 = 1 −
2m
r

− Λr2Ḡ4 = (16πG)−1
: Schwarzschild–anti de Sitter
: Schwarzschild–de Sitter
: asymptotically flat

Λ > 0
Λ < 0
Λ = 0

Ḡ4 = ϕ = r N̄2 =
1
2

+
Q
r2

− Λr2

: homogeneous,  
                     not static 

: spherically  
                     symmetric, static 

 : homogeneous, not  
              static, asymptotically  
              anti de Sitter

r2 > r > 0

r1 > r > r2

r > r1

Horizons:

Ḡ2 =
6Λ

16πG

Ḡ2 (ϕ) = − 12Λϕ +
1
ϕ

Special cases

r2
1,2 =

1 ± 1 + 16QΛ
4Λ

Λ > 0, Q < 0 Λ < 0, Q > 0

naked singularity in 
the spherically 
symmetric, static 
spacetime,
asymptotically  
de Sitter

r1 =
1
2

1 − 1 + 16QΛ
Λ

Λ < 0, Q < 0

: homogeneous,  
                     not static 

: spherically  
             symmetric, static,  
             asymptotically  
             de Sitter

r1 > r > 0

r > r1

r2 =
1
2

1 + 1 + 16QΛ
Λ

Λ > 0, Q > 0

: spherically  
                    symmetric, static 

: homogeneous, not  
             static  
             asymptotically  
             anti de Sitter

r2 > r > 0

r > r2

Not asymptotically  
flat even, if  Λ = 0

~tidal chargeQ



Black holes, horizons, naked singularities
Method: choose                       Ḡ4 N̄2 = − 2r2 ∫

r dσ
σ4Ḡ4 (ϕ (σ)) ∫

σ
dρḠ4 (ϕ (ρ)) Ḡ2

Λ < 0, C < 0Λ < 0, C > 0

: homogeneous,  
                     not static 

: spherically  
                     symmetric, static 

 : homogeneous, not  
              static, asymptotically  
              anti de Sitter

r2 > r > 0

r1 > r > r2

r > r1

Horizons:

Special cases

Λ > 0, C > 0

naked singularity in 
the homogeneous, 
not static spacetime,
asymptotically  
anti de Sitter

: homogeneous,  
                     not static 

: spherically  
             symmetric, static,  
             asymptotically  
             de Sitter

r1 > r > 0

r > r1

Not asymptotically flat even, if  Λ = 0

Ḡ4 = ϕ = rα Ḡ2(ϕ) =
(α − 1)X

αϕ
+ αϕ

α − 2
α − (6 + 5α + α2) ΛϕN̄2 =

1
1 + α

+
C

r1+α
− Λr2

α > 1

naked singularity in 
the spherically 
symmetric, static 
spacetime,
asymptotically  
de Sitter

Λ > 0, C < 0

−Λr3+α +
1

1 + α
r1+α + C = 0

: spherically  
                     symmetric,  
                     static 

: homogeneous,  
             not static,  
             asymptotically 
             anti de Sitter 
             

r2 > r > 0

r > r2

The locations of the horizons is determined by:



Horizons and singularities: 

: There is a horizon 
Outside: Spherically symmetric, static spacetime 
Inside: Homogeneous, not static spacetime with  
           a singularity at 

Λm2 < 0

r = 0

Bm = 1

Special cases

Ḡ4 = ϕ = A (1 + Br)
N̄2 = 1 + 3Bm −

2m
r

− B (1 + 6Bm) r

−Λr2 − B2 (1 + 6Bm) r2 ln
Br

1 + Br

Ḡ2 = −
6m A2B3

ϕ − A
− 6 (2ϕ − A) Λ

+AB2 ( A
ϕ

− 12) (1 + 6mB)
−6B2 (1 + 6mB) (2ϕ − A) ln

ϕ − A
ϕ

Black holes, horizons, naked singularities

:  
Homogeneous, not static spacetime without  
horizon and with a singularity at 

Λm2 > 0

r = 0

Not asymptotically flat even, if  Λ = 0

N̄ 2 = 0



Bm = − 1

Black holes, horizons, naked singularities

: There is a horizon 
Outside: Spherically symmetric, static spacetime  
              which include an external naked  
              singularity (from the logarithmic term) 
Inside: Homogeneous, not static spacetime with  
           a central singularity

Λm2 < 0

: There are 2 horizons 
Outside of the external horizon: Homogeneous, not static spacetime 
Between the 2 horizons: Spherically symmetric, static spacetime  
                                     contains a singularity (from the logarithmic term) 
Inside of the interior horizon: Homogeneous, not static spacetime with a  
                                             central singularity at 

Λm2 > 0

r = 0

Special cases

Ḡ4 = ϕ = A (1 + Br)
N̄2 = 1 + 3Bm −

2m
r

− B (1 + 6Bm) r

−Λr2 − B2 (1 + 6Bm) r2 ln
Br

1 + Br

Ḡ2 = −
6m A2B3

ϕ − A
− 6 (2ϕ − A) Λ

+AB2 ( A
ϕ

− 12) (1 + 6mB)
−6B2 (1 + 6mB) (2ϕ − A) ln

ϕ − A
ϕ

Horizons and singularities: 

N̄ 2 = 0



Λm2 = − 1

Black holes, horizons, naked singularities

: There is a horizon 
Outside: Spherically symmetric, static spacetime 
Inside: Homogeneous, not static spacetime with 
a central singularity at 

Bm > 0

r = 0

: There is a horizon 
Outside: Spherically symmetric, static spacetime 
               with an external naked singularity  
               (from the logarithmic term) 
Inside: Homogeneous, not static spacetime with a  
           central singularity at 

Bm < 0

r = 0

Special cases

Ḡ4 = ϕ = A (1 + Br)
N̄2 = 1 + 3Bm −

2m
r

− B (1 + 6Bm) r

−Λr2 − B2 (1 + 6Bm) r2 ln
Br

1 + Br

Ḡ2 = −
6m A2B3

ϕ − A
− 6 (2ϕ − A) Λ

+AB2 ( A
ϕ

− 12) (1 + 6mB)
−6B2 (1 + 6mB) (2ϕ − A) ln

ϕ − A
ϕ

Horizons and singularities: 

N̄ 2 = 0



The second order perturbation of the EFT action
Simple form:

A lil’ more complex form:

…

…

…

…

.



Simplifications from symmetry and gouge choices
1) Spherical symmetry:  
The Helmholtz-decomposition of Shift-vectors and the 2D metric on a unit sphere is 
recommended into rotation-free (even), and divergence-free (odd) parts: 

Even-type perturbational variables (8db):  
Odd-type perturbational variables (3db):  

2) Gauge fixing:
• Conformal gauge (from the beginning):                       
• What about the 2 dof which is left? 

KMS-gauge for Horndeski theory 
T. Kobayashi, H. Motohashi, T. Suyama, Phys. Rev. D 85, 084025 (2012) [arXiv:1202.4893 [gr-qc]], Phys. Rev. D 89, 084042 (2014) [arXiv:1402.6740 [gr-qc]]. 

                                                    Even                                                       Odd  

                                                                                         

                                                                                                                                                 

N, M, 𝒩, B, A, δϕ, P, V
C, W, Q

B = 0 = C gab = (1 + A)ḡab gab = e2ζḡab

B = A = P = 0 C = 0

ψ, ϕ ZAfter variable transformations:

Gauge fixing:

gravitational and scalar modes gravitational mode

…previously in the literature:

https://arxiv.org/abs/1202.4893
https://arxiv.org/abs/1402.6740


Odd part: final action, stability-analysis?
Methods: 
1) Introduction of a Lagrange multiplier and a new variable: 

2) The use of spherical harmonics and their orthogonality: 

The odd-type twice perturbed EFT action:

The avoidance of ghosts:      and     
                                            
The avoidance of Laplace instabilities: the square of sound speed (s?)  

has to be positive  
                                                                                                                                        A. D. Felice, S. Tsujikawa, JCAP 1202:007, [arXiv:1110.3878 [gr-qc]](2012). 

UH(r) > 0 a3 < 0

F, G = Q, W, Z

(D̄F )2 = D̄aFD̄aF

⋅ = ∂t

https://arxiv.org/abs/1110.3878


Even part: gauge fixing?,final action(s)?, stability-analysis?
The even-type EFT action in…

…KMS-gauge:  B = P = A = 0 …GKG-gauge: B = P = δϕ = 0

:(

C. Gergely, Z. Keresztes, L. Á. Gergely, Phys. Rev. D 99, 104071 (2019) [arXiv:1905.00039 [gr-qc]],

https://arxiv.org/abs/1905.00039


Thank you for 

 your attention!


