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Outline

@ The physics behind the first law of thermodynamics
® Conditions for global thermodynamic equilibrium
® Conditions for local thermodynamic equilibrium

® Applications to black holes and holography
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The First Law of Thermodynamics

Perturbations of the thermal equilibrium states satisfy the first law of
thermodynamics:

dU =TdS — pdV + pdN + - = I,dE". (1)
a=1

e I, =(T,—p,u,...) — intensive state quantities.

o £ =(S,V,N,..) — extensive state variables.

o U =U(E") - the energy potential in its natural variables.
In equilibrium U = U(E?) is the fundamental relation and EoS:

- OEe El,.. Eo .. . E" - 98 V,N7 b= ov S,Nym

yeeey yeeey

I, (2)
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Quasi-homogeneous functions

U is quasi-homogeneous of degree r and type (r1, ..., ) under
dilatations by a scale factor A > 0 if

U™ S, A2V, A" Ny, .., A" Ny) = AU(S, V, Ny, ..., Ni). (3)

A differentiable quasi-homogeneous function U satisfies a generalized
Euler identity (necessary and sufficient):

0 0 0
1 _
(rlE 3 1+rE 5 a0 T +rnE”8 )U_rl]. (4)
In equilibrium Euler’s identity becomes:

> ralo B =rU. (5)
a=1

This is the Smarr relation for black holes.
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Global Thermodynamic Stability in U Representation

Global minimum of the energy potential (globally convex) iff

0’U(E
d’U = dE" .(HessgU).dE > 0VE, [HessgU(E)|w = WéE)b.
(6
® An eigenvalue problem: \; > 0,
Ao 0
HesspU(E)=M.| : - |.M™" (7)
0 - A

o Alternatively: Sylvester’s criterion for positive semi-definite
quadratic forms: Ag >0, k =1,...,n. [Phys. Rev. D 105, no. 4,
044033 (2022)].
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Global Thermodynamic Stability in S Representation

Global maximum of the entropy potential (fully concave) iff

d?S = dET .(HesspS).dE <O0VE, [HessgS(E)|w = M. (8)
- ’ OFE2QEb
® An eigenvalue problem: s; <0,
S1 . 0
HesspS(E)=N.| : .. : |.N"L (9)
0 -+ sp

® Alternatively: Sylvester’s criterion for negative semi-definite
quadratic forms: (—=1)*A, > 0. k=1,....n.
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Legendre Transformation

Let P(I) = {P1(I),P2(I),...} = {{I.},{Ia, Ip}, ...} is the power set of
all intensive variables. Define a dot product of power sets:

{E"} I,E®
P).P(E)i={{Lu}, {Ia, I}, ..} LB BN L LB + LE" (1)

Pr(I).Pr(E) = I,E® + L,E® + I.LE° + - -- (11)
® [egendre transformation to a new potential ®:
Q= Lp, (pU(E) :=U(E) — Pp(I).Pr(E). (12)
® Masseue-Plank potentials W:
U = L,y S(E) = S(E) ~ Pu(D).Pu(E).  (13)
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Energy /Entropy Derived Potentials
Energy derived:

LU =U—-TS = F (Helmholtz), (14)
LyU = U + PV = H (Enthalpy), (15)
LsyU =U—-TS+ PV = G(Gibbs), (16)
LsynU=U—-TS+ PV —uN = Q(Grand). (17)

Entropy derived (Massieu-Planck):

LyS=S5-— % = ® (Massieu), (18)
PV
LyS=25— i (19)
U PV
-5~ Y _=(p 2
LyvS=2S T~ T (Planck), (20)
- U PV uN
EU’V’NS757f7T+T' (21)
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Local Thermodynamic Equilibrium

Let X™ is a set of m fix state variables and Y™ is a set of m + 1
arbitrary state quantities (also containing elements of X™):

® Specific heats (Davies’77, Mansoori & Mirza’14):

® Local stability conditions and phase transitions (Davies’77):

> 0, locally stable,
) <0, locally unstable,
Cx=9 = 0, phase transition, (23)

— +o00 phase transition.
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Applications to Black Holes and Holography

VA, HD, MR, RR and TV (upcoming 2022)

System Globally stable | Locally stable
Schwarzschild No No
Reisner-Nordstrom No Yes
Kerr No Yes
Kerr-Neuman No Yes
Kerr-Neuman-AdS Yes Yes

Phys. Rev. D 105, no.4, 044033 (2021).
Phys. Rev. D 99, no.12, 126007 (2019).
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Induced Hessians and Information Geometry

® Generalized pushforward from e-space to E-space (Avramov,
Dimov, Iliev, Radomirov, Rashkov, Vetsov upcoming 2022):

(W)( )7 _
ab OFE*QEY — QFEe

_ OU(E)  0e” (5‘2U(e) I‘” 8U(e)) oeP (24)

dedes Lo 5 ) B
® Generalized pullback from E-space to e-space:

ay\ 1 2 B\ —1
wy, \  0*U(e) [ de 0*U(E) Oe 5 . 0U(e)
905 () = geager — \ aEm oo )\ amr ) TTasl) e

(25)

® Induced metric:

OE* OE® 1
ab e 8?7 Flﬁ(e) = 517’76(8517‘501 + 604]7/5,8 - 85haﬁ)
(26)
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Conjectures and Other Relations

Fluctuation theory (G. Ruppeiner '75)

Linear stability of black holes = thermodynamic
stability (R. Wald "12)

Geometrothermodynamics (H. Quevedo '07)

Probing quantum gravity (G. Rupeiner '10)

Holographic complexity (D. Stanford, L. Susskind '14)
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Probing Quantum Gravity

G. Rupeiner "10:

> 0, Elliptic geometry — repulsive interactions,
< 0, Hyperbolic geometry — attractive interactions,
= 0, Flat geometry — free system,
— Fo00 Phase transition.

(27)
What about higher order algebraic invariants?

And even more about the pletora of differential invariants?
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Relations to Nambu Brackets

VA, HD, MR, RR and TV (2022):

C”QE‘ _or|  _{T,JVia}rapa 8)
852 J,V,a - oS J,V,« - {S, J, ‘/, a}T,Q,P,a ’
82‘ _ 021 _ {8, V,alrapa 29)
0J%sva  OJlsvie  {J,S,V,a}rapa
PE 0 (0F |- T,  _{T.5.V,a}rara
0J0oS V,« o oJ \ 08 J,V,« S,V,« n oJ S, V,a a {J, S,‘/,Csz|>T7§2,137oé7
(30)

or equivalently

PE| 0 <8E )‘ _ 00 _{Q,JV,a}ro.pa
J,V,a

9S0J lv.a 0SS \ 0J lsv.a T 0Sliva {S,J.V,a}raprae
(31)
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What If...7 Summary

e How to: Geometrization of Nonequilibrium
thermodynamics and statistical physics?
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Thank You!
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