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Introduction
@000

Noncommutative geometry

Non-commuting coordinates: a part of many approaches to QG
No point-like singularities — improved renormalisability (crosse, wukenhaar]
Sometimes: regularisation which respects symmetry

v

Geometry from algebra

® Concepts of geometry formulated in terms of the algebra of functions
¢ Differential and (pseudo)-Riemannian aspects

® Inequivalent noncommutative generalisations
® Spectral properties and a classical limit

N\
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Introduction
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Fuzzy spaces

Frame formalism

¢ Noncommutative analogue of moving frames macore]

* Abstracted from matrix geometries, fuzzy sphere pubois-violette, Kerer, Madore]

¢ Allows for formulation of gauge theories

¢ Rigid structure constrained by consistency

* Most examples highly symmetric wess, zumino; erchiai, Fiore, Madore; Jurman, Steinacker; Buric,

Wohlgennant; Latas, Nenadovi¢...]

Noncommutative model of a spacetime with interesting causal structure
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Introduction
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BTZ black hole [Banados, Teitelboim, Zanelli, Henneaux]

Characterised by mass and spin

Schwarzschild coordinates

) r=0 S W < S r=0
ds® = —N?dt® + A dr® + rA(N°dt + do)?
r_ r_—
2 2
2 I J ¢ J
LAY I VI [
N=p Mtz 2%
Ty Ty
Inner and outer horizons : o |
r= oo < r= oo

rotro =M@+ Je

Similar properties to Kerr in 4d
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Introduction
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Gravity in three dimensions

Locally maximally symmetric space

¢ All solutions to vacuum Einstein equations locally isometric

_ —dy? +df? + d2?
_ =

ds®
¢ Orthonormal (moving) frame e4, = e.(x"), 7as = gur€4€5
e, =2z0,, esg=2z03, e€,=20,
¢ Local Killing vectors form the Lie algebra
50(2,2) = sl(2,R) & sl(2,R)
e BTZ black hole a discrete quotient of simply connected AdS;
BTZy. = AdS's/Z

¢ Points identified along the flow of a Killing vector

o
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Plan for the talk

© Introduction

® Frame formalism

® Fuzzy differential geometry

@ Spectrum of the radial coordinate
@ Semi-classical states

® Summary and perspectives
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Frame formalism
@00

Noncommutative moving frames [Madore]

Differential geometry

* Throughout: A = algebra generated by hermitian coordinates x*
¢ Correspondence principle: momenta p, € A

el = e X" — el =[Pa,Xx"]
e Differential forms
Q" (A) = (x*,07), [x*,6%] =0, df = [pa6”, f]
* Connection 1-forms and curvature 2-forms

Do — _waﬂ®9ﬁ = —w®,5 07 ®957 Q% = dw +w‘fyw“lﬁ = 1

e 9795
BvS
2 7 )

Consistency — structure equations

2P 15 PapPs — F*ys o — Kys =0

v
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Frame formalism
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Momenta as symmetry generators

Spaces based on Lie algebras

Momenta form a Lie algebra

[P, Ps] = F;ﬁp'v

Simple structure of differential forms

0°0° = P*? 507 @ 6° = —6°6*,  do> = —%F%yoﬁm

Momenta often taken among generators of the isometry group

v

Generators of SO(2, 2)

* Two copies of s[(2, R)

[HE.]=E., [H.E]=-E., |[E,E]=2H

* Momenta generators of translations and dilations

p:=H+H, ps = Ey + Ey, py=E — E;
- -



Frame formalism
[e]e] J

Unitary irreducibles of SO(2, 2) [Bargmann]

Representations

Tensor products = ® 7 of SL(2)-representations

Unitary irreducibles of G = SL(2): principal, discrete and complementary

series )

Discrete series

* Matrix elements square-integrable functions on G

* Lowest-weight representations T,”, labelled by / < 0
* Functions on R, square integrable under

(Fi.B) =27 [ s R O0R()
0

® Action of generators: H = x0x + 1+ 1, E; = —ix
e E, and —E_ positive definite operators

v
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Fuzzy differential geometry
@0

Coordinate operator algebra

Coordinate operators

¢ Coordinate algebra A = End(T,” ® T;")
® Poincaré coordinates

z=2/E?El ?=2x%"""2

_ _oia-1fi-a a—1 _ a0 (X a—1 a-+1
B+ = —2iEa'E! <H+—2 )_ 2/()_() <x6‘x+l+—2 )

— oiprEa (-3~ 0i (X (%6, +T+1_ 2
B —~=—2iE E} (H 2)_ 2:()_() (xax+/+1 2)
* Frame relations

[pW77]:z7 [p57B]:Z7 [pz,Z]:Z

° Momentum algebra

[Pz, Py] = Pv, [Pz, Ps] = Ps, [P, py] =0
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Fuzzy differential geometry
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Riemannian geometry

Conformal boundary

Flat commutative boundary

{pﬂ‘pr 6+v}:1 [pﬁ—pw ﬁ—v}ﬂ
2 I’ Z ) )

v

Connection and curvature

® Frame is orthonormal: g = 7as
¢ Levi-Civita connection

DY =-0°26°+0"20", DI =0°26°, DO =06
e Curvature 2-forms
Q°, =607, Q5 =-0°0", QY% =060"
Q% =007, Q,=0°0", Q,=0"0"

¢ Einstein’s equations R.g = —2ga.s hold
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Spectrum of the radial coordinate
@00

Discrete identifications

Classical action
Action on Poincaré coordinates
zze ™ (B—q) > (B—v) e 2 D) (B+y) o (B4n) €72 1-)

v

Quantum identifications

e Achieved by conjugation f — UfU~" with

lJ:eoz(H—l:l)7 CY:—27TI’_7 a— ry +r-—
2r_
® In the representation, x = ye”, x = xye™ "
(UH(x,m) = f(x,n+ «a) - n~nt+a

* Reduced Hilbert space Heq = L2(R x S')

(f, B) = 2¥+27? / dndx x*** fi(x, n)k(x, )
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Spectrum of the radial coordinate
oeo

Radial eigenvalue problem

Invariant coordinates

* Quantise coordinates invariant under identifications
¢ In Schwarzschild coordinates (t, r, ¢) — functions periodic in ¢
Radial coordinate

2 2 2 2
rr-rg B -

B =
(r) B =E z2

® Quantisation

1/ 2 4+3 @+1)? 1 ,
B_4<8X X O X2 +?8’7

* Commutes with the "mode operator" H — H = 9,
2min

Solve for mode n eigenfunctions ¢ (x,n) = f(x)e = "
e Canonical Schrédinger form = conformal quantum mechanics

Pr?+1

Hg = —0% — Z
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Spectrum of the radial coordinate
[e]e] J

Regularisation and spectrum

2
Coordinate B bounded from below: B > —rgr%rz
2

V(x) V(x)

Continuum of scattering states ,/x (01 H,.(J)(Z/\X) + G H,.(f)(ZAX))

Infinite discrete set of bound states /X Kic(2kx)

Zero eigenvalue corresponds to the horizon r = ry.
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Semi-classical states
°

Semi-classical states

States labelled by classical points [Perelomov. . .]

¢ Generated by group transformations

E=2PePie™%Prgy o e) = AP e e®|0)
* Expectation values of coordinates = classical values

&= ("2, 80 — bzo, %0 — c20) = ((€121%), (€1BIE), (€116 )

v

Classical limit

Relative uncertainty

(eXle) — (e1X1)?
AeX =X

In the limit / — oo, uncertainties vanish

(Agz) =0, Ilim(AB)=0, lim(Aey)=0
I— o0 I— o0

lim
|— 00
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Summary and perspectives
°

Summary of results

©® A noncommutative model of local AdS; geometry

® Proposal to define BTZ through a discrete quotient

® Spectrum of the regularised radial coordinate:

exterior <> scattering states, interior <» bound states

® Notion of the classical limit
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Summary and perspectives

Future directions and open questions

© Additional operators in terms of Kaluza-Klein modes

Ared = ENd(Hreq) ~ C (R x 8" x R x 81)

® Scalar field theory: start with quantum mechanical Laplacian
202 2 3
AZ*X 8X+ (4X +Z)
— solve for eigenfunctions of the field-theoretic Laplacian. . .

©® Geometry from semi-classical states
— extension to the BTZ quotient
— overlaps, matrix elements of geometric operators

O Gravitational perturbations, entropy . ..
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Summary and perspectives

Thank you!
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Laplace-Beltrami operator

Laplacian on functions
Af = —[pz, [Pz, f]] — [ps. [ps, f]] + [Pv, [P+, fI] + 2[pz, f]
Laplacian on 1-forms
D667 + 107 + £,67) = (AL — [ps. fs] + [y, £,]) 07
+ (Afs — 2[pz, f5] + 3[ps, £:]) 0” + (AF, — 2[pz, £,] + 3[p,, £2]) 67
Lowest-weight vector

|0> — CZ(X)—()72/71 efxf)_( ’ 072 _ 24l+17{' |—(_2/)
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