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Introduction

- Goal: study linearized Einstein’s equations to investigate radiation coming from the isolated 
systems and calculate the energy carried by gravitational waves in the  case. 

- For  one  usually considers small perturbations in Minkowski spacetime and the 
suitable framework to analyze gravitational radiation is the conformal boundary  which is 
a null hypersurface. 

- In case of de Sitter spacetime the conformal boundary becomes spacelike. 

- If one insists that the generalized  in de Sitter spacetime is a null surface then a good 
candidate is the cosmological horizon. 
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Time changing matter source emitting gravitational radiation  
in de Sitter spacetime
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Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ

background de Sitter metric
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radiation
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ

background de Sitter metric

perturbation
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ

background de Sitter metric

perturbation

smallness
parameter
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ

Trace-reversed metric perturbation:
γ̄αβ := γαβ− 1

2 ḡαβ γ
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Consider the perturbed metric tensor  of the form:   

 

Linearized field equation in the presence of the first order linearized 
source  : 

 

gαβ gαβ = ḡαβ + ϵγαβ

ḡαβdxαdxβ = 1
H2η2 gαβdxαdxβ = 1

H2η2 (−dη2 + dx2 + dy2 + dz2)

Tαβ

□̄ γ̄αβ − 2 ∇̄(α ∇̄μγ̄β)μ + ḡαβ ∇̄μ ∇̄νγ̄μν−
2
3 Λ(γ̄αβ − ḡαβγ̄) = − 16πTαβ

Gauge condition:  ,  where  ∇̄αγ̄αβ = 2Hnαγ̄αβ nα∂α = − Hη∂η
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Assumptions: 
1.No incoming radiation  
2.Stationary system at distant past and 

future 
3.Physical size bounded by  such that:  

 

4.Cosmological constant   
cosmological horizon very distant from 
the matter source 

5.Slow motion approximation; velocity of 
the source:  

D0

D0 ≪ 1/H = 3/Λ
Λ ≪ 1 ⇒

v ≪ 1
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Assumptions: 
1.No incoming radiation  
2.Stationary system at distant past and 

future 
3.Physical size bounded by  such that:  

 

4.Cosmological constant   
cosmological horizon very distant from 
the matter source 

5.Slow motion approximation; velocity of 
the source:  

D0

D0 ≪ 1/H = 3/Λ
Λ ≪ 1 ⇒

v ≪ 1
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Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Assumptions: 
1.No incoming radiation  
2.Stationary system at distant past and 

future 
3.Physical size bounded by  such that:  

 

4.Cosmological constant   
cosmological horizon very distant from 
the matter source 

5.Slow motion approximation; velocity of 
the source:  

D0

D0 ≪ 1/H = 3/Λ
Λ ≪ 1 ⇒

v ≪ 1
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Assumptions: 

1. No incoming radiation  

2. Stationary system at distant past 
and future 

3. Physical size bounded by  such 
that:   

4. Cosmological constant   
cosmological horizon very distant 
from the matter source 

5. Slow motion approximation; 
velocity of the source:  

D0
D0 ≪ H = Λ /3

Λ ≪ 1 ⇒

v ≪ 1

Time changing matter source emitting gravitational radiation  
in de Sitter spacetime

Assumptions: 
1.No incoming radiation  
2.Stationary system at distant past and 

future 
3.Physical size bounded by  such that:  

 

4.Cosmological constant   
cosmological horizon very distant from 
the matter source 

5.Slow motion approximation; velocity of 
the source:  

D0

D0 ≪ 1/H = 3/Λ
Λ ≪ 1 ⇒

v ≪ 1

No incoming 
radiation
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Using the obtained retarded solution  expressed in terms of the quadruple moments we calculate the shear  
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See also Ashtekar et al. (2015) and Hoque & Virmani (2018). 
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The quadrupole formula in the literature
The energy flux coming form a compact source in spacetime with positive cosmological 
constant has been also studied by: 
1) S. J. Hoque, A. Virmani (2018) and their formula on the cosmological horizon is of the form: 
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Integrating over the angles, reversing the tt projection and expressing the result in terms of 
the traceless  yields: 
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The quadrupole formula - simplification for the source  
of compact support or periodic source

Our quadrupole formula simplifies for the sources of compact support or periodic nature:
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TT-gauge vs tt-projection

Any spatial rank-2 symmetric tensor  may be decomposed into the irreducible components: 

 

where  corresponds to the transverse-traceless part of the field  , meaning it satisfies: 
 

whereas  is transverse:  
 

In such decomposition, only the transverse-traceless part,  , is gauge invariant, and therefore 
is regarded as physical component of the field  . Generally, it is highly non-trivial to extract the 
transverse-traceless part of the field   (see Bonga & Hazboun for explicit example).  
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There also exists a distinct notion of transverse-traceless tensors often used in the context of gravitational 
waves. It is easier for calculations, however generically inequivalent to the other notion. To extract the 
transverse-traceless part of a rank-2 tensor one simply uses an algebraic projection operator: 

  

where . In this notion the transverse traceless part of the field is often written with a tt in a superscript, 
namely:  

 

The two notions coincide at null infinity  for asymptotically flat spacetimes. However, the global structure of 
de Sitter spacetime is very different from Minkowski spacetime. The tt-projection is considered not to be a valid 
operation to extract transverse-traceless part of rank-2 tensors on the full future infinity . One should use 
the TT notion of transverse traceless tensors (Ashtekar & Bonga, 2017).  

However, if we restrict ourselves to large radial distances away from the source it often happens that TT 
coincides with tt (Example: power radiated by a spatially compact circular binary system, Bonga & Hazboun 
2017 and Hoque & Aggarwal 2017). 

Pi
j = δi

j − x̃ix̃j Λij
kl = 1

2 (Pi
kPj

l + Pi
lPj

k − PijPkl)
x̃i = xi/r

Att
ij := Λij

klAkl

ℐ+

ℐ+

TT-gauge vs tt-projection



There also exists a distinct notion of transverse-traceless tensors often used in the context of gravitational 
waves. It is easier for calculations, however generically inequivalent to the other notion. To extract the 
transverse-traceless part of a rank-2 tensor one simply uses an algebraic projection operator: 

  

where . In this notion the transverse traceless part of the field is often written with a tt in a superscript, 
namely:  

 

The two notions coincide at null infinity  for asymptotically flat spacetimes. However, the global structure of 
de Sitter spacetime is very different from Minkowski spacetime. The tt-projection is considered not to be a valid 
operation to extract transverse-traceless part of rank-2 tensors on the full future infinity . One should use 
the TT notion of transverse traceless tensors (Ashtekar & Bonga, 2017).  

However, if we restrict ourselves to large radial distances away from the source it often happens that TT 
coincides with tt (Example: power radiated by a spatially compact circular binary system, Bonga & Hazboun 
2017 and Hoque & Aggarwal 2017). 
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Thank you for your attention


