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Noether Theorem

Symmetry — Conserved Charges

What are the conserved charges for gravity?

Massless spin-2 field

.

Equivalence Principle
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Flgu Fe€: J. B. Jimenez, L. Heisenberg, T. S. Koivisto, Universe 2019, 5(7), 173.
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Notation and conventions

A general connection can be decomposed as
r,, =% + K + L%, (1)

where the contortion and disformation are defined as

e 1 @ e

K pyo = 5 T 7272 T(;w) ) (23)
e 1 a a

L wo = §Q pv Q(;w) : (2b)

The general connection is associated to a general covariant deriva-
tive V, which defines the non-metricity Qo = Vagu. From
the general connection, the curvature tensor and torsion can be
defined

a _ «a «a A
T M, - (3b)
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From the torsion, we can define the torsion scalar
1 oV 1 (o4 g (0%
T:ZTaWT” +§TW,,T“ —T,T7, (4)

where T, = Tﬁag is the trace of the torsion. The Levi-Civita
connection and the torsion scalar are related by

R=—-T-2V,T (5)
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From the non-metricity, we can define the non-metricity scalar
_ 1 aby 1 afy 1 Ao 1 a
Q—ZQ Qaﬁ'y_EQ Qﬁa7+§QaQ —ZQQQ ) (6)

where Q, = Qq,* and Qr = Q. "™ are the non-metricity traces.
The Levi-Civita connection and the non-metricity scalar are related
by como

R=-Q—Va(Q*— Q). (7)
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Equations of Motion

We consider a Langrangian Lg = Lg(g"”, Q" T%uw, R ux0)-
The variation of the action

_ /dnxﬁgL. (8)
gives
1 JL¢g 1
E,uu = 2 w T+ vaq wt 53— 8 o ELGg,LLua (93)
1 1 A
EEQ‘“’ = —EZa“” + Vgrawﬁ + %T“Byra”m
+ k=", (9b)

where ﬁu =V,+ T, + %Qa and

a o aLG uv aLG ,B;w o
q w = s to = —, Iy = .
O QM oTe,, ORg,,

Débora Aguiar Gomes Energy and entropy in the Geometrical Trinity of gravity



Noether Current

For a diffeomorphism, the Noether current is given by:

JE = —2q“a5¢av'g +2EX, v¥
= 20V VT + Ry
— BV VB + T g E VP

GIRY
6Vuw5‘/¢' (10)

+ Lvi+

There exists an antisymmetric 2" rank tensor J* = JIH1 such

that J¥ = V,J*. The Noether potential for Palatini-Einstein
Lagrangian leads to the Komar superpotential:

B = mEvinl, (11)
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It has been proposed that the Komar superpotential should be
modified as:
= mEvi e m2 Al (12)
When we consider the symmetric teleparallel equivalent to GR, we
arrive at
JW — m%@[uvl/] — eyl 4 Bl 7 (13)

with A% = —QH + Q~.

space of connections | Noether potential J*
all v OV
flat —h*Y v
symmetric inequivalent to GR
flat & symmetric —2gl1 v
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In electromagnetism, we have the charge

g= = 7{ d20/—gA™ | (14)
2 Jay

where V,(\/gF") = /g J".
The energy-momentum will be defined as:

1
Ca = % dza—/ﬂlh'uyou (15)
2 Jov
where the superpotential obeys

Vo™, =3, + &4, . (16)
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Excitation Tensors

Examples of excitation tensors that have been proposed:

@ The von Freud superpotential 1

1
B (EA 5N .
e = SV gdh g (I’ gy — L B'y)x (17)

@ Landau and Lifshitz supelrpotential2
pra _ 1 g pa P
by "= E(fg) 5 Vg (—98”%g (18)

@ Bergmann and Thomson superpotential 3

bhre = \g/g bl (19)

@ Papapetrou superpotential 4
1
h/;ua _ 5/“’5“" )\B\/f( 'yo T 2g’y7‘go‘6) Vpgro' (20)
@ Weinberg superpotential 5

1 1
L 3
h“WWy = 61;:6;;@X[ V8 (Zgﬂmg‘”S 2g'y‘rgms) Vpg-ro . (21)
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After taking g, — g and ia — V., we can show that the
previous expressions are equivalent

tha = hLLa = hBTa = hP a— hl\f\?a = h",. (22)

The inertial frame is characterised by the vanishing of the energy-
momentum associated with the metric field, i.e. t#, = 0. In this
case, Vb, =%+,

formulation constraints superpotential canonical frame

symm. teley | R% g, = T%, =0 mpih = 84" Qv - rff[fQ”] — gl ) = g 0p @ — %ﬂff{"‘m@.fh —0

metric teley | R* 5., = Qu” = 0|mp2t,"" = 1707 + T + 2§l = W — AaE T, =0

Palatini - mp Qh‘“ V-'[ué:)\] Vi Lo 7+ [(E_ G) i+ (ZYW[Y—. -V Y’“) ﬁ]
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Charged black hole

We have C, = 47rmfD Vrl,,, where where V' is a scalar function of r
and /,, is a null geodesic vector. If we will consider the Schwarzschild-
Reissner- Nordstrom-de Sitter, then

2
ms q A,
V(r) = — —r-. 23
(n 47Tm%,r 87rm,2,r2 + 3r (23)
We have )
Co = mg — q + i71'r3,0/\ (24)
2r 3 ’

which can be interpreted as the gravitational energy.
In the inertial frame, C"F CLL CBT ck = CW Go.
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o Wald formula (diffeomorphism charge) ©

727‘(’

5 f 420, B (v | (25)
H

K

@ Center of mass momentum charge (Lorentz charge)’
S= —27T/Cd2xta5“”na5nw,, (26)

Both expressions lead to the correct area law.

OR. M. Wald, Phys. Rev. D 48 (1993) 3427-3431,

7J. B, Jimenez, T. S. Koivisto, Phys. Rev. D 105 (2022) L021502
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Conclusions

@ In STGR, the Noether charge for diffeomorphisms yields the
modified Komar expression;

@ In the inertial frame, the ambiguity of the energy-momentum
is eliminated;

@ We obtain the desired results for the entropy.
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Thank you!
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