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Motivation

Noether Theorem

Symmetry → Conserved Charges

What are the conserved charges for gravity?

Figure: J. B. Jimenez, L. Heisenberg, T. S. Koivisto, Universe 2019, 5(7), 173.
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Notation and conventions

A general connection can be decomposed as

Γαµν = Γ̊αµν + Kα
µν + Lαµν , (1)

where the contortion and disformation are defined as

Kα
µν =

1

2
Tα

µν − T(µν)
α , (2a)

Lαµν =
1

2
Qα

µν − Q(µν)
α . (2b)

The general connection is associated to a general covariant deriva-
tive ∇α, which defines the non-metricity Qαµν = ∇αgµν . From
the general connection, the curvature tensor and torsion can be
defined

Rα
βµν = 2∂[µΓ

α
ν]β + 2Γα[µ|λ|Γ

λ
ν]β , (3a)

Tα
µν = 2Γα[µν] . (3b)
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From the torsion, we can define the torsion scalar

T =
1

4
TαµνT

αµν +
1

2
TµανT

αµν − TαT
α, (4)

where Tα = T β
αβ is the trace of the torsion. The Levi-Civita

connection and the torsion scalar are related by

R̊ = −T − 2∇̊αT
α. (5)
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From the non-metricity, we can define the non-metricity scalar

Q =
1

4
QαβγQαβγ −

1

2
QαβγQβαγ +

1

2
QαQ̃

α − 1

4
QαQ

α, (6)

where Qα = Qαµ
µ and Q̃µ = Qα

µα are the non-metricity traces.
The Levi-Civita connection and the non-metricity scalar are related
by como

R̊ = −Q − ∇̊α(Q
α − Q̃α). (7)
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Equations of Motion

We consider a Langrangian LG = LG (g
µν ,Qλ

µν ,Tα
µν ,R

α
µλν).

The variation of the action

I =

∫
dnx

√
−gL . (8)

gives

Eµν = −1

2
Tµν + ∇̂αq

α
µν +

∂LG
∂gµν

− 1

2
LGgµν , (9a)

1

2
Eα

µν = −1

2
Zα

µν + ∇̂βrα
νµβ +

1

2
Tµ

βγrα
νβγ

+ tα
µν − qµνα , (9b)

where ∇̂µ = ∇µ + Tµ + 1
2Qα and

qαµν =
∂LG
∂Qα

µν
, tα

µν =
∂LG
∂Tα

µν
, rα

βµν =
∂

∂Rα
βµν

.

Débora Aguiar Gomes Energy and entropy in the Geometrical Trinity of gravity



Noether Current

For a diffeomorphism, the Noether current is given by:

Jµ = −2qµαβ∇̊αvβ + 2Eµ
νv

ν

− 2rα
νµβ

[
∇β∇νv

α +∇βT
α
γνv

γ + Rα
νγβv

γ
]

− Eα
µν∇νv

α + ∇̂νEα
νµvα + Tα

νβEα
µνvβ

+ Lvµ +
∂LM
∂∇µψ

δvψ . (10)

There exists an antisymmetric 2nd rank tensor Jµν = J [µν] such
that Jµ = ∇̊νJ

µν . The Noether potential for Palatini-Einstein
Lagrangian leads to the Komar superpotential:

JµνG = m2
P∇̊[µvν] . (11)
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It has been proposed that the Komar superpotential should be
modified as:

JµνG = m2
P∇̊[µvν]+m2

PA
[µvν]. (12)

When we consider the symmetric teleparallel equivalent to GR, we
arrive at

Jµν = m2
P∇̊[µvν] − Q [µvν] + Q̃ [µvν] , (13)

with Aµ = −Qµ + Q̃µ.

space of connections Noether potential Jµν

all ∇[µvν] − hµναv
α

flat −hµναv
α

symmetric inequivalent to GR

flat & symmetric −2q[µν]αv
α
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Charges

In electromagnetism, we have the charge

q =
1

2

∮
∂V

d2σµν
√
−gAµν , (14)

where ∇µ(
√
gFµν) =

√
gJµ.

The energy-momentum will be defined as:

Cα =
1

2

∮
∂V

d2σµνh
µν

α , (15)

where the superpotential obeys

∇αh
αµ

ν = Tµ
ν +Gµ

ν . (16)
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Excitation Tensors
Examples of excitation tensors that have been proposed:

The von Freud superpotential 1

h
µν
vF α = −

1

2

√
−gδ

µνγ
λσα

gβλ
(
Γ̊λβγ − Γ̊λβγ

)
; (17)

Landau and Lifshitz superpotential2

h
µνα
LL

=
1

2
(−g)

− 1
2 δ

µν
γρ ∇̊β

(
−ggραgγ

β
)

(18)

Bergmann and Thomson superpotential 3

h
µνα
BT

=
√

g/g h
µνα
LL

(19)

Papapetrou superpotential 4

h
µνα
P

= δ
µν
γλ

δ
αρ
βσ

gλβ√
−g

(
1

4
gγσgτδ −

1

2
gγτ gσδ

)
∇̊ρgτσ (20)

Weinberg superpotential 5

h
µνα
W

= δ
µν
γλ

δ
αρ
βσ

gλβ
√

−g

(
1

4
gγσgτδ −

1

2
gγτ gσδ

)
∇̊ρgτσ . (21)

1
P. Freud, Annals of Mathematics 40 (1939) 417–419.

2
L. D. Landau and E. M. Lifschits, The Classical Theory of Fields, vol. Volume 2 of Course of Theoretical

Physics. Pergamon Press, Oxford, 1975.
3
P. G. Bergmann, R. Thomson, Phys. Rev. 89 (1953) 400–407

4
A. Papapetrou, Proc. Roy. Irish Acad. A 52 (1948) 11–23.

5
S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity.

John Wiley and Sons, New York, 1972.
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After taking gµν → gµν and ∇̊α → ∇µ, we can show that the
previous expressions are equivalent

hµνvF α = hµνLLα = hµνBTα = hµνP α = hµνW α = hµνα . (22)

The inertial frame is characterised by the vanishing of the energy-
momentum associated with the metric field, i.e. tµν = 0. In this
case, ∇αh

αµ
ν = Tµ

ν .

Débora Aguiar Gomes Energy and entropy in the Geometrical Trinity of gravity



Charged black hole

We have Cµ = 4πm2
PVrℓµ, where where V is a scalar function of r

and ℓµ is a null geodesic vector. If we will consider the Schwarzschild-
Reissner- Nordström-de Sitter, then

V (r) =
mS

4πm2
P r

− q2

8πm2
P r

2
+

Λ

3
r2 . (23)

We have

C0 = mS − q2

2r
+

4

3
πr3ρΛ , (24)

which can be interpreted as the gravitational energy.
In the inertial frame, C vF

0 = CLL
0 = CBT

0 = CP
0 = CW

0 = C0.
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Entropy

Wald formula (diffeomorphism charge) 6

S =
2π

κ

∮
H
dn−2σµνh

µν
αv

α . (25)

Center of mass momentum charge (Lorentz charge)7

S = −2π

∫
C
d2xrα

βµνnαβnµν , (26)

Both expressions lead to the correct area law.

6
R. M. Wald, Phys. Rev. D 48 (1993) 3427–3431,

7
J. B, Jimenez, T. S. Koivisto, Phys. Rev. D 105 (2022) L021502
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Conclusions

In STGR, the Noether charge for diffeomorphisms yields the
modified Komar expression;

In the inertial frame, the ambiguity of the energy-momentum
is eliminated;

We obtain the desired results for the entropy.
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Thank you!
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