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General Overview

Great progress in our understanding of the structure of the space of quantum field theories

(QITs)

Unravelling its geometry and topology — deep implications in mathematics, quantum
gravity, string theory, cosmology and condensed matter physics.

Q How do we tackle the task?

I SOLVE QFT: investigate different regimes in a controlled manner and with precise results
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(Near) Conformal Window iusx.. eioress, osaisany

confinement and xSB lost of asymptotic freedom

conformal window

® in depth analysis of the 6-angle physics at non-zero baryon chemical potential of 2 color
QCD with SU(2N¢) global symmetry [suep 11 (2022) 0so]
2 color effective pion Lagrangian at non-zero baryon charge including the f-angle term

determine the vacuum structure of the theory both in the normal and superfluid phase
as a function of the different number of matter fields

determine the spectrum of the theory
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Operators having large internal charge can be associated, via state/operator

correspondence, to a superfluid phase on a cylinder

confinement and xSB lost of asymptotic freedom

——
N
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conformal window

/Z near conformal invariance of the theory: dressing the lagrangian with the dilaton

® near conformal dynamics of the dressed theory being in a superfluid phase on a cylinder

[arXiv: 2208.09227]
f-dependence of the ground state energy

f-dependence of the near-conformal scaling dimension of the baryon charged operators
on R*
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in collaboration with J. Bersini, F. Sannino & M. Torres
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The 6-angle physics of two-color QCD at fixed baryon charge
Starting from 2-color QCD EFT with SU(2N¢) global symmetry [arxiv:0001171]
Lo = V°Tr{8,20"S1} + 4 Tr{BE19o2} + m20*Tr{Mx + M2}

. 2
+ 2 [Tr{zBTETB} + Tr{BB}} —a? <9 ~ {Tr{log ™ — log z*}) (1)
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The 6-angle physics of two-color QCD at fixed baryon charge
Starting from 2-color QCD EFT with SU(2N¢) global symmetry [arxiv:0001171]

Lo = V°Tr{8,20"S1} + 4 Tr{BE19o2} + m20*Tr{Mx + M2}

. 2
+ 2 [Tr{zBTETB} + Tr{BB}} —a? <9 ~ {Tr{log ™ — log z*}) (1)
using the ansatz Yo = U(a)2e, U(ay) = diag{e ™1, ... e "N g7l | e7iong}
. 0 le X . I O . o 0 71Nf/2
3. = (71Nf 0 ) cosp +1 (O 7)sine where 7 = Iny/o 0 , (2)
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The 6-angle physics of two-color QCD at fixed baryon charge
Starting from 2-color QCD EFT with SU(2N¢) global symmetry [arxiv:0001171]

Lo = V°Tr{8,20"S1} + 4 Tr{BE19o2} + m20*Tr{Mx + M2}

. 2
+ 2 [Tr{zBTETB} + Tr{BB}} —a? <9 ~ {Tr{log ™ — log z*}) (1)
using the ansatz Yo = U(a)2e, U(ay) = diag{e ™1, ... e "N g7l | e7iong}
. 0 le X . I O . o 0 71Nf/2
3. = (71Nf 0 ) cosp +1 (O 7)sine where 7 = Iny/o 0 , (2)

the energy of the system is

E=—1 [4m72,X - aéﬂ , normal phase (¢ = 0) (3)
N2ut 4 miX? ~ m2

E=-1 |20 72 a0 fluid ph =X 4

v { Nei2 al , superfluid phase [ cos¢ Niyi2 (4)

with X = 21 cos o
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Symmetry breaking pattern & Spectrum
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Symmetry breaking pattern & Spectrum

2N7—N¢
SU(QNf) X U(l)A ~ Sp(2Nf) ) ) ) 1
w] =k +pu”, L] ENf(Nf"rl)
Iz iy2 H
Q, . . m; X 1
m l UJ; = kz + ,LLQN? s ENf(Nf — 1) —1
SU(Np)vxU(1)s > 2 (u*N? 4 3mtX?) H 1
ws =k +#+A, o+ 5Nf(fo1)
superfluid phase f
5 o 2 (W'NF+3mix?)
w; =k +—N?lt2 — A,
2 _ 4.2 2
Sp(Nf)V wy = k” + Mg, o 1
where
2
A= W\/(Ng,ﬂ +3miX2)? 4 AN2u2mik2X2 (5)
f

o aptNZ +2,2mi X2 m%X?2
Mg = — N2

2pAN? — 2m4 X2
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dilaton field o(x)
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# smoothly approach the conformal phase of the theory == dressing our Lagrangian via a
dilaton field o(x)
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Charging the conformal window at nonzero #-angle o021

# smoothly approach the conformal phase of the theory == dressing our Lagrangian via a
dilaton field o(x)

xHe“x:a»—mr—%:>(’)k»—>e(k_4)”f(9k ]
Ly, =*Tr{9,20"5T} + 42 Tr{BXT 9o} + m2 /2 Tr{MS 4+ M %1} +
. 2
+2u%0? [Tr{EBTsz} + Tr{BB}] —ar? (9 - iTr{logE ~log 2*}) T )

1 R m2 4o
+5<6M08“07@> (e 4f+40'f71)7A3

162
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Replacing this vacuum ansatz, the Lagrangian (7) becomes

2 m? (4foo + e M0 1) Re 2
L . ) — _ —A4fog A4_ my _ o _
07 (B0, 00] = —e ( 16f2 16f2 BE T (8)
+4m2 X cos @ e 7 + 2, NpPe 270 sin? p — av’e *709? |
where
N¢ N¢ m2
0=6— i, X = 5 Qi A=A z . 9
Z @ Z cos o+ 62 9)
The respective equations of motion are
Niple 7 cosp — m2Xe 7Y =0 (10)
ae” 70 — 2m? sin oy cos e Y = 0, i=1,.,N; (11)
Re2fe to o m?, 1 _ o it
—r + dafr’e”4oy? + 4fAje o _ ( i )
—4f*Npe 2 sin?  — 4fm2 1y X cos pe 7Y = 0 (12)
4puNg2e 7 sin? = % . (13)
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large-charge quasi-conformal Ground State Energy as function of the dilaton, fermion
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large-charge quasi-conformal Ground State Energy as function of the dilaton, fermion
mass and background geometry to include the impact of the 6 angle physics

4/3 2 2\ 2
ca/3Q 2/351/3 = Xoo 9m7 X10
pYst = 22 v SR — — 00 11—~ 2 B
V1/3 +Q ©2/3 4772NE Ci3 32v K 3 8 Q Xoo

og (32ny27r2<:4/3\72/3> )} } VlogQ{ 16m2 Necasscaonm — - <9mi > 2
3 3m2Nic 2/3 32v
5 omZ\2_ . 5 9X00Xo1 o
{W (E) Xoo — C2/3RNfX00 + m} } + (Q )

4/3 2 4~
_ cy/3Q 2~ o~ 9(1 — v)X m_ Vo 16 ~
Bl 4/\7517/3 oays QPRI - 7;4;“ = EQ _ 5 ™ maNieajses/sr” Vi Q + (Q°)
/30
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large-charge quasi-conformal Ground State Energy as function of the dilaton, fermion
mass and background geometry to include the impact of the 6 angle physics

4/3 2 2\ 2
c4/3Q 2/351/3 ~ Xoo 9m?7 X10
pYst = 22 v SR — — 00 11—~ 2 B
V1/3 +Q ©2/3 4772NE Ci3 32v K 3 8 Q Xoo

log (432Nfuz7'r2c4/3\~/2/3 > >:| } VlOgQ{ 71671—2 N¢cg/3cq 3V m2 S S <9mf( > 2-
3 3m2Nic 2/3 32v
5 om2\2_ - 2 9Xo0Xo1 0
{W (32711> Xoo" — c2/3RN¢Xo0™ + m} } + (Q )

4/3 2 4~
_ cy/3Q 2~ o~ 9(1 — v)X m_ Vo 16 ~
Bl 4/\7517/3 oays QPRI - 7;4;“ = EQ _ 5 ™ maNieajses/sr” Vi Q + (Q°)
/30

where we introduced

3 A2 2/3 1 ) 1/3 B
3= | =3 v Cos= = | o . R
8 7T'NfV2 4f2 NfV2A4

o
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large-charge quasi-anomalous dimension A as function of the dilaton, fermion mass and
background geometry to include the impact of the € angle physics

71

) 5,2/8 )
A 1 ( 9m? )2 1 —~log ( 16(27\-2)ﬁ-‘c1,3u2N,) 2 (0 + 27Tk> ( 1 >2/3
— _ COS

- 327v 4] 5Ny N¢ 212 p

4 . 2 (6+27k om2 \2 9 (e+2rk .
5 ((9+27rk> 27m . sin (TT) 5(647:;) cos (TT) a3 ( p )2/3
cos

o§/sNe N; 256 22/374/3a N7 6cd5N¢ 2 \2m2qQ

om2 \?/ 1 s Q1.2 o2 (L) a
327v 27m2p o8 g T c2/3Y Nile 2m2p o8

X
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large-charge quasi-anomalous dimension A as function of the dilaton, fermion mass and
background geometry to include the impact of the € angle physics

71

) 5,2/8 )
A 1 ( 9m? )2 1 —~log ( 16(27\-2)ﬁ-‘c1,3u2N,) 2 (0 + 27Tk> ( 1 >2/3
— _ COS

- 327v 4] 5Ny N¢ 212 p

COSs

4 . 2 (6+27k om2 \2 9 (e+2rk .
<2<6+27rk> 27m . sin (TT) +5(64ﬂ_7‘y) cos (TT) C2/3( p )2/3

c§/sNe N¢ 256 22/374/3a ¢ NP 6cg 5 Ne 2 \272Q
om2 2 ( 1 )4/31 Q1.2 S ( L\ a
% - _°
327v 27m2p o8 g T c2/3Y Nile 2m2p o8
1-y<«1

A 9m? 5 [ 0427k 16 , s o 1 \4/3
A 1— (64c4 (1 —~) cos (T) + 37 Coy3v Nemy (sz> log Q
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Spectrum

SUENY x U(1)a 2NN Sp(aNy) — SUNi)v x U)s > Sp(Np)y (15)
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Spectrum
2N7 —N¢
SU(QNf) X U(].)A ~ Sp(QNf) — SU(Nf)V X U(l)B ~ Sp(Nf)v (15)

Having in mind the hierarchy of scales m < v/a < u < 4mv, we focus on the spectrum of
light modes
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Spectrum
SUENY x U(1)a 2NN Sp(aNy) — SUNi)v x U)s > Sp(Np)y (15)

Having in mind the hierarchy of scales m < v/a < u < 4mv, we focus on the spectrum of
light modes

1N¢(N¢ — 1) massless Goldstones: H—H of Sp(N¢)

1 pseudo-Goldstone e of Sp(N¢) with mass x v/a




Overview ving QFT Results Backup slide

ear Conformal Window
o] O0000000@0000

Spectrum

2NZ-N
SU(QNf) X U(].)A Lo f Sp(QNf) — SU(Nf)V X U(l)B ~ Sp(Nf)v (15)
Having in mind the hierarchy of scales m < v/a < u < 4mv, we focus on the spectrum of
light modes

1N¢(N¢ — 1) massless Goldstones: H—H of Sp(N¢)

1 pseudo-Goldstone e of Sp(N¢) with mass x v/a

the spectrum changes when (near)conformal
dynamics is realized through the dilaton dressing
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Spectrum

2NZ-N
SU(QNf) X U(].)A fvﬁ f Sp(QNf) — SU(Nf)V X U(l)B ~ Sp(Nf)v (15)
Having in mind the hierarchy of scales m < v/a < u < 4mv, we focus on the spectrum of
light modes

1N¢(N¢ — 1) massless Goldstones: H—H of Sp(N¢)

1 pseudo-Goldstone e of Sp(N¢) with mass x v/a

the spectrum changes when (near)conformal
dynamics is realized through the dilaton dressing

we expand around the vacuum solution as follows

dim 288

Sp(N¢)
. . 1
Y =256’ where Q= ( 0 ) S( I, 0 ) )
~
L
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L 71'0 dim(E)
Z( ™ & S )D_1 & + Z O, (16)
S

412 sin? p e—200f 2
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0 dim(E)
+ > 'ror” (16)

a=1

L

_ 0 ~ -1
LA eza = (T 0 8)D

I

with the inverse propagator D™! defined as

2 2 s
w? —k iwpfy/2Ng 0
2_j? 2. 4 -
D! = —iwpfy/2N¢ 8“;% — M2 %I&S Log — V2fu?mi /NeXyZ
% hml ® (W —12) ) s & meXQ _ /1,4N?e2fg”<y72>
0 5165 sin2 @ 1\/[“'

(17)
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0 dim (H)
+ Z 0,7 (16)

a=1

L

(.0 -1
412 sin® p e—200f (= ¢ S)D

I

with the inverse propagator D™! defined as

0
1 17 V2P VNEXyZ
D 2708 5 Ich -
(w?—k?) 5 meXQ — u4N?e2ff’n(y*2)
0 51[75 sin? MS

(17)
where Z = 221 sin a; and the Lagrangian masses for the dilaton-field and the S mode are given by
212Npe=6f0 (2mi X2 (y2 — 2) eSfoo 4 2M4V2N?62fd(,(y+1) — 4A% 2N e2o0y)

202 (pAN2e2o0(v—2) — miX2) (18)

M2 =

4ANT3 j2fop(y—1) 2 4~r2 dfoq
N 0 2 X
lv[g _ ap £€ - + Mg .e ) (19)
2ptN7e2tooy — 2m3 X2etfoo
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conformal invariance
dictates the exis-
tence of a massless

mode with speed
Ve = —— — —
G = Va1~ 3
[Orlando:2019skh]
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Solving QFT

conformal invariance
dictates the exis-
tence of a massless

mode with speed
1 1

Ve =Ta1 T 3
[Orlando:2019skh]

mixing between
the singlet mode
mo with the dilaton
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conformal invariance
dictates the exis-
tence of a massless

mode with speed
1 1

Ve =Ta1 T 3
[Orlando:2019skh]

mixing between
the singlet mode
mo with the dilaton

change mp ve-
locity from

VG:].—)VG:%
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conformal invariance
dictates the exis-

tence of a massless pidine betreen change mo ve-
mode with soeed the singlet mode locity from )
1 E 1 mo with the dilaton ve =1—-ve = 73

V6 = a1 T /B
[Phys.Rev.D 101 (2020) 6]

In the large-charge limit, the above reduces to

2 2\ 2 2/3
'Y<<1: W2:k L‘l‘ \/§X00 9rn‘rr X T
V3 (@) N \12smr ) \Q

L—i—l 25/3(;2/31,21113 . 9v3m% X2 \ 4/3+
V3 3/372/3 128v2n8/3¢4 N2 | \ Q

4/3

+ 0(k?)

1-7v)<1: wa=k
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Large charge setup

we will consider our system on a manifold M with volume V and curvature R such that the
underlying new scale of the theory is

Ag = (Q/V)'/3 (20)

where Q is the fixed baryon charge.
Concretely, we will take our manifold to be

M =Rx84! (21)
such that we can consider an approximate state-operator correspondence that implies
Aq=VEq, Eq=pQ-L (22)

where Aq is the scaling dimension of the lowest-lying operator with baryon charge Q, Eq is the
ground state energy on R x S4=1 at fixed charge, V1/3 is the radius of S4-1.
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Large charge expansion of the #-angle physics

we double-expanded X first in v and then also in 1/Q as follows

X _
X =Xo+ X7+ (V) , Xk:Xko+QTk/13+(Q 4/3), for vy < 1
X1 _
X=Xo+Xi(l-7+(1-7)7), Xk:Xko+W+(Q 2), forl-y<1.
where

Xoo =N cos(0+2k7r> Yoo =0

00 = Nf : ) m2 X0 sin(eﬁ\]%)

9m? sin? <7g+§k”> cos (79"'1\?1‘“) Bor = aNy

X _ f f _

o= 8 22/374/34, Ci/s 010 =0

o . 2(6+27k) 81927%c?  Nive

X10 = ) 3m?2 sin (T) log (T/;f
Xll =0 911 =

2/3174/34 2
32 22/374/%a ¢ 4
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EOMs for the Witten variables

The equations of motion read
m2
sin ¢ (Nfcos<p — —;X) =0
In
om2 sinojcosp =af, i=1,..,N;

and the energy of the system is

E=—?[4m2X —af?] , normal phase (¢ = 0)
N2 4 4x2 _ 2
E=-1? 2% — a@z} , superfluid phase (cos = m”2 X)
Nf,u, Nf“

In the normal phase, the Witten variables are related to 6 by the well-known equation
N¢
2m72T sina; = af = a <9 — Zai>
i
For the general solution we must have for any 6 fixed ,

2
To solve for the o; we consider the expansion in the parameter == < 1 .
a
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(24)

(25)

(26)
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EOMs for the Witten variables

at the leading order one needs to solve for § = 0 and the angles «; satisfy

— i=1,...
ai:{n a, i s...,0 (28)

o, i=n+1,...,N¢
where « is the solution of the following modular equation
n(m — a) + (Ng —n)a = 6 Mod 27 . (29)

The modulo comes from the fact that if a solution {a;} of eq.(27) is found, then it is possible to
build another solution as follows

a1(0 +27) = a1 () + 27, ai(0+2m) =ai(0), i=2,...,N¢. (30)

However, since the physics depends only on e~® the dynamics is invariant under 6 — 6 4 2.
The solution of eq.(29) can be written as
04+ 2k —n)7
o (Nf — 2[1)

Ny—1
., k=0,... Ny—2n—1, n:O,...,{ f ]

5 (31)

The range for k above emerges because for k > N — 2n we repeat the solution for a given n.
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one can ask when two different solutions of the equation of motion can have the same energy. This
corresponds to requiring

cos 6+ 2mky = cos 0+ 27ky , normal phase (32)
Ny N
0+ 27k 0 + 27k
cos? b+ oma = cos? O+ omka R superfluid phase . (33)
N¢ N¢

0
Both conditions are satisfied when | k; = —— — ko + N¢ |.
T

ky and ko are integers

It is sufficient to consider the case ki = 0 that for [0, 7] interval corresponds to the ground
state energy, furthermore at 6 = it forces the second solution to be ko = Ny — 1
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Superfluid N¢ odd

N 0
we have the solution | k; = —kso + 7f — — | which can be realized for
™
_ 0 _ 0—m _ 6—27
= N¢ o Ny +m a = N
| | S
0 . | | ar 0
2 2
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r Conformal Window

CP breaking

Note that when n # 0, the vacuum spontaneously breaks Sp(2N¢) because of the different
phases for each quark flavour.

CP is preserved when 6 = 0. For equal mass quarks as considered here, this happens when
my; =0or 6 =0.

For 6 = = the Lagrangian possess CP symmetry but in the normal phase the latter is
spontaneously broken by the vacuum

[Dashen:1970et, DiVecchia:2013swa,Gaiotto:2017tne, DiVecchia:2017xpu] , leading to a strong 6-dependence
near ¢ = .

CcosE
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Near Conformal Window Solving QFT

Yesulte

CP breaking

assuming that the ground state does not break Sp(2N¢) spontaneously (i.e. n = 0), the vacua lie at
[Gaiotto:2017tne]
j0+2mk

U(Oti) =e Nt lon; - (34)

For § = 7 one has X = cos (W}, which is maximized when k = 0 and k = Ny — 1, that is

U(Oti) = Ci\T’:' 12Nf ’ U(ai) = Cili\’lflng . (35)

The two solutions are related by a CP transformation U — UT and thus CP is spontaneously broken.
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Solving QFT

Near Conformal Window

Overviev

CP breaking Ny = 2

For N¢ > 2 the minima are separated by an energy barrier while for Ny = 2 the leading order
quark-mass induced potential vanishes [smilga:1998dn] , apparently leading to a paradoxical situation
according to which one has massless pions and no explicit breaking of chiral symmetry.

I
Bl
N

0-dependence of the energy in the

0-dependence of the energy in the
superfluid phase for N¢ = 2.

normal phase for Ny = 2.

0-dependence of the energy for Ny = 2.

~
<
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Transformation properties of the fields

[SU(Q)] SU(Nf)L X SU(Nf)R X U(l)\/ X U(l)A
aL O O 1 +1 +1
i()’g’)’zqi’;L O 1 ] -1 +1

SU@)] | SU@NY)  x  U()a
Q O O +1

Transformation properties of qr,, ic27T2qf and Q under the action of the symmetry groups.
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Axion

We denote by vpq the scale of U(1)pq spontaneous symmetry breaking and by apq the coefficient
of the U(1)pg anomalous term.

Li=1"Tr{0,50"S1} + 120, NO*NT + 4 °Tr{BS 0,5} + mZ Tr{ME + M'ST}

. . 2
+ 24202 [Te{SBTS!B} + Tr{BB}] — av? (9 - iTr{log 2 lognt) — iapQ(logN ~ log NT)) .

(36)
Wi a2 aVNiaeg
2NZ - Ny+1 -1 _ sin? ¢ S 4V2upq sin? ¢
SU@Np) x U(L)a x Ul)pg  ~  Sp@Np) D7 = aUNarg PR I
4’\/§IJPQ sin? ¢ 4v? sin? ¢ a

m l u (37)

where
SUNp)vxU(1)s
4 2. 4
ap*Ng + 2p*m
superfluid phase NF—N M% :(2M4——2m§rw) (38)
o Mlihg (39)
Sp(No)v " 16vpq (ut —mg)
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