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Introduction

[Szabo, PR 378 (2003)]

Aschieri, Dimitrijevic, Kulish, Lizzi, Wess, Springer Berlin Heidelberg (2011)]

[Chamseddine, Consani, Higson, Khalkhali, Moscovici, Yu, Springer International Publishing
(2020)]

QFT coupled to classical GR
The support of a quantum field cannot be localized better than
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K- Minkowski

Celeghini, Giachetti, Sorace, Tarlini, JMP 31 (1990)]
Lukierski, Nowicki, Ruegg, PLB 264 (1991), 293 (1992)]
Majid, Ruegg, PLB 334 (1994)] [Zakrzewski, JPA 27 (1993)]

|xt, xV] = i(v”x" —vVx"), u,v=0,..,d vHte R,

(x!)T =x*, [k] = €71 = (length )~ scale,

x* € A =coordinate algebra = ‘non-commutative functions’ = scalar
fields



k- Poincare
Poincare group described through C[IS0(3,1)]

AN =AY, ® A%, Ala*] =AY, @ a +a* ® 1,

S[A%] = DY, Sar] = —(a1)" o,

e|a”,| = &Y, ela*] =0

Non-commutative deformation of C[IS0(3,1)] --» C,[ISO0(3,1)]

-A“V,A“B] =0, [a*, aV] = %(v“av —vVat),

Aﬂa AV,B gaB = glw:A“a AVB Juw = Yap

Hopf algebra Vg,,: g,,9" =6,

:Auv' ay] — é[(Aﬂava o UM)AVV + (A“vgaﬁ o gvﬁ)vﬂgﬂy]

Different models <
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Non-commutative Poincare transformation

%@% Relativity principle

Map (1) : A —= C,[ISO(3,1)] ® A
Xt =AxY +at,  [xH A ] = [xHa¥] =0

Given the C,.[IS0(3,1)] algebra

[x#, 2] = ~ (vHxY — v¥xH) = [xF,x7]

the commutation relations are the same to all observers.



Multilocal functions

%ﬁ% Field theory on x-Minkowski &%

QFT requires the concept of N-point functions. In the commutative case, given the
Abelian algebra of coordinates F, two-point functions are elements of F & F,

generated by
xi=x*®1, x, =1Qx#, 1=1Q1

Starting from the non-abelian algebra A, the canonical algebra structure on the
tensor product A @ Ais

[l 2] = (vt = v, [xf, 23] = ¢ (v} — vx),

[x£,1] = [x£,1] = 0, | [xt, x3] = 0



%ﬁ Braided tensor product algebra &}3

We look for a deformation A & ,. A of the tensor product algebra, such that:

[t o] = (vt = vV, [ 23] = (vFad = v¥ay),

P 1] = [, 1] =0, |3, %2] =[x, 3]

Assuming that [x{’, x| goes to zero as v# — 0 and that it is linear in x/, we find a
unique solution:



%%3% Braided tensor product algebra S@f

This algebra can be immediately extended to N points, A®x
|xt, xp| = é[v“x}{ —vVxy — g* g,0vP(xg — x7)], ab=1,..,N
If we impose the Jacobi rule, we find

[k, [y, xP]| + |, [P, xl] | + (22, [t 23] | =

ay,B
= 2T (P (xt — xf) + gPH(xk — x¥) + g* (xf) — x8)) = 0

and this is satisfied only if gaﬁv“vﬁ = 0, I1.e. the so-called /ightlike-k -Minkowski
non-commutativity.



A®x is a mostly-commutative
algebra

[X vuxa vag - guvgpavp(xg o Xg) ]

U

The coordinate differences §x’;, = x,; — x; close an Abelian subalgebra:

824, 8x24] = 0



%ﬁ K- Poincarré]invariant field &?ﬁ
theory

QFT requires the concept of N-point functions, i.e. , in the commutative case,
Poincare-invariant distributions which admit a Fourier representation.

In the non-commutative case, we can choose an ordering prescription for the x*,
and try to write a function of N points as

f(xg) = j Akt AN f(k) etkhr | etkilxn

and we can prove that xc-Poincaré invariance implies that /(x5 ) only depends
upon coordinate differences.



%fié 1+1D «- deformed field theory “585855

Let us set w.l.o.g. gV = diag(—1,1) = v* = (1,1).

The commutation relations are conveniently written in terms of lightcone
coordinates:

xg =x3+xk = |xk, x| = 2i(xd —x), |xd, x5 | = 2ixp, |xz,x5] =0,



3Yht 141D k- deformed field theory S:858c8e:

1-point ordered plane waves e, [ku] = eik-xa giksxg k+ € R, forma Lie group
under noncommutative multiplication.

The group manifold is a half Minkowski space

— Lorentz breaking?

Nonlinear action of the x -Poincare group
on momentum space:

ealk] = etk-%a it = ¢, [A(k, w)]eik-a" eiksa®

Ak, w) = (e“‘)k_,%ln 14 oo (5 1)])



The missing jigsaw pieces

1
Fork, <0, e® > T

1-e K

Ak, w), = %ln [e“’ (1 — eZkTJr) — 1] + % + nmi

[Arzano, Bevilacqua, Kowalski-Glikman, Rosati, Unger,
PRD 103 (2021)]

+

. —_ . T 4
e k] = eglpll e | = oiP-3a gipaxt g=5xE o —nrx

l

= (—1)" in the self-adjoint representation of A®x always
appears to an even power in N-point functions



Conclusions

2k

bCo) = | dky ———=(alkeqlke,) + e72b" (kel(k,)) +
R+

2k

[, ks g (atkeatien) + o2 (el k)

All 2-point functions are identical to the commutative ones;

[$(x1),$+(x2)] = iAP](xl — X3), [QB(M);(IS(xz)] = [q3+(x1),(]3+(x2)] = 0;
consistent and x-Poincaré invariant deformed h.o. algebra.

Future perspectives: N-point functions and interacting fields.
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A®x is a mostly-commutative
algebra

[xa'xb] — v'uxa V' Xy — guvgpavp(xg —xp) |

The coordinate differences §x’;, = x; — x; close an Abelian subalgebra:

624, 8x24] = 0

All the noncommutativity is concentrated on the center-of-mass degrees of
freedom

w o _ 1 u vy 1 touv V.M
—Nzaxa' [xcm»xcm]—K(v Xem =V Xem

Vo = Xg — Xom) [xfm,yc‘{] = é(g‘“’gpavpya v ya) [Ya»Yb] =0



A representation of A®"

The component of x.... along v¥, x5, = 9y V¥ X ¢m, commutes with all the yi

[xc_m»yg] =0, [xgm» xc_m] = év'uxc_mv

but the other components are irreducibly noncommutative: the maximal Abelian
subalgebra is generated by x_,,, and y.' (with the constraint =,y. = 0).

In 3+1 dimensions, choosing w.l.o.g. g*¥ = diag(—1,1,1,1), v* = (1,1,0,0),
X = x2 — x},, and y!" are multiplicative operators with real spectrum and



A representation of A®x

xbr o =x2 +xl., xZ,., x2. canbe represented as sums of Lorentz

matrices and a x,,, —dilatation:

2 12 02 3 13 03

.~ 0 .
xt, = 2M0 + 2ix_, —+1,
cm
G G, .
=iyN-lyl'g ayp — yY ghP P Generators of rigid Lorentz
a a

transformations of N points



Geometry of momentum space

Left-invariant metric:

= d¢_dé,,
=l ) 6 >3

Right-invariant metric:
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