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Quantum spacetimes

Spacetime non-commutativity is expected at short distance scales (£ = [,,) in
several quantum gravity proposals.

Invariance of the length scale € requires a deformation of relativistic
symmetries.

For phenomenological opportunities, it is important to understand the
properties of the associated Noether charges, still a blurry concept in the field.

Quantum-Spacetime Phenomenology, G. Amelino-Camelia, Living Rev. Rel 16 (2013)
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Spatial 2D x-Minkowski

Non-commutativity between coordinates

[x1, x2] = i€x4

Deformed symmetry algebra of 2D space

¢ 2 .
[P1,P,] =0 [R,P,] =i(P, — P} + Epf + §321923) [R, P, | = —iPy

Central element of the algebra (Casimir operator)
C =pi +p3 + tpips + °pip; + £°p3

can be interpreted as a deformation of the kinetic energy

Planck-scale soccer-ball problem: a case of mistaken identity, G. Amelino-Camelia, Entropy 19 (2017)
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Symplectic structure

Non-commutativity between coordinates
[x1, x2] = ifxq

Deformed symplectic structure

[Xl,P1]=i [Xz,Pz]:i [xl,Pz]:() [Xz,Pl]:_i'gpl

[RI xl] — in

2

: £ t 2 2 a 2 2
[R,Xz] = —l(x1 _’exlpz +Ex2P1+EP1x2 + £ x1P2 +Z(.’)C1P1 +P1x1))

Giuseppe Fabiano Universita degli studi di Napoli «Federico II»



K-coproduct composition law

In a process A + B — C + D, the conservation law P{ + PZ = P¢ + PP is not
compatible with deformed rotations

In quantum spacetimes, there are several alternatives for composition laws giving rise
to covariant conservation laws

The k-coproduct composition law is non-commutative but associative

{2
(0" @ p™)1 =pf +pf — tpfpl + (p£)°p? (p* ®p™)2 =15 +17

32
RA @, R® = R4+ RF — pfR” +— (p4)’RE
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Proper dS composition law

The proper dS composition law is commutative but non-associative
32
(p” @asp®)1 = pif +pf — £(p2pr +pi'p7) +— [(p2pr +pi'p?)(p7 +p7) — pf (1) — (p{)"p?

(p* Das pB), = p5 + p3 +£’p1p1—— [(p2) pE + (pF)?p4 — pip?(p2 + pb)]

(R4 @g4s R®) = R4 + R”

Both @, and @ ;5 are composition laws used to construct total charges that
close the deformed symmetry algebra of 2D space.
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Total momentum: which one?

For free multiparticle systems, any non-linear function of the momenta can be
regarded as the conserved total charge of the system.

It is only when interactions are present that we deal with a meaningful physical
scenario and can define the Noether charges for the system in an unambiguous
way.

We will constructively deduce the conserved charges by making use of the
spatial 2D k-MinkowskKi scenario in a first quantization scheme
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A case study: the elastic potential

In standard QM, a system of two particles interacting via an elastic potential is
characterized by conservation of total momentum and total angular momentum

®»H* @ 1 ., |
=~ m T Tom +59(@* = ¢°)° lal.p]] = is"s;

The conserved charges read

Ho

P =34+ 5B Ry =R{ +R§ Ry = qips — q3pi

Indeed 'y Ro] = [Ho»ﬁ] ~ 0

Our objective will be to deduce the conserved charges starting from a generalization of
the elastic interaction Hamiltonian
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The deformed Hamiltonian

The deformed kinetic term expanded at order £ is inspired by the Casimir

GV Y 2V - AR AV R )
2m 2m 2m 4m 24m

Hi =
while the most general ansatz for the quadratic potential for two particles reads
1 - - IJK IJKH
VA = o gt — 2P) + £g Z ag, pix xi +4%g z Biikn Piplxkxf!
For the three-particle potential we consider a similar ansatz
1 . 1 IJKH
VARC = S g —x5)? + S g (R4 — %)% + 2 g(x XP)? + fgz @0 pix X + fZQZﬁU]Rh pip)xfxf!

For the two particle-case we consider Hamiltonians of the type H42 = H{ + HE + V458
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Proper dS: two particle dynamics

The coefficients a and £ in the potential ansatz need to satisfy the constraints

(0" Basp®), HP] =0 [(p? Bas p®)2, HP] =0 [R* + R®, HA%] = 0

for the quantities P*° = (p4 @45 p?); and R = R4 + RF to be conserved charges.
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Proper dS: two particle dynamics

HiE =HE + HE +viE

= H{ + HE + g{(a?A —xB)2 + 2¢ [—pg‘(x{‘)z +
2
[(P1 ( 2(9524) + 6x5xF — 2(x3)? )+4P1P2x1 x§ — piptxgxs + prpsxixs — 6pfxfxlps

1 1
SPIX1xg +5xpx1pl +paxixr —x3prar + (4 < B)

- 2P1 X1 (Pz xz — X3 Pz) — 2(p3 )2 ((x ) x1 x1 — (x1 )2> + Pz P1 x2 x. 2P2 P2 xfxl — 3p; xé“xl P1

3 3
 2xtpf (ptxt - pif + ot = pAad + 3808 ) 4 xtpfalol + (4 BY)

This Hamiltonian is invariant under the exchange of particles A and B, a
property that reflects the commutativity of the proper dS composition law.
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Unique selection of conserved charges

General ansatz for the conserved charges

Pt = ¥pi + ¢y, pip] + €21} pipiPK
P{°'=Yp} + €6,1pipj + €20}, pipi DK
Rtot :ZR1+€¢1'U iR]+£2 f]]Kplp]Rk

By requiring them to commute with H52, the coefficients are uniquely fixed yielding

Pitot — (pA @ds pB)i Rtot — pA + RB
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Proper dS: three particle dynamics

The three particle charges

P = (0" Das p®) Das p°) R = R4 + RP + R¢

i
are compatible with the Hamiltonian H5e¢ = Hf + HE + HS + V¢, with

Vist =Vis + Vs +Vgé + Véqslg(f)
and

ABC _ gt?
Vash =5 [@1p7 —pip?)(xixf — x5x{') — pipsxsxf — pipixixg +
(pEpfixs (2x5 — x5 — xF) — pPpsxs (2xf — xP) — 2p8pfxfxl +
pEpsxf (2xf — x{ —xP) + pxfpSxl + x{plpédad + x5pSpixf +

A A B.C A A.B.C
X1 P12 X3 +x505 01 %1 ]
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Unique selection of conserved charges

General ansatz for the conserved charges

~tot ~1 =ITK
Pl = Ypl + 7] pipj + 2T pip/pk
—~tot ~] XIJK
P, =Xph+ 26,/ pip] + €20 pipipk
Rtot = ¥R! + ¢, p/R + £2& /" plp] R*

J
By requiring them to commute with H{2¢, the coefficients are uniquely fixed yielding

~ tot
P; "= ((PA Das PB) Das pc) Rtot = R4 4+ RB 4 RC

1
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Proper dS: Hamiltonian symmetrization

Consider the symmetrization of the 3 particle proper dS Hamiltonian
1

Hi?(iym) = Hig + H + Hg + V4& + Vis + Vs + 5 2 VéqSB(f)
(A,B,C)
Requiring Hg?f(gym) to commute with the most general charges, we find that the
uniquely selected conserved quantities are

~tot 1
P = § [(PA Das 'PB) Das PC + PA Das (PB Das PC) + (PA Das PC) Das PB]i
R'' = R4 + RP + R¢

Even with a composition law that is not invariant under particle exchange (when more
than two particles are involved), dynamics can select conserved charges invariant
under particle exchange.
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K-coproduct: two particle case

Repeating the analysis for the k-coproduct composition law, imposing

[((@? @ p®)1, HAP]1 =0  [(p? @ p®)2, HAP] =0 [(RA ®, RB),HAB] =0
a compatible Hamiltonian is

H{P = Hi + HE + VAP =

= Hf + Hy
I(,5> 5 2 1 1 1
+ TG — 757 + 20 [-pf(xf))” + afpfaf + 5 afplat + 5 xfxfpd - ¥fpat -3 Bplat ]

1 1
+ 202 | 4 o Pt — Sl gt |

Returning to the ansatz for the two particle charges, H2? uniquely selects charges
(p? @« p”);i and (R* B, R®)
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K-coproduct: three particle case

The Hamiltonian HA5¢ = HE + HZ + Hg + VAE + A + € + VAL, with

i
= 93£P1 (x1 x5 — x5 xf + xf x5 — x{ x5 ) + p3 X1 (x1 — X1 )]
gt

+_[(P )* (x1x1 — xPx{ + x7 %1 )_(P )* (x1x1 2xf‘Xf)+pfxf(pf‘x1 _pzxz)
+p1p2(x2x1 x1x2)+p2(p1x1x2+p2x1x1)]

uniquely selects total charges

o — (pA D pB D pc)i Rtot = (RA D R D RC)
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Kk-coproduct: Hamiltonian symmetrization?

HAFB is not invariant under the exchange of particles A and B. A symmetrization of the
form

1

AB
HK(Sym) — P (HI?B + HEA)

does not select any charges, when resorting to the general charge ansatz.

In the three-particle case, the Hamiltonian

1
HeGsymy = Hic + Hi + Hg + 2 z /A

K(sym)
(A,B,C)

also does not select any conserved charges. The k-coproduct composition law is not suitable for
constructing conserved charges that are symmetric under the exchange of partilces.
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Conclusions

* Take-home message: in non-commutative spaces with non-linear
transformation laws, interactions are essential in defining conserved Noether
charges, as opposed to ordinary special relativity

* Even though the non-linear composition laws may not be symmetric under
particle exchanges, suitable dynamics can select conserved charges which are
symmetric under such exchanges
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Thanks for the attention
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