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Trinity of gravity !

{W’"” Tauu, %v}
S = %/d“z —g°

A%

! Jose Beltran Jiménez, Lavinia Heisenberg and Tomi S. Koivisto "The Geometrical Trinity of Gravity", Universe, 5(7) ( 2019) 173.
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Geometrical Formalism

Affine connection:

P = + 1, 1)

Nonmetricity tensor:
Qopv = Vpguv = 9pguv — Fﬁuﬂgﬁv - r_ﬂl'ﬂguﬂ : )

Disformation tensor:
L/\Aw = %g/\ﬁ (*QMBV - Quap + QB;W) = L/\ww (3)

Relation between GR and STEGR
R=Q+V,u(Q" — Q).

where the nonmetricity scalar and traces are defined as 2

1 1 1 1 A
QE*ZQ)\MVQ)\“V‘FEQ)\NVQ”V)\‘FZQ;_LQH* EQ;J,Q'uy (4)
Qu=Qu", Qu=Quu". (5)
o, _1_0Q
Py = 29Qu (6)

2Note that some authors define Q with the opposite overall sign,
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Scalar non-metricity gravity

Scalar non-metricity action:

1
S=55 /d4x\ /—g (A(®)Q — B(®)g*P0aPD3d — 20(P)) + S, (7)
Varying w.r.t metric:
2 dA 1 apB 2
A(®) G + 27 P Or P + S gy (B(®)g" 0o @D + 20(D)) — B(P)9, DD, ® = KT, (8)
Varying w.r.t connection:
1 Lo ga8 _ lsaps aB | soq. 1B
5@+ Vs ) |0a7 ( 5Que™ = 561Q% = Qu 7 + 67Q, =0, 9
Varying w.r.t scalar field:
. d® da dv
28010 + — g*B9,d030 + —Q —2— =0. 10
T it 09 % (10)

The continuity equation of the matter fields 3

VuTH, = 0.

3L, Jarv, M. Riinkla, M. Saal, and O. Vilson, Phys. Rev. D, 97 (2018) no. 12, 124025, DOI: https://doi.org/10.1103/PhysRevD.97.124025.
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Spatially homogeneous and isotropic:
ds® = —dt® + a(t)? (dr® + r’d6® + rsin® 0dg) (11)

Branch of connection

Spatially flat FLRW symmetry is satisfied by three sets of connections, introducing an extra function . *

y(t) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
P 0 0 0 o0 0o 0 o 0 o o 1 0 0o o0 0 1 "
py = 0 0 0 0 0 0 —r 0 o 1 o 0 0o o 0 cot 0 (12)
0 0 0 0 0 0 0 —rsin? 0 6 0 — sin 0 cos 6 0 % cot O 0
A0+ 28 0 0 o o A o 0 o0 a0 0 B BT
P, = o 0o 0 o (8 0 0 0 0 0 H 0 0 0 0 1 a3
me= 0 0o 0 o 0 o —r °, OIS 0 o 0 0 coto
0 0 0 o 0 0 0 —rsin®6 0 0 0 — sin 0 cos 6 () 1 cote
[ _——38 0 0 0 o 0 o 0 0o o0 o 0 o o 0 077
P 0 ® 0 0 0o 0 0 0 o o 1 0 ) 0 1
v = 7 0o o - 0 1 (14)
0 0 () 0 r ) o L o 0 o 0 0 cot 0
0 0 0 2(t)sin? 6 0 0 0 —rsin® 0 0 0 —sinOcoso 0 1 cots 0

4M. Hohmann, Phys. Rev. D 104 (2021) 12, DOI: https://doi.org/10.1103/PhysRevD.104.124077

Scalar-nonmetricity cosmology in the GR limit



e Under which conditions these cosmological spacetime configurations with radiation, dust matter, and potential content
relax to the limit of general relativity where the variation of the gravitational constant ceases and the system evolves close
to general relativity?

e Does the extra free function + in the connection bring a new degree of freedom?
e Does this extra function play any role in the context of dark matter or dark energy?

e Our analysis encompassed all possible cases to investigate the stability of the solution associated with each branch in the
radiation-dominated, dust matter, and potential-dominated eras.
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Connection set |

Metric equation:
6H> A (P) — S*B(P) —
—4HOA'(®) — (6H? + 4H) A(P) — P*B(d) +

Scalar field equation
—6H2A'(®) — (6H® 4 20)B(d) — B/ (D) — 20’ (d) = 0

Non-metricity scalar:

Q= —6H? (15)
Compare with GR equation:
2 V(o)
rov=aer M= 7)) J
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Connection set Il

Metric equation
307 A (@) + 6H2A(P) — P?B(d) — 20(d) = 2x%p,
(3by — 4H®).A'(®) — (6H + 4H ) A(®) — D*B(S) + 20(d) = 2x>wp.

Connection equation
3y (67/(®) + 3HO.A'(9) + &2 ()) =0,
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Connection set Il

Scalar field equation
(—6H? + 9Hy + 3%) A (®) — (6HD + 20)B(P) — d?B'(d) — 20/ (d) = 0

Non-metricity scalar:
Q= —6H>+9Hy + 35 (16)

The connection equation does not provide dynamics for the independent connection function «y but rather restrains the
scalar field dynamics to:

L A(®)
b = —3Hd ®) 2. (17)J
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Connection set 111

Metric equation

6H>A () — 37DA ' (D) — d2B(d) — 20(d) = 2K2p
(7 — 4H®).A'(®) — (6H> + 4H) A(®) — S*B(P) + 20(d) = 2x>wp

Connection equation

—67 OA (@) — 37 (A (®) + 5H b A/ (®) + H27 () =0
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Connection set 111

Scalar field equation
(—6H? + 9H7Y + 37) A/ () — (6H ® + 20)B(P) — ®>B’(d) — 20/ (d) = 0

Non-metricity scalar:

Q = —6H? + 9H~ + 35 (18)
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Expand around GR

Evolution of small perturbation around GR limit:

o(t) = ¢« +x(t),  H(t)=H(t) + h(t), () =7(t) +&(t),  p(t) = pu(t) +r(t), (19)

In matter dominated case:

2 41+ f)
Hy(t) = —, «(t) = —————, Ve =0, 20
W=3"0 O 506_wp (20)
In relativistic matter:
1 3(1+ f)
H.(t) = , «(t) = —————, V. =0, 21
O=3—e O 26wy (21)

In potential dominated case:

V*
H.(t) = ”m, p«(t) =0, Vi = const. # 0. (22)
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From the first order small scalar field equation of connection set I:

% = —3H.x(t) — 3H2£'x(t) — Vx(t) (23)

The background scalar field equation for connection sets Il and Il are:

(374(t) + OH. ()74 (t) — 6H2) £/ — 2V = 0. (24)J
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connection set |

l Cases [ Matter-Domination [ Radiation-Domination [ Potential-Domination l
1 ’ _1
fl=0,V. =0, . x(t) ~ t 2 h(t) ~ e 3=t r(t) ~
VI =0 | () ~ R (o) he) ~ 2 et ()
Vi is imaginary 72 r(t) ~ 73 r(t) ~t73 —3Hxt
e 2
fl=0,V. =0, _laoy 1 o a—3Hxt -
TV Zg | ) e 20 () O () 2 | P e (’)r(t)
* -2 —3 e *ox(t) ~
Vi is real h(t) ~ ¢ K r(t) ~ t 3l
r(t) ~t~ e (1—vx)
Y () ~ e T () ~
/ ’ —1t =3 —3Hyt
f, =0,V =0, x(t) ~t70e, x(t) ~ 77 e, e > h(t) ~
v/ <0 h(t) ~t72, h(t) ~ t72,r(t) ~ t 73 et g(t) ~
r(t) ~t3 tef3H*t, r(t) ~ esz*z
_3 Va(t) ~ e 3T x(t) ~
fi#0,V. =0, x(t) ~ 7t x(t) ~ t3 k() ~ 72 e 3=t h(t) ~
v/>0 h(t) ~ t72, r(t) ~ t=3 e Mt g(t) ~
() ~ t3 te=Het | p(t) ~ e Mt
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Balanced case

Scalar field at a value which satisfies Vi f! = —V/(1 + f.). Then the solution from the leading order > :
r(t) ~ e 3t (25)

From the remaining perturbed equations evolve as:

_ 3Hyt ) )
e 2, Vi« Imaginary . af!! 4HEV! 8f’ v/

h(t) ~ x(t) ~ BRI Cove=q 1 e MR S (26)
e 2 *) vy real

This configuration is stable if

Vif! + (L + £)V" +2f/V] >0

5Laur Jarv and Alexey Toporensky, Phys. Rev. D 93 (2016) 024051, DOl:https://doi.org/10.1103/PhysRevD.93.024051
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Connection set Il

l Cases

[

Matter-Domination

[ Radiation-Domination [ Potential-Domination l

—3Hxt -
Fult) ~ t,x(t) ~ () ~ £ x(8) ~ ve(t) e h(tﬁX(t)
— e * s ~
FLAOVIAOD | t7hh(e) ~ e g(t) ~ | 5n(e) ~ 13, g(t) ~ 3t g(t) ~
t,r(t) ~to 3 3 ’
,r(t) t2,r(t) ~t" 2 te—3H*t’r(t)Ne—3H*t
L) ~ 7T x(8) ~ ~ o—3Hxt ~
(1) ~ t=L,x(8) ~ v ( ),; (1) ye(t) ~ e . x(t)
fl#0,V.=0 :—*1 h(t) £ (t) o i) ~ ¢ e )~
7T 0 & t7%Int, g(t) ~ e Mt g(t) ~
~thr(t) ~t 1 3 —3Hyt —3Hyt
t2,r(t) ~t3Int te r(t) ~e
Fu(t) ~ 71 x(E) ~ h(t) 535*13”*2 () ~
v ’ 1 —’Yl*(t) - X(t) N % h(t) ~ 6*3:"/*’3 VX(t) ~
fL#0 V.=V, =0|¢t 7h(t)~t (t)N t_2|ntg(t)~ e 2 ,’Y*(t)'\/
() ~ e T e 3 g(t) ~ vu(t) ~
t 2,r(t)~ tInt te—3Hxt
7+ (1) ~ t, x(1) ~ h(t) ~ t~ r(f) ~ h(t) ~ e et () ~
F=0Vi=0 [t 30~ 7280 ~ | x() ~ e T () o | &) ~
1 —3Hx
1-‘§7f(f)~f73 t,g(t) ~ t4 e 2
vl*( )~ L x(t) ~ [ () ~ e h(E) ~ tlz, h(t) ~ e ", r(t) ~
Cate
—0,V/=V/=0 ,hgr>~t2g(r)~ H(t) ~ £ x(t) ~ £ A
t72 r(t) ~t73 g(t)~t° e 2
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Sudden singularity

In the case f/ = 0 and V] = 0, the leading order solution from the connection equation

C6 . Co
x(t)y=%y/— 4+, x(t)=F——F—mm.
t 2f2\ / CT? + c7
Cs = —2Xp X0 t02 s c7 = Xg + 2%p xp to , (27)
At finite time t. = —%. If ¢ and ¢7 have opposite signs.
to crtp X0
221y 28
[ Co 22Xty ( )

Case-1: If xp and xp are of the same sign, then t. < ty.
Case-2: If xp and Xp are of opposite signs and |xp| > %, then t. > to.

Case-3: If xp and Xp are of opposite signs, ¢ and ¢; are of same sign, then |X| < %

Finally, , when ¢; = 0.
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» In the connection set-| case the extra function v does not appear in the field equations and is left undetermined. In the
connection set Il and Ill, it adds a new degree of freedom and affects the dynamics of the system.

» Comparing the metric equations, the extra function v would have w = 1 in set-1l and w = —1 in set-lll, and thus can

3
not play the role of dark energy or dark matter.

» In the connection set-l case, standard cosmological evolution is stable if the model functions possess a value ¢, which
either satisfies V. =0, V! > 0,f/ =0or f/ =0,f/ >0,V. =0,V =0.

» In connection set-1l case, the standard cosmological evolution is stable only if f/ # 0 and the potential is constant.

» In the connection set-Ill case, work is in progress.
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Thanks for your attention!
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