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SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY2

INTRODUCTION

Vanishing curvature and torsion

Rσ
ρµν = ∂µΓ

σ
νρ − ∂νΓ

σ
µρ + Γσ

µλΓ
λ
νρ − Γσ

µλΓ
λ
νρ = 0 , (1)

Tσ
µν = Γσ

µν − Γσ
νµ = 0 , (2)

and nonmetricity

Qρµν = ∇ρgµν = ∂ρgµν − Γλ
ρµgλν − Γλ

ρνgµλ , (3)

Q = −1
4

QλµνQλµν +
1
2

QλµνQλµν +
1
4

QµQµ − 1
2

QµQ̄µ , Qµ = Qν
µν , Q̄µ = Qν

νµ . (4)

Levi-Civita Riemann tensor and Ricci scalar

R̊σ
ρµν = ∇̊νLσ

µρ − ∇̊µLσ
νρ + Lσ

νλLλ
µρ − Lσ

µλLλ
νρ , (5)

Lσ
µν =

1
2
(Qσ

µν − Qµ
σ
ν − Qν

σ
µ) , (6)

R̊ = Q + ∇̊µ

(
Q̄µ − Qµ

)
(7)

2Bahamonde et al. 2022
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SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY
FIELD EQUATIONS

The action reads

S =
1

2κ2

∫
d4x
√
−g
(
A(Φ)Q − B(Φ)gαβ∂αΦ∂βΦ− 2V(Φ)

)
+ Sm [g,Ψ] . (8)

Metric field equation3

κ2Tµν =A(Φ)G̊µν + 2
dA(Φ)

dΦ
Pα

µν∂αΦ− B(Φ)∂µΦ∂νΦ

+
gµν
2

(
B(Φ)gαβ∂αΦ∂βΦ+ 2V(Φ)

)
, (9)

Scalar Field Equation

0 = 2□̊ΦB(Φ) + dB
dΦ

gαβ∂αΦ∂βΦ+
dA
dΦ

Q − 2
dV
dΦ

, (10)

Connection Equation

0 =
1
2

dA
dΦ

QαKµ
α +

d2A
dΦ2 ∂αΦKµ

α +
dA
dΦ

∇αKµ
α . (11)

3

Pα
µν = −

1

4

(
gµν Q̄α

+ δ
α

µQν
)
−

1

4
Qα

µν +
1

4
Qµ

α
ν +

1

4
gµνQα , Kµ

β
=

[ 1

2
Qµgαβ −

1

2
δ
α
µQβ − Qµ

αβ
+ δ

α
µ Qγβ

γ

]
(∂αA)
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SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY
STATIC AND SPHERICALLY SYMMETRIC GEOMETRY

Connection4

▶ Two solution sets for a static and spherically symmetric connection with zero curvature and
torsion

▶ First solution set
• Three independent components Γϕ

rϕ, Γt
rr, Γr

rr and constraint for (Γϕ
rϕ)

′

• Effectively reduces to GR
3
2

dA
dΦ

Φ′(r) = 0 , (12)

▶ Second solution set
• Four independent components Γt

θθ, Γt
rr, Γr

θθ, Γr
rr and constraints for (Γr

θθ)
′, (Γt

θθ)
′

• Allows for solutions beyond GR

1
2
[
2c(k − 2c)Γt

θθ + k
] dA

dΦ
Φ′(r) = 0 , (13)

4D’Ambrosio et al. 2022
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SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY
STATIC AND SPHERICALLY SYMMETRIC GEOMETRY

Connection, solution set 2 branch 2

Γρ
µν(r, θ) =




0 0 0 0
0 Γt

rr 0 0
0 0 Γt

θθ 0
0 0 0 Γt

θθ sin
2(θ)




0 0 0 0
0 Γr

rr 0 0
0 0 Γr

θθ 0
0 0 0 Γr

θθ sin
2(θ)




0 0 0 0
0 0 − 1

Γr
θθ

0
0 − 1

Γr
θθ

0 0
0 0 0 − sin(θ) cos(θ)




0 0 0 0
0 0 0 − 1

Γr
θθ

0 0 0 cot(θ)

0 − 1
Γr

θθ
cot(θ) 0


 (14)

with the relations
dΓr

θθ

dr
= −Γr

θθΓ
r
rr − 1 ,

dΓt
θθ

dr
= −Γr

θθΓ
t
rr −

Γt
θθ

Γr
θθ

. (15)

Metric
ds2 = −gtt(r)dt2 + grr(r)dr2 + r2dΩ2 . (16)
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SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY
STATIC AND SPHERICALLY SYMMETRIC FIELD EQUATIONS

Metric field equations

−8πGρ =
BΦ′2

2grr
+

Φ′
(

r2 + 2rΓr
θθ + (Γr

θθ)
2 grr

)
r2Γr

θθgrr

dA
dΦ

−
(
rg′rr + g2

rr − grr
)
A

r2g2
rr

+ V (17)

8πGp = − BΦ′2

2grr
−

Φ′
(

r2 − (Γr
θθ)

2 grr

)
r2Γr

θθgrr

dA
dΦ

+
(rg′tt − grrgtt + gtt)A

r2grrgtt
+ V (18)

8πGp =
BΦ′2

2grr
+

Φ′ (rΓr
θθg′tt + 2rgtt + 2Γr

θθgtt)

2rΓr
θθgrrgtt

dA
dΦ

+ V

−

(
−2rgrrgttg′′tt + rgrr (g′tt)

2 + rgttg′rrg′tt − 2grrgttg′tt + 2g2
ttg

′
rr

)
A

4rg2
rrg2

tt
(19)
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SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY
STATIC AND SPHERICALLY SYMMETRIC FIELD EQUATIONS

Connection equation

0 =
2
(

r2 − (Γr
θθ)

2 grr

)
Φ′2

r2Γr
θθgrr

d2A(Φ)

dΦ2

+

(
2r2grrgttΦ

′′ + r2grrΦ
′g′tt − r2gttΦ

′g′rr + 4rgrrgttΦ
′ − 2 (Γr

θθ)
2 g2

rrgttΦ
′′

− (Γr
θθ)

2 g2
rrΦ

′g′tt − (Γr
θθ)

2 grrgttΦ
′g′rr − 4Γr

θθg2
rrgttΦ

′ (Γr
θθ)

′
)

1
r2Γr

θθg2
rrgtt

dA
dΦ

(20)

Scalar field equation

0 = −2
dV(Φ)

dΦ
+

Φ′2

grr

dB(Φ)
dΦ

+
(2rgrrgttΦ

′′ + rgrrΦ
′g′tt − rgttΦ

′g′rr + 4grrgttΦ
′)B(Φ)

rg2
rrgtt

−QdA
dΦ

(21)
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TOLMAN-OPPENHEIMER-VOLKOFF EQUATION5

MODIFIED GRAVITY THEORIES

▶ Modified gravity theory that can be written as

σ(Ψi)
(

G̊µν − Wµν

)
= κ2Tµν , (22)

G̊µν = κ2Teff
µν =

κ2

σ
Tµν + Wµν , (23)

where κ2 = 8πG and such that ∇̊µTµν
eff = 0

▶ Perfect fluid
Tµν = (ρ+ p)uµuν + pgµν , uµuµ = −1 , (24)

▶ Static and spherically symmetric geometry u0 = −√gtt.

5Wojnar and Velten 2016
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TOLMAN-OPPENHEIMER-VOLKOFF EQUATION
MODIFIED GRAVITY THEORIES

The components of the Ricci tensor read

Rtt = − g′′tt
2grr

+
g′tt

4grr

(
g′rr
grr

+
g′tt
gtt

)
− g′tt

rgrr
= −κ2

2σ
(ρ+ 3p) gtt + Wtt +

gttW
2

, (25)

Rrr =
g′′tt
2gtt

− g′tt
4gtt

(
g′rr
grr

+
g′tt
gtt

)
− g′rr

rgrr
= −κ2

2σ
(ρ− p) grr + Wrr −

grrW
2

, (26)

Rθθ = −1 − r
2grr

(
−g′rr

grr
+

g′tt
gtt

)
+

1
grr

= −κ2

2σ
(ρ− p) r2 + Wθθ −

r2W
2

. (27)

Combining these equations to

Rtt

2gtt
+

Rrr

2grr
+

Rθθ

r2 → grr(r) =
(

1 − 2GM(r)
r

)−1

, (28)

and using ∇̊µTµν
eff = 0 as well as the metric component relations in (27)

g′tt
gtt

=
grr − 1

r
+

κ2rgrr

σ
Π ,

g′rr
grr

=
1 − grr

r
+

κ2rgrr

σ
Q (29)
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TOLMAN-OPPENHEIMER-VOLKOFF EQUATION
MODIFIED GRAVITY THEORIES

TOV equation

(
Π

σ

)′
=− GM

r2

(
Q
σ

+
Π

σ

)(
1 +

4πr3Π

σM

)(
1 − 2GM

r

)−1

+
2
κ2r

(
Wrr

grr
− Wθθ

r2

)
(30)

with effective energy density and pressure

Q(r) := ρ(r) +
σ(r)Wtt(r)
κ2gtt(r)

, Π(r) := p(r) +
σ(r)Wrr(r)
κ2grr(r)

, (31)

and mass
dM(r)

dr
= 4πr2 Q(r)

σ(r)
. (32)
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TOLMAN-OPPENHEIMER-VOLKOFF EQUATION
SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY

Metric field equation

κ2Tµν =σ(Ψi)
(

G̊µν − Wµν

)
,

κ2Tµν =AG̊µν + 2
dA
dΦ

Pα
µν∂αΦ− B∂µΦ∂νΦ+

gµν
2

(
Bgαβ∂αΦ∂βΦ+ 2V

)
, (33)

such that σ(Ψi) = A(Φ) and

Wµν = − 1
A

[
2

dA
dΦ

Pα
µν∂αΦ− B∂µΦ∂νΦ+

gµν
2

(
Bgαβ∂αΦ∂βΦ+ 2V

)]
. (34)

For the connection solution, set 2 branch 2, in a static and spherically symmetric geometry

Wtt(r) =
gttΦ

′

grrA

{
BΦ′

2
+

r2 + 2rΓr
θθ + (Γr

θθ)
2 grr

r2Γr
θθ

dA
dΦ

}
+

gttV
A

, (35)

Wrr(r) =
Φ′

A

{
BΦ′

2
+

r2 − (Γr
θθ)

2 grr

r2Γr
θθ

dA
dΦ

}
− grrV

A
, (36)

Wθθ(r) = − r2Φ′

grrA

{
BΦ′

2
+

(
g′tt

2gtt
+

1
Γr

θθ
+

1
r

)
dA
dΦ

}
− r2V

A
, (37)
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TOLMAN-OPPENHEIMER-VOLKOFF EQUATION
SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY

’The effective energy density and pressure read

Q(r) = ρ(r)− Φ′

κ2rgrr

{
rBΦ′

2
+

(
2 +

r
Γr

θθ
+

grrΓ
r
θθ

r

)
dA
dΦ

}
− V

κ2 , (38)

Π(r) = p(r)− Φ′

κ2rgrr

{
rBΦ′

2
+

(
r

Γr
θθ

− grrΓ
r
θθ

r

)
dA
dΦ

}
+

V
κ2 , (39)

and hence the mass equation is

dM(r)
dr

=
4πr2

A

[
ρ(r)− Φ′

κ2rgrr

{
rBΦ′

2
+

(
2 +

r
Γr

θθ
+

grrΓ
r
θθ

r

)
dA
dΦ

}
− V

κ2

]
. (40)
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TOLMAN-OPPENHEIMER-VOLKOFF EQUATION
SCALAR-TENSOR SYMMETRIC TELEPARALLEL GRAVITY

(
Π

σ

)′
=− GM

r2

(
Q
σ

+
Π

σ

)(
1 +

4πr3Π

σM

)(
1 − 2GM

r

)−1

(41)

+
2
κ2r

(
Wrr

grr
− Wθθ

r2

)
,

p′ =− GM
r2

(
ρ+ p − B (Φ′)2

κ2grr
−

2Φ′ dA
dΦ

κ2Γr
θθgrr

−
2Φ′ dA

dΦ
κ2rgrr

)(
1 − 2GM

r

)−1

(42)

×

(
4πr3

AM

(
p − B (Φ′)2

2κ2grr
+

V
κ2 −

Φ′ dA
dΦ

κ2Γr
θθgrr

+
Γr

θθΦ
′ dA

dΦ
κ2r2

)
+ 1

)

+
1

κ2A

(
Φ′ dA

dΦ
+

rBΦ′2

2
+

rΦ′ dA
dΦ

Γr
θθ

)(
−B (Φ′)2

2grr
+ V −

Φ′ dA
dΦ

Γr
θθgrr

+
Γr

θθΦ
′ dA

dΦ
r2

)

+
p
A

(
Φ′ dA

dΦ
− rBΦ′2

2
−

rΦ′ dA
dΦ

Γr
θθ

)
+

(Φ′)2 dA
dΦ

κ2rA

(
dA
dΦ

− Φ′
)

+
1
κ2

(
BΦ′

2r
+Φ′ dA

dΦ

(
1

rΓr
θθ

+
1
r2

))(
1

grr
− 1
)
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