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Abstract

We study inflation in a model with constant second slow-roll parameter n. In this case, the Hubble
expansion rate equation has analytical solutions describing four possible, nontrivial inflation scenarios.
The evolution of the inflaton governed by a tachyon field is studied in the framework of the standard
and Randall-Sundrum IT cosmology. The attractor behavior of the solution is briefly demonstrated.
Finally, the calculated values of the parameters ns and r are compared with observational data.

1 Introduction

The theory of cosmological inflation is the leading theory in describing the early universe. Inflation solves
the flatness, horizon, and other problems in standard cosmology ' Besides, the quantum fluctuations of
the field which govern inflation seed the large-scale structure of the universe.

The physical mechanism that drives inflation is not entirely known and subject to speculation. How-
ever, it is widely accepted that at least one scalar field (inflaton) can describe the inflation mechanism.
One of the candidates for inflaton is a tachyon field, whose origin is related to the instability of the
perturbative vacuum of string theory.

This paper aims to analyze the constant-roll inflation with the slow-roll parameter 7 being constant.
The tachyon field describes the dynamics of inflation in the framework of the braneworld cosmology,
based on the second Randall-Sundrum model (RSII).# This work is motivated by the model introduced
in Ref. |4, where the idea of the constant-roll was introduced for the canonical scalar field in the framework
of RSII cosmology. As a novelty, we apply this approach to the RSII cosmology with a tachyon field.
It is known that a tachyon field and the corresponding inflatory expansion can be studied within RSII
cosmology P8 Therefore, as a logical step, we extend the study to include constant-roll inflation. In this
setup, the second slow-roll parameter 7 is chosen to be constant as it is usually done in the literature. 2
However, this choice is applicable only to a canonical scalar field.

In contrast, if applied to the tachyon field inflation, the same choice does not lead to a correct analytical
solution because the inflation stage never ends. Instead, we propose a model-independent definition of
7 in terms of the Hubble expansion rate and its derivatives. With this choice, the Hubble expansion
rate can be found analytically. In the following, we calculate the inflation parameters and compare the
predictions of the model with Planck results 1V

This paper is organized as follows. In Section 2, we introduce the slow-roll parameters. In Section 3,
we calculate the parameters ng and r for different solutions of the equation for the Hubble rate. Section
4 is devoted to the constant-roll tachyon inflation in standard and RSII cosmology. Finally, the paper is
concluded in Section 5.
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2 Slow-roll parameters

The slow-roll approximation is a common way to analyze the inflation models. In order to carry out this
procedure, the slow-roll parameters have been introduced ' The Hubble slow-roll parameters are defined
as

H
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In the slow-roll regime, the inflaton field is changing according to the slow-roll assumption
e<1l and n<1. (3)
The parameter 7 in the model with canonical scalar field ¢ takes the form?
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It is helpful to define the slow-roll parameter hierarchically2

0 = H,/H, (5)
dlnle; .
€ir1 = d]\|f |, i>0. (6)

These parameters satisfy the recurrence relation
éi = H5i5i+1~ (7)

Here H, is the Hubble parameter in some chosen time, and N is the number of e-folds in the exponential

expansion of the universe, defined as
te

N = Hdt. (8)
i
Here t; and t; denote the times of the beginning and the end of inflation, respectively. The slow-roll
parameters defined by and @ are independent of the field driving inflation. Hence, we will express
the parameter n through ;. Combining the definitions of the first two slow-roll parameters

q
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with (1) and (2)), one finds™

€=2¢1, (11)

1
n=ée - §€2~ (12)

The expression is model-independent and allows us to analyze and compare various inflation models.

3 Constant-roll inflation

Equations for inflationary dynamics are simplified in the slow-roll approximation, and in some cases can
be solved analytically. However, there are cases when this approach cannot be applied. When a potential
posses an extremely flat region, or an inflection point, the conditions for slow-roll have been violated,
and inflation passes through the ultra-slow-roll regime4 In this case, the second slow-roll parameter
n= —qb/ (H qﬁ) = 3 becomes constant. The assumption that the parameter 1 can have arbitrary constant
value corresponds to constant-roll inflation 1218 The idea of constant parameter 1 during inflation has
been generalized to other slow-roll parameters being constant.’”
This paper aims to study inflation with the constant parameter 7. Using expression one finds

E9; — 261 — 2777 £2i+1 = 2517 1 > ]., (13)



which can be proved by induction. From expression one finds a differential equation
H+2nHH = 0. (14)
It is interesting to note that is invariant under scaling
H—(H, t—t/L, (15)

where ¢ has the dimension of length. From now on it is understood that the dimensionful quantities are
measured in units of £ to some power. For example, H is measured in units of £~! and ¢ in units of .
A straightforward solution to is provided by

H = —nH?, (16)
yielding
1
H = . (17)
nt+c

Here c¢ is an integration constant. It follows from (16]) that e; = 1 = const and €5 = 0, so this solution is
trivial.
In addition, one finds four nontrivial solutions to (14)*%

Hi(t) = —%tan(ﬁt—i—v), (18)
ma(t) = Sor(st+ ), (19)
Ha(t) = %tanh(ﬂt+7), (20)
Hy(t) = %coth(5t+7), (21)

where 8 and ~ are integration constants.
Using H; solution, a straightforward integration of gives

N(t) = % log cos(Bt +v) + C, (22)

where C' is another integration constant. Using @ and , from we find

n
e(t) = ———, 23
1() sinz(ﬁt—&-’y) ( )
e9(t) = 2ncot?(Bt + 7). (24)

Then, combining with and we obtain

n

EI(N) = 1— 6277(N7C) ) (25)
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From expressions and , it is clear that the parameter 7 must be positive. Inflation ends approx-
imately at the end of the slow-role regime, i.e., when the first few horizon-flow parameters ¢; are close to
1. Tt is natural to assume that inflation ends at the point ¢ where 1(¢s) = 1 and N = N;. To fix the
initial values €1; and e9;, we assume N = 0 at the begining of inflation (¢; = 0). From this condition, the
constant C' can be calculated using

c:w—%u—m, (27)

and expressions for €1 (V) and £2(N) become

n
e1(N) = T (1= e (28)
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Figure 1: The slow-roll parameters €1 (solid blue line) and ez (dashed red line) as a function of the e-fold
number N, for n = —0.013 and Ny = 70.
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In Fig. [1} we plotﬂ the evolution of the slow-roll parameters.
Note that Hs solution is obtained from H; by replacing v — « + . Then, we find
) = (30)
£2(t) = 2ntan?(Bt + ), (31)
N(t) = % log sin(Bt + ) + C, (32)

which leads to the same expressions for parameters €1 (N) and e2(N) as in the previous case, for Hj.
Applying the same procedure for H3 we obtain

Ui

ei(t) = T2 (Bt 1) (33)
£9(t) = —2n coth? (Bt + ), (34)
N(t) = % log cosh(5t + ) + C. (35)
In this case, we find the same expressions for £1(N) and e3(N) as in equations and (29).
The solution Hy can not provide a valid model for inflation because the parameters
a0 = E T (36)
9(t) = —2ntanh? (Bt + ), (37)

cannot be simultaneously positive.

In order to compare the prediction of our inflationary model with observational data, we need to
calculate the observational parameters, such as the scalar spectral index ng and the tensor-to-scalar ratio
r. At the lowest order in the slow-roll parameters, these parameters are given by+2

ng = 1- 2€1i — €2i, (38)

T~ 16€1i, (39)
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Figure 2: r versus ng diagram with observational constraints from Planck mission™ Dashed line -
prediction for models with n > 0 (the solutions H; and Hs), 0 < n < 0.01, solid line - prediction for
model with < 0 (the solution Hs), —0.03 < n < 0, for Ny = 60 (blue line) and Ny = 70 (red line).

where e1; = €1(ti) and €9 = e2(t;). In Fig. we depict the results in ng-r plane. Clearly, a better
agreement with observations is obtained with the solutions in which the values of 1 are negative. The
dependence of the parameters ng and r on 7 is shown in Fig. from which one can conclude that the
agreement with observations is better for negative and small 7.
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Figure 3: ns (left panel) and r (right panel) versus 7.

As the solutions in this section are model-independent, they could provide a feasible inflationary

scenario in any model that satisfies the condition with constant 1. We demonstrate this in the
following section.

4 Constant-roll inflation with tachyon matter

Here we analyze the constant-roll inflation with constant 7, with dynamics described by the tachyon field,
in the framework of the RSII cosmology and standard cosmology. Our model is based on a braneworld

n order to display the results graphically, it is necessary to fix the value of the parameter 7, which should be small
(and negative, see Section 4), e.g., n = —0.013.



scenario in which our universe can be considered as a brane, i.e., a four-dimensional hypersurface embed-
ded in a higher-dimensional spacetime. The RSII model*!? describes a universe containing two branes
with opposite tensions, separated in the fifth dimension, where only gravity can propagate. Observers
reside on the positive tension brane, and the negative tension brane is pushed off to infinity.

4.1 The standard and the RSII cosmology with tachyon matter

In a flat FLRW universe in standard cosmology, the Friedmann equations are of the form™*2

8T
H?>=—_ 40
ke (40)
H=—2"(1p) (41)
YA
On the other hand, the Universe expansion in RSII cosmology? is described by modified Friedmann
equations?20
8T P
H? = 14+ = 42
"0 55 (42)
. a7 p
H=——(1+4~ 43

which apparently differ from the standard Friedmann equations. The parameter A\ denotes the brane
tension, which is related to the five-dimensional and four-dimensional Planck masses, M5 and My, re-

spectively:
3 /M3\?
A= — (=2 . 44
47 (M4) ( )

Following Ref. 4l we consider the case when the energy density is much larger than the tension of the
brane, i.e., p > A. As a consequence, equations i are simplified:

H? ~ Ar p?

~ £ 4
3MZ X (45)
. aT p
He~-——2L . 46
Mf)\(erp) (46)

The dynamics of a tachyon field 6 is described by a Lagrangian of the Dirac-Born-Infeld (DBI) form 2!
In a homogeneous and isotropic background, the Lagrangian can be put in the form

L=-V(0)/1-62 (47)

The energy density and pressure of the tachyon field are given by2
Vv

p=—F—
V1-62
p=—-Vy/1-62 (49)

Using the Hamilton-Jacobi formalism, we express the Hubble expansion rate as a function of the tachyon
field H = H(9), and the time derivative of H via H = H 46, where H g denotes a derivative of H respect

to #. Then, combining Friedmann’s equations, and , or and , with and one

obtains
n H79

Here, the integer n can take two values: n = 1 for RSII cosmology and n = 2 for standard cosmology. As
expected, the expression for @ differs from the expression in a model with a canonical scalar field® ¢

(48)

o= MSHe
A7 H'’

(51)

suggesting that the model with a tachyon field may give a different prediction for the observational
parameters.



4.2 The constant-roll inflation with a tachyon field

Next, we calculate the observational parameters ngs and r. Equation , using , can be transformed
to a differential equation with respect to the tachyon field 6

HgoH — H — 3%}14 =0, (52)
with the solution of the form
2Oy eV (0+C2)

H(0) = (53)

e2VCi(0+C2) _ 370,

where 77 = nn. The integration constants C; i Cs, in the expression , can be absorbed by rescaling
H, 6 and 7. It is easy to check that, without loss of generality, we can set Cy = 1 and Cy = 0, yielding

0

One can combine and to find the time dependence of § and H. First, one finds a simple
expression

6 = %(e" + 37e7%). (55)

This may easily be integrated, yielding

e? = /37 tan (\/ﬁ/12t+C’3), 7> 0, (56)
e’ = — /3] tanh (VIl/12¢ + C3) , 7 <0, (57)
Plugging and in one finds

Ht) = —%tan(\ﬂ%t—f—QCgL >0, (58)
Ht) = —%tanh(\/|ﬁ|/3t+203), 7 < 0. (59)
7

Using these expressions for H, the slow-roll parameters become

el(t) = 7 >0, (60)

n
n sin? (\/%t + 203) ’

ealt) = i 7 <0, (61)

nsinh? (Wt + 203) ,

Integration constant Cj is fixed by the initial value of £1;. According to ¢1; depends on values of 77 and
N¢. Obviously, equations and agree with the more general solutions, ([18]) and respectively,
with 8 = /|7|/3 (and v = 2C3). This confirms that the results and (61) are independent of the
chosen values of constants C; and Cs.

Integrating H(t), we obtain the time evolution of the scale factor

a(t) « [cos (\/7%75 + 203)} E , n>0, (62)
a(t) o [cosh (Wt + 203)} i , n<0, (63)

which is consistent with the results of Ref. [18l
Plugging in @ and and utilizing we obtain the expressions for the slow-roll parameters

H 1 (Hg\> 1 5,05 o2

a®) = _H2_3<H2> =g () (64)
1 2

e2(0) = 66720 (e*® —3n)". (65)

In Fig. {4 we plot €1 and &5 as functions of 6.
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Figure 4: The slow-roll parameters ¢; (solid blue line) and 5 (dashed red line) versus 6 during inflation
in RSII cosmology for 7 = —0.013.

The parameter 77 can be positive or negative. It is obvious from equation that H > 0 when 7 < 0.
To prove that H > 0 when 77 > 0 too, note that e; > 7. Solving as a quadratic equation for e’
we obtain two solutions, fi and fs, as functions of 77. The solution f; (f1 > fa2) satisfies the inequality
e?? > 37, so H > 0. The other solution (f;) leads to an unphysical Hubble expansion rate.

Let us consider our model in RSII cosmology for H > 0 for Ny = 70 and 77 = —0.013. We prove
that H > 0 for any value of 6. From we obtain e€3; = 0.0025. Then, solving as a quadratic
equation for # we find the initial value 6; = —1.2. Using 7 we find the corresponding value of the
Hubble expansion rate H; = 4.64. Apparently, the field is negative at the beginning of inflation while the
Hubble expansion rate is always greater than zero (see Fig. [5). The end-value of the field ¢ is obtained
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Figure 5: The Hubble parameter versus the tachyon field (left panel) and the behavior of the slow-roll
parameters €1 (solid blue line) and €3 (dashed red line) during the inflationary times versus tachyon field
(right panel), for 7 = —0.013.

from the condition for the end of inflation ¢4 (¢¢) = 1. By making use of we find

6; = In (x/ﬁ\/2+2\/ﬂ—n>. (66)

For the model with 77 = —0.013, inflation ends at ¢; = 22.07 (see Fig. [5)) with Hf = 0.57, when the field
reaches the value 0y = 1.24.

The observational parameters for the inflation model, driven by the tachyon field, have already been
calculated in standard cosmology? and RSII cosmology?? The expressions for the scalar spectral index
and the tensor-to-scalar ratio, at second order in the slow-roll parameters, read

ne =1—2e1; — 95 — (263 + (20 + 3 — 2a)erien + Cenies) (67)

r = 16e1; (1 + O/€Qi — 20[511) . (68)

The value of the parameter a differs in standard (a = 1/6) and RSII cosmology (o = 1/12), while
C’ = —0.72. The distinction of the constant-roll inflation is also reflected in the value of the third slow-

roll parameter £3. According to , €31 = 2¢1;, that holds only for the constant-roll inflation, i.e., for
the model with 7 constant.



As in the standard cosmology, the RSII inflationary model with a tachyon field is fully analytical. In
Fig. [6] we present the results for ny and 7 parameters, superimposed on the observational constraints.
A better agreement of analytical and observational results is evident for a bit higher values of N, e.g.,
Ny = 70. It may be noted that the influence of the second order in the slow-roll parameters is insignificant.
Finally, note that the difference between results in the standard tachyon inflationary model and the RSII
inflationary model in the constant-roll inflation approach is small.
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Figure 6: r versus ns diagram with observational constraints from Planck mission™ The analytical
results are depicted for fixed Ny = 60 (blue lines) and Ny = 70 (red lines). The solid and dashed lines are
obtained from the expressions for ng and r up to the first and the second order in the slow-role parameters
in RSII cosmology, respectively. The parameter 7 varies along the lines in the interval —0.03 < n < 0.03.

The attractor behavior of the solution is a necessary condition for a successful inflation model. Our
model possesses a good attractor behavior, as presented in Fig. [7] Details will be presented elsewhere.

0.6

0.4

0.2

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 7: The phase space trajectories (right panel) obtained for some initial values in range 0.2 < ¢; < 0.5
and 0.2 < 6; < 0.5, for the model with 7 = —0.013 in units where 3M3/(47) = 1.



5 Summary and conclusions

We have studied the constant-roll inflation in the framework of the RSII cosmology with a tachyon field.
The slow-roll parameter n with a fixed constant value leads to a differential equation for the Hubble
expansion rate. This equation has exact analytical solutions. We have calculated the Hubble slow-roll
parameters g; as a function of # for all four nontrivial solutions H(6). It has been shown that three of
four solutions for H () provide a consistent inflationary model. Futhermore, all solutions lead to the
same functions £1(N) and e3(N).

We have calculated the values of the scalar spectral index ng and the tensor-to-scalar ratio r. Besides,
we have compared these values with the observation data. Using this comparison, we have estimated the
values of parameter 7. A better agreement is achieved for negative and small values of the 7. In addition,
we have calculated the observational parameters for standard and RSII cosmology at second order in
the slow-roll parameters. No significant difference is obtained in these two cases. As a straightforward
extension of this work, it would be of interest to apply the formalism of the constant-roll inflation to the
holographic RSII model with a tachyon field 23
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