Gravitational perturbations of noncommutative
Schwarzschild black hole

Nikola Herceg
Based on common work with Tajron Juri¢, Andelo Samsarov and Ivica Smoli¢

12.7.2023. Rijeka, Croatia

‘-‘. Hrzz

This research has been supported by the Croatian Science Foundation Project No. IP-2020-02-9614, Search for Quantum

spacetime in Black Hole QNM spectrum and Gamma Ray Bursts.



Outline

Noncommutativity
Introduction
Star-product
Noncommutative differential geometry

Linearized Schwarschild metric
Axial modes
Einstein equation
Shrédinger equation

Conclusion



Noncommutativity
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Hopf algebra
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Star-product

For two vector fields X and K we define
_)
fxg="f exp( (LKLX .EXLK)) g9

—fg+ (LK( )Lx(9) - Lx(f)Lx(g)) + O(a?),

where f and g are smooth functions on the spacetime manifold.

In spherical coordinates for X = d, and K = ad; + 0, we have

[t,r]x = iac,
[, ]« = iap.



Noncommutative differential geometry
Star-tensors are multilinear with respect to the star product, e.g.

T(f % 8,,0y) = f * T(3,. 0y).

The metric inverse satisfies

1027 ya

Jua*x9" =9 *g(w:é;.
Christoffel symbols, Riemann and Ricci tensor and Ricci scalar are
given by
1 @
rl{/tp = Eg'u * (avgpa + apgva - aagvp),
Rup” = 04T, = 0,7, + Thy % T0, — T, % 7

M vp vB?
Rv = Rﬂvp#a
R = g'uv * R(#V).

Noncommutative vacuum Einstein equation is

1
R(,W) - Egﬂv *xR=0 = R(yv) =0.



Linearized Schwarschild metric

To study perturbations of the Schwarzschild spacetime, we split
the metric into background g, and perturbation h,,,

Guv = guv + h/lV'

We then decompose the axial modes of h,, as

€m Ia)t
hio = = HZh 18, Yem(6, ¢)e

hty = —smHZ hem (1o Yem(6, )",
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hrp = —sin HZ hi™(r)deYem(6, )™



The metric inverse is
G = & — & % ho * &P

We can now calculate the Christoffel symbols, Riemann and Ricci
tensor up to the first order in h,, and noncommutativity parameter
a.

Since hy, « e~“tei™ for K = ad; + Bd, we have
Lihyy = idhy,,

where 1 = —aw + Bm is the eigenvalue of Killing field’s action on
the perturbation mode.



Einstein equation

There are three nontrivial radial functions governing the R,,). For
black hole with Schwarschild radius R and for the quadrupole

¢ = 2 they are

Rirp) =

Rity) =

Riag) =

W[Mr (r - R)who +2r2(r R)( W2 —r(r- R))fh 2!r5(r R)K,
+ /la(21r w(r-2R)hy + (24r(r— R)2-9(r - R)?R - r*Rw )h1 + ir*Rwh}, + 2r(r - R)3h1,)]’
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By equating those functions to zero we obtain a system of three
linearly dependent equations in hg and hy. We express hy from the
third equation and plug it into the first to get

—r(r— R)(=4r® + 5R? + r*w?)hy + r?(2r - 5R)(r — R)?h| — r*(r — R)*hY

1
+ Aa(%R(—ZSrQ + 520R — 26R2 + r*w?)hy  3r(r - 2R)(r - R)?H; - SrR(r - R)hg’) =o.

We introduce the modified tortoise coordinate and replace h1(r)
with W(r) as

r-R
— = r.=r+Rlog = +da

r-R’

h‘(r):r—R(1+?(%_ 1R R|Og rR))W(r)‘




The equation becomes

d>w 5
7t (a) - V(r))W —o,
(r=R)(€(e+1)r=3R)  r3BR-2r)f(¢+ 1)+ R(5r - 8R)
V(r) = I +A1a o5 .
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Figure: Plot of the potential with respect to the radial coordinate r for

¢ = 2,3 and 4. The blue lines correspond to 1a = 0.1, 0.2 and the red
lines to la = —0.1, —0.2. Schwazschild radius is at R = 1 and the
dashed line is potential without the noncommutativity corrections.



Asymptotic solutions are

2w 3-0({+1 :
r—- R: d +(w2+ﬂa$)W: 0 = Wx ei'Qr*,
ar? 2R3
2W . 3-¢(¢ 1
r—o00: d T WPW=0 = W x g*®", szwz—i-/laﬁ.
ar? 2R3

For the angular noncommutativity (8 =1 =— 1= m),
[, r]« = ia,

we observe Zeeman-like splitting of the potential.

For the time noncommutativity (¢ =1 — 1= -w)
[t, r]x = ia,

waves with different frequencies experience different potentials.
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