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Gravitational waves and quasinormal modes

Detection of gravitational waves in 2015. 1

Three stages for the GW signal:
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Ringdown — Quasinormal modes: Discrete spectrum

V' Information about the source of GWs
v’ Distinguish between black holes and other compact objects
v' Comparison with GR and test for other gravity theories

1B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration), " Observation of Gravitational Waves from a

Binary Black Hole Merger”, Phys. Rev. Lett. 116, 061102 (2016)
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Black hole perturbations in GR 2

Einstein equations

In vacuum:

Schwarzschild background

2M

ds? = —(1 - —
r

2M
Ydt? 4+ (1 — ==)"1dr? + r?(d6? + sin*0d$?)
r

Small perturbation of the metric
Buv = g;tu + huu
Perturbed Christoffel symbols
_ 1 _ _
F”uy = F”m, + (5Fpm,, (SFP;“, =5 " (Vuhup +Vohuy —Vohu)

Perturbed Ricci tensor

Ruv = Ruv + 0Ruu, | 6Ru =V ,01,, —V,6T°,

2T. Regge and J. A. Wheeler, " Stability of a Schwarzschild Singularity”, Phys. Rev. 108, 1063-1069 (1957)
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Metric perturbation hy,

o Spherically symmetric background
v' Decomposition into separate functions of (t, r) and (0, ¢).
Spatial part: Harmonic time dependence F(t,r) = F(r)e~wt
Angular part: Spherical harmonics Yj, = Yin(0,¢) (/1=0,1,2,... =1 < m<)

0, . OYim 1 9%Y,
=1 9 (sind FVm (1 4+ 1) Yy, 7
96" 56 )t 26 o2 I+ 1) (7)

VY

v' We can set m = 0.

o Invariance under spatial rotations (0, ¢) — (7 — 0,7 + ¢)

huy =

(®)

<<un
<<un
4-4<<
4-<<

Factor (—1)(+1) for axial parity and (—1)/ for polar parity.
o Regge-Wheeler gauge

Axial: € = (0,0,A(t, r)e?®dp)Y)m, Polar: &% = (Mo(t, r), Mi(t, r), Ma(t, r)v*2dp) Yim
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h,ul/ _ hf;«al) + h(polar)

9

0 0 —ho(t, r)sin~! 6 8y ho(t, r)sin6 dg
axia 0 o0 —hy(t,r)sin~10 9 hi(t, r)sin @ 9
plaxial) _ 1L, () ) Y, 10
py sym  Sym  ho(t,r) sin”! 9((’9§q> —cos® sin"10 dy)  —ha(t, r)sing Wey, Lm (10)
Sym Sym Sym 7/72(1.“, I’) sin 6 X9¢
B(r)Ho(t, r) Hi(t,r) co(t, r) O co(t, r)9g
h(polar) _ Sym HZ(tw r)/B(r) Cl( > ) Cl(t7 r)8¢
nyo Sym Sym r2(K(r) G(t, r) doo) %r2G(t’7 r)Xog
Sym Sym Sym rPsinO(K(t, r) + G(t, r)t(0ge — Way)

Harmonic time dependence, m = 0, Regge-Wheeler gauge:

0 0 © r) sin @ Oy

jal 0 0 0 r 5|n9 1¢) —iw

W = [ 000 ) 9) Y i (11)
Sym Sym 0
B(r)Ho(r)  Hi(r) 0 0
Ha(r)
0 0 i

h(po/ar) _ Sym B(r) lth 12
v 0 0 rPK(r) 0 e (12)

0 0 0 r?sin? 0K (r)
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Non-trivial background field equations

Axial 5Ry3

SR13

SRo3

Polar

SRo1

SRy

8Ryp

SRoo

SRy

SRyp

SdR33

Vasiliki Karanasou

dhy iw 2M
=B~ + —hy+ —h =0
2

dr B

2iw n+1 2
ho +
2

2hg dhy I1+1)  4M 2iwB
B—— +iwB— — — — | hy + hy =0 (13)
dr? dr r2 3
dK (1 +1) r—3Mm 1
— |+ ——K—-H=0
dr 2jwr2 2B r
dHy  2M
— 4+ —Hy +iw(K+H) =0
dr r2
dH dK 2M
B— — B— +iwH + —H=0
dr dr 2
, d?H dH;  2MB dK 2B dH 5 2 o II+1)B
B —— +2iwB—— — — 4+ — — +2iw(2r —3M)r‘H; —2wK — (W + =0
dr? dr 2 dr rodr r2
2 2 ;
d’H d dH; 2B(2r — 3M) dK 2 dH  2iwM I(1+1)B
202 g 2B M) K 2 dH - W22 DB L
dr? dr2 dr 2 dr rodr 2 2
5 d?K dK dH w?r
=r"B—— + (4r — 6M)— — 2rB— — 2iwrHy + [24+ —— — I/ +1) | K —2H =0
dr? dr dr B
s o d?K dK dH w?r?
=sin® r°B—— + (4r — 6M)— — 2B— — 2iwrH] + |2+ —— — I +1) | K —2H =0 (14)
dr? dr dr B
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Metric affine theories of gravity

Motivation: Tensions in GR

a) Expansion of the universe b) Dark matter and dark energy c) Quantum field theory

Metric gy, and affine connection I'*,,,,

Curvature
Rﬁt/pa = aﬂruua - 80'[—//;//) + rHTprTua - rll:rorTvp
Torsion
Tuup = r“up - r”pu
Non-metricity.
Quvp =V u&uvp = 0utvp —T°,,.85p = T7,.800

o

N
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Symmetric

Metric-affine

Sym. teleparallel /

Q;.wp ?é 0

Weitzenbock
T#,, # 0
Teleparallel

Vs

Figure: S. Bahamonde et al., “Teleparallel gravity: from theory to cosmology,” Rep. Prog. Phys. 86 (2023)
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Figure: S. Bahamonde et al., “Teleparallel gravity: from theory to cosmology,” Rep. Prog. Phys. 86 (2023)
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Fundamentals of Metric Teleparallel Gravity

Gravity is the result of torsion.

B Kk K
TH,, =Tl —TH,,

Simplest theory: Teleparallel Equivalent of GR (TEGR)

Fundamental variables: Tetrad 9"” , inverse e, and spin connection wABH
0° = 0%,dx", es=el0u, wip, =NOuNS
a B __ ga a v __ SV
0%, e, =47, 0%, _6/1«
Metric
b
8uv :naboa,ueyv g =n elie
Connection
e, = el (0,0% +w,0%,)
Weitzenbock gauge

A
wBH—O
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New General Relativity3

Irreducible decomposition of torsion

Topr = g(tp/w — toup) + %(gpuuu — 8pvt) + €ppuna” (24)
Gravitational Lagrangian
L =cv tfuy, + ca afay + ¢ tP* tou, (25)
up = Thy, au = %6“””" TP7 v = Ty + %(gp(u“u) — 8uvlip) (26)
1-parameter NGR: Values from TEGR and 1 free parameter
ctzg, cv:fg, ca:ngé (27)

Field equations

1 4 2 1 o
8T E,, =cy, (;a‘a(pgw) - 66,,1,ﬁya”tyﬁ"f - 66','”.90-0”00- - ?EWWV"’C("') +

2 4 . 2 |
e (it“ [ﬁ?]tuﬁy*g"“" - ftﬁ‘[ﬁﬂ‘]t"w + VP 1) — ?t“[ﬂﬂ]np + ?Euaﬁyﬂatvﬁy +

| 4 . |
+c, (_;U”U(pgw.) + ?t'u[m,]u" + 22,V 0, — ;ey.,pu-u"u") .

(28)

3K. Hayashi and T. Shirafuji, " New general relativity”, Phys. Rev. D 19, 3524-3553 (1979)
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Background Field Equations

Most general spherically symmetric background tetrad *

G G 0 0
0 — Cssinfcos¢p Casinfcos¢p Cscosfcosp — Cesing  —(Cssin g + Cg cos b cos ¢) sin 6
B | Gsinfsing  Casinfsing  Cscosfsing + Cscosp  (Cscosp — Cg cos @ sin ¢) sin

C3 cos Cy cosf —Cssinf Cs sin2 0
(29)
Metric
g0=CG~-C, eu=CG-CG, go=CG+C, g3=(C+)sin,
g1 =810=G0GG0G-GG (30)
Schwarzschild metric
G
G = C12—F2, C4:|I__7;|7 Ce=1/r2—C2, GCC=0CGG (31)
where Cp, ..., C¢ = C(r) and
2M
F=4/1-22 (32)
r

4M. Hohmann et al., "Modified teleparallel theories of gravity in symmetric spacetimes”, Phys. Rev. D 100, 084002 (2019)
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Non-trivial background field equations

fo = 2P (2Pcg - argi C) =

E00_9r4C§1(rF 5, —4rCi1 G2 + 4 51)—0

= 85

- 25

Ei1 = 9iC 2 (rFC52 +2C51)(rFC52 72C51) 0
25

E.. 2 2\
Ex» = m(r/:chg + 2C51)(rFC52 — 2C51) =0

_ 20 .
Esz = m(rF@z +2C3)(rFCsy — 2C2))sin>0 =0
_ 5 F2CsC2 45CsCs1 26C1 Gy
Exy = — F2Cly + Goo+ ——2 —2C4 ¢ -
23 9Cer (rF=Cep + Co2 + c 51C1) + 9,2 37
45C1GsCsr | 50F2Csy
9rCs1 9GCs1 o
where dc.
Gi=1/rP—C, GCo=r——-C
51 r 5 52 = 5
Solutions

Branch 1: G5 = kr (k = constant), Branch2: G =0
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Perturbations in NGR °

Small perturbation of the tetrad
a __ pa a
0 W= 0 wt T

Decomposition into symmetric and antisymmetric part
Tuv = hMV =+ au,/, huy = 2T(H”)’ a,w = 27’[””]
Perturbed connection
rp,uu = Fp,uu + 6rp,uu7 6rp/,u/ = é‘pﬁﬁu'ﬂeu
Perturbed torsion
T’:u/ = TZV + 6T7,LV7 67_;:“/ = EPH(?[th]n - 6[,u,au]n)
Perturbed vector, axial and tensor irreducible components
Uy =1y +0uy, auy=du+06ay, tuwp = tuwp + Stuup

Perturbed field equations _
Eyu - Ep,u + 6EMU =0

Decomposition in symmetric and antisymmetric parts

OB, = 0F(uu) + 0Bjpu)

(36)

37)

(38)

(39)

(40)

(41)

(42)

5Helen Asukiila, " Quasinormal modes of Schwarzschild black holes in 1-parameter New General Relativity” (2021) (Master

Thesis, Institute of Physics, University of Tartu)
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Tetrad perturbation 7,

The symmetric part hy, is the same as in GR.

We use the same assumptions to find a,. .

Ay = a&a:ial) + aLp;)/ar) (43)

0 0 0 ao(r)sin@ 9y

(axial) _ | O 0 0 ai(r)sin0 9y iwt
A =10 0 0 —asin6a, | Vm (44)
ASym  ASym  ASym 0
0 Ao(r) Ai(r)os O
(polar) _ | asym 0 Ax(r)0p O _jur
3;w - ASym ASym 0 0 € Ylm (45)
ASym ASym 0 0
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Non-trivial perturbed field equations (Branch 1: Cs = r)

Axial
0Rp3 =0
0F(03) = 013 =0 {6R13 =0
§E(23) =0Ry3 =0
0Ejp3) = 0Ej13) = 0Ep3) =0 — a0, a1,a2 = F(ho, h1)
Polar
6E(01) = (S 01 — 0
6E(02) = (S 02 =0
0E(12) =6R12 =0
6E(00) = 6 00 — 0
§Eq1) = 6Ri1 =0
5E(22) 0Rxn =0
6E(33) 0R33 =0
2 2
8B = — 215 — Ao+ 25t A+ (iw — TR A = 0
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Summary

Perturbed field equations for a Schwarzschild background at linear order:

in GR and NGR for the simplest branch Cs = r.

For the symmetric part in NGR, we obtain the same QNM as in GR.
The axial antisymmetric part in NGR is fully determined by the symmetric one. No extra modes.

For the polar antisymmetric part in NGR, we need extra constraints.
In GR and NGR for the branch Cs = r, the axial and polar parts do not mix.

Future work paths
@ Study of the other branch
@ Non-Schwarzschild spacetimes
o f(T) gravity
o Symmetric TG, f(Q) gravity

o Higher order perturbations
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