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Introduction

In QFT the entanglement entropy can characterize the quantum correlations between
degrees of freedom inside and outside a given region of space-time [2]
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Introduction

In QFT the entanglement entropy can characterize the quantum correlations between
degrees of freedom inside and outside a given region of space-time [2]

1d

the trace over the degrees of freedom localized on a region which is not accessible to the
observer results in a reduced density matrix pr,
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Introduction

In QFT the entanglement entropy can characterize the quantum correlations between
degrees of freedom inside and outside a given region of space-time [2]

1d

the trace over the degrees of freedom localized on a region which is not accessible to the
observer results in a reduced density matrix pr,

the entanglement entropy is the Von Neumann entropy associated to pr,
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entanglement entropy between time domains in Minkowski space-

Eoal time covered by orbits of different generators of time evolution
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What am I going to talk about?

oal entanglement entropy between time domains in Minkowski space-
8 time covered by orbits of different generators of time evolution ]
N
generators coinciding with conformal Killing vectors tangent to
worldlines of Milne and diamond observers at constant radius )

space-time and time evolution in conformal quantum mechanics (CQM)

correspondence between radial conformal symmetries in Minkowski
methods

within CQM we identify states which have a thermofield dou-
ble structure associated to these generators of time evolution
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates

ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if

'CE Suv X 8y — §= f(t,r) (2)
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if

'CE Suv X 8y — §= f(t,r) (2)

for Minkowski space-time all radial conformal Killing vectors are classified [3]
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if
Le gy X g = & =§(t,1) (2)

for Minkowski space-time all radial conformal Killing vectors are classified [3]

E=aKyp+bDg+c Py (3)




Conformal radial Killing vectors nformal Quantum Mechanics Entanglement entropy References Backup slides
@000 fole} o C >

Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if
Le gy X g = & =§(t,1) (2)
for Minkowski space-time all radial conformal Killing vectors are classified [3]

E=aKyp+bDg+c Py (3)

Ky = special conformal transformations
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if
Le gy X g = & =§(t,1) (2)
for Minkowski space-time all radial conformal Killing vectors are classified [3]

E=aKyp+bDg+c Py (3)

Ky = special conformal transformations

Dy = dilations
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if
Le gy X g = & =§(t,1) (2)
for Minkowski space-time all radial conformal Killing vectors are classified [3]
¢=aKy+bDo+cPy (3)

Ky = special conformal transformations

Dy = dilations

Py = translations
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates
ds? = —dt® + dr® 4 1* (d6? + sin® 0dQ?) (1)
a vector field ¢ is a conformal Killing vector if
Le gy X g = & =§(t,1) (2)

for Minkowski space-time all radial conformal Killing vectors are classified [3]

§=aKg+bDy+cPy (3)
Ko = special conformal transformations close the sl(2,R) Lie algebra
Dg = dilations [Po, Do] = Po, [Ko, Do) = —Ko,

Py = translations [Do, Po] = 2Dy ()
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Classification of radial conformal Killing vectors

We will focus our attention on ¢ :

rotations
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Classification of radial conformal Killing vectors

We will focus our attention on ¢ :

rotations

dilations
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Classification of radial conformal Killing vectors

We will focus our attention on ¢ :

rotations

dilations
Do

combination of translations and special conformal transformations

1 K
So==(aPy— =2
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we can assign a whose time evolution
physical observer is defined by the
to a time-like worldline tangent vector

we will focus on static observers
E=(at®+Dbt+c)d (8)

generator of conformal transformations of the real (time) line

Dy time-like inside the future and past light-cone

So time-like inside the causal diamond
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Quantum mechanical counterpart

Conformal Quantum Mechanics

(CQM)

¢=(at?+bt+c)o, it=aK+bD+cH (10)
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Conformal Quantum Mechanics

(CQM)

¢=(at?+bt+c)o, it=aK+bD+cH (10)

K =1iKp, D=1iDg, H=1i Pg close the sl(2,R) Lie algebra [4]
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Quantum mechanical counterpart

Conformal Quantum Mechanics

(CQM)

¢=(at?+bt+c)o, it=aK+bD+cH (10)

K =1iKp, D=1iDg, H=1i Pg close the sl(2,R) Lie algebra [4]




References Backup slides

Entanglement entropy

Conformal Quantum Mechanics

Conformal radial Killing vectors
®0000

Quantum mechanical counterpart

Conformal Quantum Mechanics i é. — a3 K + bD +c H (10)
(cCQM)

fz(at2+bt+c)3t

K =1iKp, D=1iDg, H=1i Pg close the sl(2,R) Lie algebra [4]

¢=Ro 2 R=1(E+om)
caM, 1

=S ¥ s—1(K_qH)
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Quantum mechanical counterpart

€= (a t2 +bt+ C) 8, Conformal Q(t(ljez;llt\/t;)m Mechanics i é_ —aK+bD+cH (10)

K =1iKp, D=1iDg, H=1i Pg close the sl(2,R) Lie algebra [4]

¢=Ry = R=1(K+aH)
¢ — Dy oM, o
=Sy 2L s=1(X_qH)

how do we study time evolution of static observers in portions of Minkowski
space-time using CQM?
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Time evolution in Minkowski space-time using CQM
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Time evolution in Minkowski space-time using CQM

Lo=R, Li=S+iD, C?=R®>+R—-L_L, (11)
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Time evolution in Minkowski space-time using CQM

Lo=R, Li=S+iD, C?=R®>+R—-L_L, (11)

R has discrete spectrum and normalised eigenvectors |n)
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Time evolution in Minkowski space-time using CQM

Lo=R, Li=S+iD, C?=R®>+R—-L_L,

R has discrete spectrum and normalised eigenvectors |n)

=ry|n) with r,=rg+n, n=0,1,..., 1r9>0
= \/rn(rn =+ 1) - I‘0<r0 - 1) |Il + 1>

)

)
<m’n> = Omn
C?|n) =1o(rp — 1) |n)

(11)




Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References

0000 0@000 [ele] o

Time evolution in Minkowski space-time using CQM

Lo=R, Li=S+iD, C?=R®>+R—-L_L,

R has discrete spectrum and normalised eigenvectors |n)

Rn) =r,|n) with r,=r94+n, n=0,1,..., 19>0

change of basis [n) — |t) where

d
H|t)=—-i— |t
) = —is )

(11)
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K |t) = —i (24 + 2tro) |t)
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(0 1) ey = (oRIn) = |10y = (S +1) e =0 ()
o2
the inner product: (t1]t2) = — (14)

4(t; — to)?
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Hlt) = —id|t)
Dt) = —i (t% + ro) It) we set rg = 1 and obtain [4, 5]
K |t) = —i (24 + 2tro) |t)
1 /a+it 2 e L
(4 1)t} = IR = [l =7 (20 +1) B p=g)[ (3
o2
the inner product: (t1|t2) = R TCESE (14)

matches the two-point function of a massless scalar field in Minkowski space-time
evaluated along the worldline of an inertial observer sitting at the origin [6, 7]
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matches the two-point function of a massless scalar field in Minkowski space-time
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t: the inertial time
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matches the two-point function of a massless scalar field in Minkowski space-time
evaluated along the worldline of an inertial observer sitting at the origin [6, 7]

t: the inertial time

|t): the state of an inertial static observer along the time axis
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Hlt) = —id|t)
Dt) = —i (t% + ro) It) we set rg = 1 and obtain [4, 5]
K |t) = —i (24 + 2tro) |t)
1 /a+it 2 e L
(4 1)t} = IR = [l =7 (20 +1) B p=g)[ (3
o2
the inner product: (t1|t2) = R TCESE (14)

matches the two-point function of a massless scalar field in Minkowski space-time
evaluated along the worldline of an inertial observer sitting at the origin [6, 7]

t: the inertial time

|t): the state of an inertial static observer along the time axis

(t1]t2) = (t = O] 47"}t = 0)
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Hlt) = —id|t)
Dt) = —i (t% + ro) It) we set rg = 1 and obtain [4, 5]
K |t) = —i (24 + 2tro) |t)
1 /a+it 2 e L
(4 1)t} = IR = [l =7 (20 +1) B p=g)[ (3
o2
the inner product: (t1|t2) = R TCESE (14)

matches the two-point function of a massless scalar field in Minkowski space-time
evaluated along the worldline of an inertial observer sitting at the origin [6, 7]

t: the inertial time

|t): the state of an inertial static observer along the time axis

(t1lte) = (t =0]e" =Mt —0) — |[t=0)=¢ ™ |n=0) inertial “vacuum”
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D s5l(2,R) also realised by coupled harmonic oscillators = |n = 0) = [0), ® |0)

t=0)=> (-1)"n), ®@n)g =—i) e ™) @n)y (15)

n
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D s51(2,R) also realised by coupled harmonic oscillators = |n = 0) = |0); ® |0)g

t=0)=> (1)) @[n)p =—iY e" o n)y @ o)y (15)

n
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D s51(2,R) also realised by coupled harmonic oscillators = |n = 0) = |0); ® |0)g

t=0)=> (1)) @[n)p =—iY e" o n)y @ o)y (15)

n

t=0) = =i} e ), ® [n)g
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D sl(2,R) also realised by coupled harmonic oscillators = |n = 0) = |0); ® |0)y

DD )y @ g =—iy " n) @ n)g (15)

n n

=
I
(=]

S~
I

Lo=R t=0) = =i} €™ o |n); @ n)y }
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D sl(2,R) also realised by coupled harmonic oscillators = |n = 0) = |0); ® |0)y

t=0)=> (-1)"n), @) =—i) e ™), @)y (15)

n n
N
Lo=R [t=0) = —izne””‘0 n);, ® n)g
/
‘ a—ia
N
[t=0)g = —1)_,€" n)y, ® [n)g
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D s5l(2,R) also realised by coupled harmonic oscillators = |n = 0) = |0); ® |0)g

[t =10)= Z(_l)n ), ® ) = _izeﬂ P ), ® )y (15)

n

N
t=0) = —iY,e" T ), © [n)y
)
‘ a—ia
N
|t O>S 7121} er ‘n>L & ‘H>R
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D s5l(2,R) also realised by coupled harmonic oscillators = |n = 0) = |0); ® |0)g

[t =10)= Z(_l)n ), ® ) = _izeﬂ P ), ® )y (15)

n

N
t=0) = —iY,e" T ), © [n)y
)
‘ a—ia
N
|t O>S = 7121167‘- ‘n>L & ‘H>R
)
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Thermofield double state

|t =0)g (|t = o)) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

ITFD) = %Ze 583/2|0). @ n), highly entangled
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Thermofield double state

|t =0)g (|t = o)) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

ITFD) = %Ze 583/2|0). @ n), highly entangled

tracing over the degrees of freedom of one copy of the system we obtain a thermal
density matrix

—BH

1
Try{|TFD)(TFD|} = * with temperature T = (16)

Z(B)
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Thermofield double state

|t =0)g (|t = o)) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

ITFD) = %Ze 583/2|0). @ n), highly entangled

tracing over the degrees of freedom of one copy of the system we obtain a thermal
density matrix

—BH

1
Try{|TFD)(TFD|} = * with temperature T = (16)

Z(B)
t=0)g=—-1Y e iln), ®n)y = H=iLy=S diamond
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Thermofield double state

|t =0)g (|t = o)) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

ITFD) = %Ze 583/2|0). @ n), highly entangled

tracing over the degrees of freedom of one copy of the system we obtain a thermal
density matrix

—BH

Try{|TFD)(TFD|} = eZ(ﬂ)

t=0)g=—-1Y e iln), ®n)y = H=iLy=S diamond

1
with temperature T = 3 (16)

t=a)p=3>,¢e" ") ®ny = H=iLg=D Mile
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Thermofield double state

|t =0)g (|t = o)) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

ITFD) = %Ze 583/2|0). @ n), highly entangled

tracing over the degrees of freedom of one copy of the system we obtain a thermal
density matrix

—BH

Try{|TFD)(TFD|} = eZ(ﬂ)

t=0)g=—-1Y e iln), ®n)y = H=iLy=S diamond

1
with temperature T = 3 (16)

t=a)p=3>,¢e" ") ®ny = H=iLg=D Mile




Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides
0000 0000e [e]e] o] 00000000

Thermofield double state

|t =0)g (|t = o)) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

ITFD) = %Ze 583/2|0). @ n), highly entangled

tracing over the degrees of freedom of one copy of the system we obtain a thermal
density matrix
e PH 1
Tr{|TED)(TFD|} = 705 with temperature T = 3 (16)
t=0)g=—-1Y e iln), ®n)y = H=iLy=S diamond

t=a)p=3>,¢e" ") ®ny = H=iLg=D Mile

two sets of degrees of freedom as belonging to the domain of diamond and Milne time
evolution and their complements
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

t=0) = (1" ), ® [n)g (17)

n
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

EUROPEAN COOPERATION

INSCIENCE & TECHNOLOGY



Conformal radial Killing vectors nformal Quantum Mechanics Entanglement entropy References Backup slides
°0 o c

Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

e <1 suchthat [t=Iie)
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

e <1 suchthat [t=1i€) = prL
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

e <1 suchthat [t=ic) = pr,. = Slji=iy = —Tr{prlogpr}
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

e <1 suchthat [t=ic) = pr,. = Slji=iy = —Tr{prlogpr} S|t=0)
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

e <1 suchthat [t=ic) = pr,. = Slji=iy = —Tr{prlogpr} S|t=0)

Sljt—0) = log% + const + O(e)




onformal radial Killing vectors nformal Quantum Mechanics Entanglement entropy References Backup slides
o e0 ) C D

Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropy of the
reduced density matrix associated to the inertial vacuum

[t =0) = Z(—l)“ In)p, ® n)g non normalisable! (17)

n

e <1 suchthat [t=ic) = pr,. = Slji=iy = —Tr{prlogpr} S|t=0)

Sljt—0) = log% + const + O(e)

this entanglement entropy can be seen as the 0 4+ 1-dimensional analogue of the
entanglement entropy of a quantum field across space-time regions
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correspondence between radial conformal symmetries in
Minkowski space-time and time evolution in CQM
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Conclusions
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e correspondence between radial conformal symmetries in
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d > we consider sets of states in CQM associated to the
N / X
N . generators S and D
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@ in terms of excitations of S and D
6 we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
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Conclusions

correspondence between radial conformal symmetries in
’ N Minkowski space-time and time evolution in CQM

we consider sets of states in CQM associated to the
N . generators S and D

N 4 such states exhibit the structure of a thermofield double
in terms of excitations of S and D

6 we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
density matrix

A ’ the result diverges logarithmically when the UV
N ’ regulator is sent to zero as expected when the entangling
(0%
AN ’ < boundary is
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Conformal invariance

Consider the most general scalar massless field Lagrangian in CFT in d dimensions

1 24
[ — 5 GO — g (18)

invariance under the full conformal group

H = translations [H,D] =iH, [K,D] = —iK, [D,H] = 2iD
D = dilations 9 1 9 o
E— Cépr = = (HK+ KH) — D*  Casimir
K = special conformal transformations 2 (19)
these operators leave the action invariant and are thus constant of motion
§=aH+bD+cK (20)

& can be used to study the evolution of the system
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Classification of radial conformal Killing vectors

a,b and ¢ determine the causal character of ¢ according to A = b? — 4ac [3, 4]:

A < 0 elliptic transformations (rotations)

1 K
Ry = 5 <O¢P0 + Ozo> (21)

A > 0 hyperbolic transformations (Lorentz boosts):

1 K
D() and S() = 5 (OzPo — O> (22)

(0%

A = 0 parabolic transformations (null rotations): P and Ko
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More on the s[(2,R) Lie algebra

5[(2,R) Lie algebra can be realized in terms of two sets of creation and annihilation
operators a}[, aL, ar,, aR

1
Lo = 3 (aTLaL + aLaR + 1) ;o Ly = a{ag and L =apag (23)

this shows that the ground state of the R-operator has a bipartite structure

n=0) =[0), ®|0)g (24)

and that the |t = 0) state can be written as

[t =0) = e 22k 0), [0) = > (—1)" )y [n)y f—lzem ), )y . (25)

n
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More on the inertial vacuum
H|E) = E |E) satisfy the conditions

(E|E') =6(E—E') and /;oo dE|E) (E| =1 (26)
we can write |t) as [4]
ity = |t = 0) = /Ooo dE OK\Q/EeiEt |E) (27)
and obtain the overlap between |E) and |t)

(t]E) =

m;Ee—iEt (28)

the states |E) are similar in spirit to the momentum eigenstates |p) that one introduces
in QFT in terms of which the action of a field operator ¢(x) on the vacuum state is

3
P(x)[0) = / ((21733213136_@'" Ip) , where <p|p’> = 2Ep(27r)3 5@ P-p) (29)
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Lo=iS, L,=i(D—R), L_=-i(D+R) (30)

It) = meiﬁL+ In = 0) (31)

eigenstate associated to an observer whose time evolution is defined by £ =i S

g _ _
i2 510, = (o1]o2) = —16sin~2 [ L2 y —16sinh 2 2L 22
« 2c 2c

« — i maps the CQM description of £ =1 S into the time evolution of a diamond
observer!

1
The vacuum is perceived being in a thermal bath with | T = v
T
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Lo=iD, L,—=—ioH, L ——ix~ (32)
«
a2 73L+

eigenstate associated to an observer whose time evolution is defined by £ =1 D

D _ _
=10, = (n|m) = —16sin2 [ —16sinh2 [ L2
«@ 2c 2c

o — ia maps the CQM description of £ =1 D into the time evolution of a Milne

observer!

1
The vacuum is perceived being in a thermal bath with | T = ——
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Entanglement entropy

3d 2d 1d

We want to compute the entanglement entropy [8] between two regions where the
entangling surface (E.S.) is comprised of disconnected points

in QFT the known result is [9]

A _
Saoc MO Az g, e (34)
€ €

point-like E.S.

where Area(0.A) is the area of the boundary of the region (e.s.) and € is a UV cut-off
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