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Introduction

In QFT the entanglement entropyentanglement entropyentanglement entropy can characterize the quantum correlations between
degrees of freedom inside and outside a given region of space-time [2]

3 d 2 d 1 d

the trace over the degrees of freedom localized on a region which is not accessible to the
observer results in a reduced density matrix ρL

the entanglement entropy is the Von Neumann entropyVon Neumann entropyVon Neumann entropy associated to ρL
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What am I going to talk about?

goalgoalgoal
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What am I going to talk about?

goalgoalgoal entanglement entropy between time domains in Minkowski space-
time covered by orbits of different generators of time evolution
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whowhowho generators coinciding with conformal Killing vectors tangent to
worldlines of Milne and diamond observers at constant radius
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goalgoalgoal entanglement entropy between time domains in Minkowski space-
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methodsmethodsmethods
correspondence between radial conformal symmetries in Minkowski

space-time and time evolution in conformal quantum mechanics (CQM)
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goalgoalgoal entanglement entropy between time domains in Minkowski space-
time covered by orbits of different generators of time evolution

whowhowho generators coinciding with conformal Killing vectors tangent to
worldlines of Milne and diamond observers at constant radius

methodsmethodsmethods
correspondence between radial conformal symmetries in Minkowski

space-time and time evolution in conformal quantum mechanics (CQM)
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within CQM we identify states which have a thermofield dou-
ble structure associated to these generators of time evolution
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Conformal radial Killing vectors in Minkowski space-time

Minkowski metric in radial coordinates

ds2 = −dt2 + dr2 + r2
(
dθ2 + sin2 θdΩ2

)
(1)

a vector field ξ is a conformal Killing vector if

Lξ gµν ∝ gµν =⇒ ξ = ξ(t, r) (2)

for Minkowski space-time all radial conformal Killing vectors are classified [3]

ξ = a K0 + b D0 + c P0 (3)

K0 = special conformal transformations

D0 = dilations
P0 = translations

close the sl(2,R) Lie algebra

[P0,D0] = P0, [K0,D0] = −K0,

[D0,P0] = 2D0
(4)
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Classification of radial conformal Killing vectors

We will focus our attention on ξ :

• rotations
R0 =

1

2

(
αP0 +

K0

α

)
(5)

• dilations
D0 (6)

• combination of translations and special conformal transformations

S0 =
1

2

(
αP0 −

K0

α

)
(7)
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we can assign a
physical observer
to a time-like worldline

whose time evolution
is defined by the
tangent vector

we will focus on staticstaticstatic observers

ξξξ =
(
a t2 + b t + c

)
∂t (8)

generator of conformal transformations of the real (time) line

• D0 time-like inside the future and past light-cone

• S0 time-like inside the causal diamond
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ξξξ = D0 Milne space-time

D0

α
7→ i ∂τ

t

x

τ

generates time evolution of a Milne observer
in the Milne time τ

ξξξ = S0 causal diamond

S0

α
7→ i ∂σ

t

x
σ

α

−α

generates time evolution of a diamond
observer in the diamond time σ

∃ an SL(2,R) transformation mapping S(t′) into D(t) : t′ = α(t − α)

t + α
(9)
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Time evolution in Minkowski space-time using CQM

L0 = RL0 = RL0 = R, L± = S ± iD, C2 = R2 + R − L−L+ (11)

R has discrete spectrum and normalised eigenvectors |n〉

R |n〉 = rn |n〉 with rn = r0 + n, n = 0, 1, . . . , r0 > 0

L± |n〉 =
√

rn(rn ± 1)− r0(r0 − 1) |n ± 1〉
〈m|n〉 = δmn

C2 |n〉 = r0(r0 − 1) |n〉

change of basis |n〉 → |t〉|n〉 → |t〉|n〉 → |t〉 where

H |t〉 = −i d
dt |t〉 (12)
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
H |t〉 = −i d

dt |t〉
D |t〉 = −i

(
t d

dt + r0
)
|t〉

K |t〉 = −i
(
t2 d

dt + 2tr0
)
|t〉

we set r0 = 1 and obtain [4, 5]

(n + 1) 〈t|n〉 = 〈t|R|n〉 =⇒ |t〉 = 1

4

(
a + it
a − it + 1

)2

e−
a+it
a−it L+ |n = 0〉 (13)

the inner product: 〈t1|t2〉 = − α2

4(t1 − t2)2
(14)

matches the two-point function of a massless scalar field in Minkowski space-time
evaluated along the worldline of an inertial observer sitting at the origin [6, 7]

• t: the inertial time

• |t〉: the state of an inertial static observer along the time axis

〈t1|t2〉 = 〈t = 0|e−i(t1−t2)H|t = 0〉 =⇒ |t = 0〉|t = 0〉|t = 0〉 = e−L+ |n = 0〉 inertial “vacuum”inertial “vacuum”inertial “vacuum”
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Thermofield double state

|t = 0〉S (|t = α〉D) state exhibits a structure similar to that of
a thermofield double state for coupled harmonic oscillators

|TFD〉 = 1

Z(β)

∞∑
n=0

e−βEn/2 |n〉L ⊗ |n〉R highly entangledhighly entangledhighly entangled

tracing over the degrees of freedom of one copy of the system we obtain a thermal
density matrix

TrL{|TFD〉〈TFD|} =
e−βHHH

Z(β) with temperature T =
1

β
(16)

• |t = 0〉S = −i
∑

n eπ i L0i L0i L0 |n〉L ⊗ |n〉R =⇒ H = i L0 = SH = i L0 = SH = i L0 = S diamond

• |t = α〉D = 1
2

∑
n eπ i L0i L0i L0 |n〉L ⊗ |n〉R =⇒ H = i L0 = DH = i L0 = DH = i L0 = D Milne

two sets of degrees of freedom as belonging to the domain of diamond and Milne time
evolution and their complements
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Entanglement entropy of time domains

We can quantify this entanglement by calculating the Von Neumann entropyVon Neumann entropyVon Neumann entropy of the
reduced density matrix associated to the inertial vacuum

|t = 0〉 =
∑

n
(−1)n |n〉L ⊗ |n〉R

non normalisable!

(17)

renormalisation scheme

ε � 1 such that |t = iε〉

=⇒ ρRL =⇒ S||t=iε〉 = −TrL{ρL log ρL}
ε→0−−→ S||t=0〉

S||t=0〉 = log α

ε
+ const +O(ε)

this entanglement entropy can be seen as the 0 + 1-dimensional analogue of the
entanglement entropy of a quantum field across space-time regions
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Conclusions
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• correspondence between radial conformal symmetries in
Minkowski space-time and time evolution in CQM

• we consider sets of states in CQM associated to the
generators S and D

• such states exhibit the structure of a thermofield double
in terms of excitations of S and D

• we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
density matrix

• the result diverges logarithmically when the UV
regulator is sent to zero as expected when the entangling
boundary is point-likepoint-likepoint-like
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• we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
density matrix

• the result diverges logarithmically when the UV
regulator is sent to zero as expected when the entangling
boundary is point-likepoint-likepoint-like

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”



Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

Conclusions

t
α

−α

x

t

α
x

• correspondence between radial conformal symmetries in
Minkowski space-time and time evolution in CQM

• we consider sets of states in CQM associated to the
generators S and D

• such states exhibit the structure of a thermofield double
in terms of excitations of S and D

• we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
density matrix

• the result diverges logarithmically when the UV
regulator is sent to zero as expected when the entangling
boundary is point-likepoint-likepoint-like

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”



Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

Conclusions

t
α

−α

x

t

α
x

• correspondence between radial conformal symmetries in
Minkowski space-time and time evolution in CQM

• we consider sets of states in CQM associated to the
generators S and D

• such states exhibit the structure of a thermofield double
in terms of excitations of S and D

• we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
density matrix

• the result diverges logarithmically when the UV
regulator is sent to zero as expected when the entangling
boundary is point-likepoint-likepoint-like

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”



Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

Conclusions

t
α

−α

x

t

α
x

• correspondence between radial conformal symmetries in
Minkowski space-time and time evolution in CQM

• we consider sets of states in CQM associated to the
generators S and D

• such states exhibit the structure of a thermofield double
in terms of excitations of S and D

• we quantified the entanglement of such state in terms of
the Von Neumann entropy of the associated reduced
density matrix

• the result diverges logarithmically when the UV
regulator is sent to zero as expected when the entangling
boundary is point-likepoint-likepoint-like

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”



Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

References I

[1] Michele Arzano, Alessandra D’Alise, and Domenico Frattulillo. “Entanglement entropy in
conformal quantum mechanics”. In: (June 2023). arXiv: 2306.12291 [hep-th].

[2] H. Casini and M. Huerta. “Entanglement entropy in free quantum field theory”. In: J. Phys. A 42
(2009), p. 504007. DOI: 10.1088/1751-8113/42/50/504007. arXiv: 0905.2562 [hep-th].

[3] H. Casini and M. Huerta. “Entanglement entropy for the n-sphere”. In: Phys. Lett. B 694 (2011),
pp. 167–171. DOI: 10.1016/j.physletb.2010.09.054. arXiv: 1007.1813 [hep-th].

[4] Vittorio de Alfaro, S. Fubini, and G. Furlan. “Conformal Invariance in Quantum Mechanics”. In:
Nuovo Cim. A 34 (1976), p. 569. DOI: 10.1007/BF02785666.

[5] R. Jackiw and S. -Y. Pi. “Conformal Blocks for the 4-Point Function in Conformal Quantum
Mechanics”. In: Phys. Rev. D 86 (2012). [Erratum: Phys.Rev.D 86, 089905 (2012)], p. 045017.
DOI: 10.1103/PhysRevD.86.045017. arXiv: 1205.0443 [hep-th].

[6] AD Boozer. “Quantum field theory in (0+ 1) dimensions”. In: European journal of physics 28.4
(2007), p. 729.

[7] Claudio Chamon et al. “Conformal quantum mechanics as the CFT1 dual to AdS2”. In: Phys.
Lett. B 701 (2011), pp. 503–507. DOI: 10.1016/j.physletb.2011.06.023. arXiv: 1106.0726 [hep-th].

[8] Pasquale Calabrese and John L. Cardy. “Entanglement entropy and quantum field theory”. In: J.
Stat. Mech. 0406 (2004), P06002. DOI: 10.1088/1742-5468/2004/06/P06002. arXiv:
hep-th/0405152.

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”

https://arxiv.org/abs/2306.12291
https://doi.org/10.1088/1751-8113/42/50/504007
https://arxiv.org/abs/0905.2562
https://doi.org/10.1016/j.physletb.2010.09.054
https://arxiv.org/abs/1007.1813
https://doi.org/10.1007/BF02785666
https://doi.org/10.1103/PhysRevD.86.045017
https://arxiv.org/abs/1205.0443
https://doi.org/10.1016/j.physletb.2011.06.023
https://arxiv.org/abs/1106.0726
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://arxiv.org/abs/hep-th/0405152


Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

References II

[9] Mukund Rangamani and Tadashi Takayanagi. Holographic Entanglement Entropy. Vol. 931.
Springer, 2017. DOI: 10.1007/978-3-319-52573-0. arXiv: 1609.01287 [hep-th].

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”

https://doi.org/10.1007/978-3-319-52573-0
https://arxiv.org/abs/1609.01287


Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

Thank you!

� Entanglement entropy in conformal quantum mechanics
� COST CA18108 Fourth Annual Conference - Rijeka (HR)

� Alessandra D’Alise � Università degli studi di Napoli ”Federico II”



Backup slides



Conformal radial Killing vectors Conformal Quantum Mechanics Entanglement entropy References Backup slides

Conformal invariance

Consider the most general scalar massless field Lagrangian in CFT in d dimensions

L =
1

2
∂µφ∂

µφ− gφ
2d

d−2 (18)

invariance under the full conformal group

H = translations
D = dilations
K = special conformal transformations

[H,D] = iH, [K,D] = −iK, [D,H] = 2iD

C2
CFT =

1

2
(HK + KH)− D2 Casimir

(19)

these operators leave the action invariant and are thus constant of motion

ξ = a H + b D + c K (20)

ξ can be used to study the evolution of the system
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Classification of radial conformal Killing vectors

a, b and c determine the causal character of ξ according to ∆ = b2 − 4ac [3, 4]:

• ∆ < 0 elliptic transformations (rotations)

R0 =
1

2

(
αP0 +

K0

α

)
(21)

• ∆ > 0 hyperbolic transformations (Lorentz boosts):

D0 and S0 =
1

2

(
αP0 −

K0

α

)
(22)

• ∆ = 0 parabolic transformations (null rotations): P0 and K0
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More on the sl(2,R) Lie algebra

sl(2,R) Lie algebra can be realized in terms of two sets of creation and annihilation
operators a†L, a

†
R, aL, aR

L0 =
1

2

(
a†LaL + a†RaR + 1

)
, L+ = a†La†R and L− = aLaR (23)

this shows that the ground state of the R-operator has a bipartite structure

|n = 0〉 = |0〉L ⊗ |0〉R , (24)

and that the |t = 0〉 state can be written as

|t = 0〉 = e−a†
La†

R |0〉L |0〉R =
∑

n
(−1)n |n〉L |n〉R = −i

∑
n

eiπL0 |n〉L |n〉R . (25)
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More on the inertial vacuum
H |E〉 = E |E〉 satisfy the conditions

〈
E
∣∣E′〉 = δ(E − E′) and

∫ +∞

0
dE |E〉 〈E| = 1 (26)

we can write |t〉 as [4]

|t〉 = eiHt |t = 0〉 =
∫ ∞

0
dE α

√
E

2
eiEt |E〉 (27)

and obtain the overlap between |E〉 and |t〉

〈t|E〉 = α
√

E
2

e−iEt (28)

the states |E〉 are similar in spirit to the momentum eigenstates |ppp〉 that one introduces
in QFT in terms of which the action of a field operator φ(x) on the vacuum state is

φ(xxx) |0〉 =
∫

d3p
(2π)3

1

2Ep
e−ippp·xxx |ppp〉 , where

〈
ppp
∣∣ppp′〉 = 2Eppp(2π)

3 δ(3)(ppp − ppp′) (29)
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ξ = i S
compactification proposal

L0 = i S, L+ = i (D − R) , L− = −i (D + R) (30)

|t〉 = α2

(α+ t)2 e
t−α

t+α
L+ |n = 0〉 (31)

eigenstate associated to an observer whose time evolution is defined by ξ = i S

i S
α

7→ i ∂σ =⇒ 〈σ1|σ2〉 = −16 sin−2

(
σ1 − σ2

2α

)
α7→i α

−−−−−−→ −16 sinh−2

(
σ1 − σ2

2α

)
α 7→ iα maps the CQM description of ξ = i S into the time evolution of a diamond

observer!

The vacuum is perceived being in a thermal bath with T =
1

2πα
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ξ = i D
compactification proposal

L0 = i D, L+ = −i αH, L− = −i K
α

(32)

|t〉 = α2

2t2 e−
α

t L+ |n = 0〉 (33)

eigenstate associated to an observer whose time evolution is defined by ξ = i D

iD
α

7→ i ∂τ =⇒ 〈τ1|τ2〉 = −16 sin−2

(
τ1 − τ2
2α

)
α7→i α

−−−−−−→ −16 sinh−2

(
τ1 − τ2
2α

)
α 7→ iα maps the CQM description of ξ = i D into the time evolution of a Milne

observer!

The vacuum is perceived being in a thermal bath with T =
1

2πα
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Entanglement entropy

3 d 2 d 1 d

A
A

A

We want to compute the entanglement entropy [8] between two regions where the
entangling surface (E.S.) is comprised of disconnected points

• in QFT the known result is [9]

SA ∝ Area(∂A)

εd−2

∂A=α−−−−−−−−→
point-like E.S.

SA ∝ log α

ε
(34)

where Area(∂A) is the area of the boundary of the region (e.s.) and ε is a UV cut-off
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