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Event Horizon Telescope
The observations of the Event Horizon Telescope [1] in 2019 have ignited the beginning of a new era for testing the spacetime 
structure and GR itself via the illumination of (ultra)-compact objects with electromagnetic radiation from accretion disks.

Introduction
Novel results
Perspectives

Introduction

EHT and shadows
I The observations of the Event Horizon Telescope in 20191 have ignited the beginning of a

new era in the testing of black holes and GR itself via their illumination with
electromagnetic radiation out of accretion disks.

Figure: The observed EHT image (left) and the GRMHD simulated one (right). Credit from Ref.2
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Null geodesics and light deflection

Null geodesics are:

Light propagation in the gravitational field of one arbitrarily moving pointlike body
in the 2PN approximation

Sven Zschocke
Institute of Planetary Geodesy - Lohrmann Observatory,

Dresden Technical University,
Helmholtzstrasse 10,

D-01069 Dresden, Germany

An analytical solution for the light trajectory in the near-zone of the gravitational field of one
pointlike body in arbitrary slow-motion in the post-post-Newtonian approximation is presented in
harmonic gauge. Expressions for total light deflection and time delay are given. The presented solu-
tion is a further step toward high-precision astrometry aiming at nano-arcsecond level of accuracy.

I. INTRODUCTION

In order to determine the positions and motions of as-
tronomical objects on the sky, astrometry uses light sig-
nals (photons) which are emitted by the celestial objects.
These light rays propagate from the celestial light source
through the gravitational field of the Solar System and
do finally arrive at the observer. Therefore, the precise
determination of the trajectories of light signals through
the warped space-time of Solar System is a fundamental
assignment of a task in relativistic astrometry. Accord-
ing to the theory of general relativity [1, 2] light rays
propagate along null-geodesics governed by the geodesic
equation,
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where (1) represents the geodesic equation and the con-
straint (2) must be imposed for null-geodesics which
states that the tangent four-vector along light rays is
isotropic. In (1) and (2) the four-coordinates of a light-
signal x↵ (�) depend on a�ne parameter �, and the
Christo↵el symbols in (1) are related to the metric g↵�
of curved space-time,
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with metric signature (�,+,+,+). The geodesic equa-
tion (1) and the isotropic condition (2) are valid in any
reference system. With the aid of the zeroth component
of (1), the geodesic equation and the isotropic condition
can be expressed in terms of coordinate time t rather
than the a�ne parameter � as follows [3–5],
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while the zeroth component in (4) vanishes identically.
The equations in (4) and (5) are more appropriate in or-
der to integrate the geodesic equation and also in view
of the fact that real astrometric measurements do by
all means imply the use of concrete reference systems.
In line with the resolutions of International Astronomi-
cal Union (IAU) [6], the Barycentric Celestial Reference
System (BCRS) is adopted, which is the standard global
chart in modern-day astrometry. The origin of the spa-
tial axes of the BCRS is located at the barycenter of the
Solar system, the harmonic coordinates of the BCRS are
denoted by

�
ct, xi

�
where t is the BCRS coordinate time

and xi are the three-dimensional coordinates referred to
the spatial axes of the BCRS, and obey the harmonic
gauge condition (de Donder gauge):

@
p
�g g↵�

@x↵
= 0 , (6)

where g = det (gµ⌫) is the determinant of metric tensor.
For a unique solution of the geodesic equation (4)

mixed initial-boundary conditions must be imposed [4, 7–
13]:

x0 = x (t0) , (7)

� = lim
t!�1

ẋ (t)

c
, (8)

where the dot in (8) denotes total derivative with re-
spect to coordinate time. The first condition (7) defines
the spatial coordinates of the photon at the moment t0
of emission of light. The second condition (8) defines the
unit-direction of the light ray at past null infinity, that
means the unit-tangent vector along the light path in the
infinite past hence at infinite spatial distance from the
origin of the global coordinate system. Then, the exact
solution of (4) for the trajectory of the light ray, prop-
agating from the light source through the Solar System
towards the observer, can formally be written as follows,

x (t) = x0 + c (t� t0)� +�x , (9)

where the term �x denotes gravitational corrections to
the unperturbed light ray.
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Given a spacetime described by the metric:
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ds2 = gµ⌫dx
µdx⌫

Geodesics equation.

Constraint equation.

where A(r), B(r), and C(r) satisfy an asymptotically-flat condition 2

lim
r→∞

A(r) = 1, (2.5)

lim
r→∞

B(r) = 1, (2.6)

lim
r→∞

C(r) = r2. (2.7)

There exist time translational and axial Killing vectors tµ∂µ = ∂t and φµ∂µ = ∂φ since

the spacetime is static and spherical symmetric, respectively. If a spacetime has a time

translational Killing vector with a constant norm, i.e., if A(r) is constant, we name the

spacetime ultrastatic spacetime. In any ultrastatic spacetime, we can transform constant

A(r) into unity without loss of generality. Thus, ultrastatic spacetimes can satisfy the

condition (2.5).

We assume that there is at least one positive solution of D(r) = 0, where

D(r) ≡
C ′(r)

C(r)
−

A′(r)

A(r)
, (2.8)

where ′ denotes the differentiation with respect to the radial coordinate r. We call the largest

positive solution of D(r) = 0 the radius of a light sphere rm. We assume that A(r), B(r),

and C(r) are finite and positive for r ≥ rm. 3

The trajectory of a light is described by gµνkµkν = 0, where kµ ≡ ẋµ is the wave number of

the photon and ˙ denotes the differentiation with respect to an affine parameter parametrizing

the trajectory. The conserved energy E ≡ −gµνtµkν = A(r)ṫ and the conserved angular

momentum L ≡ gµνφµkν = C(r)φ̇ are constant along it. We assume that E and L do not

vanish. We define the impact parameter b as

b ≡
L

E
=

C(r)φ̇

A(r)ṫ
. (2.9)

Without loss of generality, we can assume θ = π/2 because of spherical symmetry. The

trajectory equation is expressed as

−A(r)ṫ2 +B(r)ṙ2 + C(r)φ̇2 = 0 (2.10)

2 In Ref. [16], the following asymptotically-flat condition is assumed:

lim
r→∞

A(r) = 1−
2M

r
, (2.2)

lim
r→∞

B(r) = 1 +
2M

r
, (2.3)

lim
r→∞

C(r) = r2, (2.4)

where M is the Arnowitt-Deser-Misner (ADM) mass.
3 In Ref. [16], A′(r) > 0 and C′(r) > 0 for r > rm are also assumed. We extend a formalism presented

by Bozza [16] to obtain a deflection angle in the strong deflection limit in ultrastatic spacetimes with

A′(r) = 0 everywhere.

4

For our purposes, we simplify the calculations by considering a spherically symmetric spacetime:

light curves also has been discussed in Refs. [54, 68, 70]. Finite-distance corrections to

the deflection angle in the strong deflection limit have been investigated in [71]. Relations

between the functions ā and b̄ and quasinormal modes [72, 73] and high-energy absorption

cross sections [74] have been considered.

Recently, Tsukamoto pointed out that a strong deflection limit analysis presented by

Bozza [16] does not work in ultrastatic spacetimes and obtained a deflection angle in the

strong deflection limit in an ultrastatic Ellis spacetime in trial-and-error methods [68]. Here

we name a spacetime with a time translational Killing vector which has a constant norm

ultrastatic spacetime.

The deflection angle in a strong deflection limit for Reissner-Nordström spacetime was

obtained numerically for the first time by Eiroa et al. [26]. Then Bozza also calculated it

numerically and claimed that b̄ cannot be calculated analytically in the deflection angle with

the strong deflection limit analysis provided in Ref. [16]. Very recently, Tsukamoto and Gong

obtained a deflection angle in the strong deflection limit analytically in Reissner-Nordström

spacetime [27].

In this paper, we reconsider the strong deflection limit analysis in a general asymptotically

flat, static, spherically symmetric spacetime and provide a new formalism working well in

ultrastatic spacetimes. We show also that we can obtain b̄ analytically in the deflection angle

in the Reissner-Nordström spacetime with the improved strong deflection limit analysis.

This paper is organized as follows. In Sec. II we obtain the formula of a deflection angle

in the strong deflection limit in a general asymptotically flat, static, spherically symmetric

spacetime. In Sec. III we apply the formula to the Schwarzschild spacetime, the Reissner-

Nordström spacetime, and the Ellis wormhole spacetime. In Sec. IV we summarize our

result. In this paper we use the units in which the light speed and Newton’s constant are

unity.

II. DEFLECTION ANGLE IN THE STRONG DEFLECTION LIMIT

In this section, we give an improved method to obtain the deflection angle of a light ray in
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Null geodesics and light deflection

Symmetries: Killing vectors. A particular metric is said to be invariant under a coordinate transformation as far as:

gµ⌫ ! g0µ⌫(x
0) = gµ⌫(x)

x0µ = xµ + ✏⇠µ , ✏ << 1

⇠µ;⌫ + ⇠⌫;µ = 0

By applying an infinitesimal transformation:

The equation for the Killing vectors (generators of the symmetries) is obtained from the condition on the invariance of the metric:

These symmetries on the metric tensor provide some conserved quantities (Noether’s theorem).
- Stationary spacetime: timelike Killing vector, invariance under time translations.
- Static spacetime: timelike Killing vector which is orthogonal to spacelike hypersurfaces.
- Homegeneous spacetime: spacelike Killing vector, invariance under spatial translations.
- Isotropic spacetime: spacelike Killing vector, invariance under spatial rotations.
- Maximally symmetric metric: for a n-dimensional spacetime, the maximum number of symmetries are:

1

2
n(n+ 1)

n=4���! 10



Null geodesics and light deflection
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the photon and ˙ denotes the differentiation with respect to an affine parameter parametrizing

the trajectory. The conserved energy E ≡ −gµνtµkν = A(r)ṫ and the conserved angular
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Trajectory equation (we assume 𝜃=𝜋/2):or

ṙ2 = V (r), (2.11)

where the effective potential V (r) for the motion of a photon is defined as

V (r) ≡
L2R(r)

B(r)C(r)
, (2.12)

where R(r) is given by

R(r) ≡
C(r)

A(r)b2
− 1. (2.13)

The motion of the photon is permitted in the region V (r) ≥ 0. Since we obtain limr→∞ V (r) =

E2 > 0 from the asymptotically-flat condition (2.5)-(2.7), the photon can exist at infinity

r → ∞. We assume that R(r) = 0 has at least one positive solution.

We consider that a photon approaches a gravitational object from infinity, is scattered

at a closest distance r = r0, and goes to infinity. In the scatter case, rm < r0 should be

satisfied. Please note that r = r0 is the largest positive solution of R(r) = 0 and that B(r)

and C(r) do not diverge for r ≥ r0. Thus, V (r) vanishes at r = r0. Since ṙ vanishes at the

closest distance r = r0, from the trajectory equation (2.10), we obtain

A0ṫ
2
0 = C0φ̇

2
0. (2.14)

Here and hereafter subscript 0 denotes the quantities at r = r0. Without loss of generality,

we can assume that the impact parameter b is positive as long as we consider only one

light ray. Since the impact parameter is constant along the trajectory, using Eq. (2.14), the

impact parameter (2.9) can be expressed as

b(r0) =
L

E
=

C0φ̇0

A0ṫ0
=

√

C0

A0
. (2.15)

Using Eq. (2.15), we can rewrite R(r) into

R(r) =
A0C

AC0
− 1. (2.16)

We show a necessary and sufficient condition for the existence of a circular light orbit by

following Hasse and Perlick [8]. We express the trajectory equation as

BCṙ2

E2
+ b2 =

C

A
. (2.17)
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BCṙ2

E2
+ b2 =

C

A
. (2.17)

5

or
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BCṙ2

E2
+ b2 =

C

A
. (2.17)

5

We assume that R(r) has at least one positive root, such that a photon coming from infinity approaches the object and is scattered 
at a minimum distance r=r0, where:

or
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And the impact parameter of such trajectory is given by:

Differentiating Eq. (2.17) with respect to the affine parameter and then dividing it by ṙ, we

obtain

r̈ +
1

2

(

B′

B
+

C ′

C

)

ṙ2 =
E2

AB
D(r). (2.18)

Since A(r), B(r) ,and C(r) are finite and positive for r ≥ rm and E is positive, a circular

light orbit exists if and only if

D(r) = 0. (2.19)

Please note that R′

m = DmCmAm/b2 = 0, where subscript m denotes the quantities at

r = rm.

We define the critical impact parameter bc as

bc(rm) ≡ lim
r0→rm

√

C0

A0
, (2.20)

and name a limit r0 → rm or b → bc strong deflection limit. The derivative of the effective

potential V (r) with respect to r is given by

V ′(r) =
L2

BC

[

R′ +

(

C ′

C
−

B′

B

)

R

]

, (2.21)

and, hence, we obtain

lim
r0→rm

V (r0) = lim
r0→rm

V ′(r0) = 0 (2.22)

in the strong deflection limit r0 → rm. This means that the light ray winds around the light

sphere in the strong deflection limit.

The trajectory equation of a light is rewritten as
(

dr

dφ

)2

=
R(r)C(r)

B(r)
, (2.23)

and the deflection angle α(r0) of the light is obtained as

α(r0) = I(r0)− π, (2.24)

where I(r0) is defined as

I(r0) ≡ 2

∫

∞

r0

dr
√

R(r)C(r)
B(r)

. (2.25)

Introducing a variable z defined as 4

z ≡ 1−
r0
r
, (2.27)

4 In Ref. [16], a counterpart z[16] of the variable z is defined as

z[16] ≡
A−A0

1−A0
. (2.26)

We discuss the details of z and z[16] in Secs. III and IV.

6

Circular trajectories:
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D(rc) = 0

where A(r), B(r), and C(r) satisfy an asymptotically-flat condition 2

lim
r→∞

A(r) = 1, (2.5)

lim
r→∞

B(r) = 1, (2.6)

lim
r→∞

C(r) = r2. (2.7)

There exist time translational and axial Killing vectors tµ∂µ = ∂t and φµ∂µ = ∂φ since

the spacetime is static and spherical symmetric, respectively. If a spacetime has a time

translational Killing vector with a constant norm, i.e., if A(r) is constant, we name the

spacetime ultrastatic spacetime. In any ultrastatic spacetime, we can transform constant

A(r) into unity without loss of generality. Thus, ultrastatic spacetimes can satisfy the

condition (2.5).

We assume that there is at least one positive solution of D(r) = 0, where

D(r) ≡
C ′(r)

C(r)
−

A′(r)

A(r)
, (2.8)

where ′ denotes the differentiation with respect to the radial coordinate r. We call the largest

positive solution of D(r) = 0 the radius of a light sphere rm. We assume that A(r), B(r),

and C(r) are finite and positive for r ≥ rm. 3

The trajectory of a light is described by gµνkµkν = 0, where kµ ≡ ẋµ is the wave number of

the photon and ˙ denotes the differentiation with respect to an affine parameter parametrizing

the trajectory. The conserved energy E ≡ −gµνtµkν = A(r)ṫ and the conserved angular

momentum L ≡ gµνφµkν = C(r)φ̇ are constant along it. We assume that E and L do not

vanish. We define the impact parameter b as

b ≡
L

E
=
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. (2.9)

Without loss of generality, we can assume θ = π/2 because of spherical symmetry. The

trajectory equation is expressed as
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where M is the Arnowitt-Deser-Misner (ADM) mass.
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The critical impact parameter for such an orbit is given by:
<latexit sha1_base64="BiXgHWDG1w7dLiXpzUkHrhNlu14="></latexit>

bc(rc) = lim
r0!rc

r
C0

A0

The potential and its derivative satisfy:
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V (rc) = 0 , V 0(rc) = 0

This critical curve will correspond in general to a maximum of the effective potential, leading to an unstable photon circular orbit, 
also known as photon sphere.

A photon with an impact parameter close to the critical one will turn around an arbitrary number of orbits before falling into the 
object or getting away to infinity.

We are interested on computing the light trajectories and their deflection, so by removing the affine parameter we get the following 
general equation for the trajectories:

Differentiating Eq. (2.17) with respect to the affine parameter and then dividing it by ṙ, we

obtain

r̈ +
1

2

(

B′

B
+

C ′

C

)

ṙ2 =
E2

AB
D(r). (2.18)

Since A(r), B(r) ,and C(r) are finite and positive for r ≥ rm and E is positive, a circular

light orbit exists if and only if

D(r) = 0. (2.19)

Please note that R′

m = DmCmAm/b2 = 0, where subscript m denotes the quantities at

r = rm.

We define the critical impact parameter bc as

bc(rm) ≡ lim
r0→rm

√

C0

A0
, (2.20)

and name a limit r0 → rm or b → bc strong deflection limit. The derivative of the effective

potential V (r) with respect to r is given by

V ′(r) =
L2

BC

[

R′ +

(

C ′

C
−

B′

B

)

R

]

, (2.21)

and, hence, we obtain

lim
r0→rm

V (r0) = lim
r0→rm

V ′(r0) = 0 (2.22)

in the strong deflection limit r0 → rm. This means that the light ray winds around the light

sphere in the strong deflection limit.

The trajectory equation of a light is rewritten as
(

dr

dφ

)2

=
R(r)C(r)

B(r)
, (2.23)

and the deflection angle α(r0) of the light is obtained as

α(r0) = I(r0)− π, (2.24)

where I(r0) is defined as

I(r0) ≡ 2

∫

∞

r0

dr
√

R(r)C(r)
B(r)

. (2.25)

Introducing a variable z defined as 4

z ≡ 1−
r0
r
, (2.27)

4 In Ref. [16], a counterpart z[16] of the variable z is defined as

z[16] ≡
A−A0

1−A0
. (2.26)

We discuss the details of z and z[16] in Secs. III and IV.
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The deflection angle for a particular trajectory is given by:
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↵(b) = I(b)� ⇡ , I(b) = 2

Z 1

r0(b)

drq
R(r)C(r)

B(r)



Ray-tracing

The procedure for the ray-tracing is very simple: takes a photon that reaches the observer’s detector (at infinity) and trace back its 
trajectory to find the point where the photon was originated.

Metric:

2

(Kerr) expectations. Nonetheless, given the many in-
gredients involved in the analysis of this problem - the
underlying background geometry, the assumptions on the
symmetries of the problem, the geometrical, optical, and
emission aspects of the modeling of the accretions disk,
etc -, it is useful to consider some simplifying assump-
tions in order to investigate prospective smoking guns of
new Physics. In this sense, the assumption of spherical
symmetry, though seemingly too restrictive given the fact
that real astrophysical black holes do rotate, turns out to
be a good approximation since the size and shape of the
shadow, as seen by an asymptotic observer, depends very
weekly on the spin of the black hole in combination with
the inclination with respect to the line of sight, with de-
viations from circularity lying within ⇠ 7% for ultra-fast
spinning black holes [38].

The main aim of this work is to study the optical
appearances and shadows of an uniparametric spheri-
cally symmetric family of extensions of the Schwarzschild
space-time recently introduced in [39] and dubbed as
black bounces, which have attracted quite some atten-
tion in the community [40–54]. Despite its simple math-
ematical structure, its interest lies in the following: i) it
smoothly interpolates between the Schwarzschild space-
time, a family of regular black hole solutions, and a fam-
ily of traversable wormhole solutions; ii) it has the same
critical parameter as in the Schwarzschild solution; iii)
it removes the presence of space-time singularities, iv) it
has not Cauchy horizons, thus avoiding their associated
instability issues [55]; v) they can be taken as parame-
terized deviations from the Schwarzschild solution in a
theory-agnostic way (for an example where solutions of
this type arise as solutions to modified gravity equations,
see [56–58]). Since black holes and traversable wormholes
are conceptually and operationally two di↵erent types of
objects, the black bounce geometry allows one to study
the light rings and shadows cast by each such object
and compare them to that of the Schwarzschild solu-
tion. To this end, in this paper we shall characterize the
impact parameter regions for each direct/lensed/photon
ring trajectories using the ray-tracing method, and more-
over consider three standard toy models of geometrically
and optically thin accretion disks with di↵erent emission
profiles in order to find the corresponding optical appear-
ances as compared to the Schwarzschild solution.

This paper is organized as follows: in Sec. II we de-
scribe the main aspects of the black bounce geometries
and discuss their geodesic motion equations and associ-
ated e↵ective potential. In Sec. III we use the ray-tracing
method in order to study the impact parameter region for
the three types of emission (direct/lensed/photon ring)
for the di↵erent regions of interest of the black bounce
parameter. In Sec. IV we use the three toy models
for the emission profile of the accretion disk in order to
study the observational appearance of some samples of
black bounces corresponding to the regular black hole
and traversable wormhole geometries. Finally in Sec. V
we summarize our main findings, discuss the limitations

of our approach as well as future prospects.

II. BLACK BOUNCES

A. Geometry and horizons

Let us start by considering a static, spherically sym-
metric solution of the form

ds2 = �A(x)dt2 +B(x)dx2 + r2(x)d⌦2 , (1)

where the radial coordinate x spans the entire real line,
x 2 (�1,+1), while d⌦2 = d✓2 + sin2 ✓d�2 is the line
element on the two spheres. The areal radius is measured
by S = 4⇡r2(x) and, in bouncing geometries such as
in wormhole ones, the radial function r(x) is bounded
by r � rth in a model-dependent way [59]. One can
note that the above line element can be further simplified
to just two free functions by introducing a new radial
coordinate dy2 = B(x)dx2, though for the purposes of
this paper we shall keep it this form.
By black bounce (BB) we refer to the uniparametric

family of solutions given by the line element (1) with [39]

A(x) = B�1(x) = 1� 2M

r(x)
; r2(x) = x2 + a2 , (2)

where a is the BB parameter, so in this geometry one has
the wormhole throat located at r2th = a2. The most no-
ticeable feature of such geometries is the bounce (hence
its name) in the radial function, in a simple implementa-
tion of a wormhole geometry extending the Schwarzschild
solution via the replacement x ! r(x), such that in the
limit a ! 0 one has r2(x) ⇡ x2. Whether the bounce is
hidden behind an event horizon or not can be found by
looking at the location of the horizons, gxx = A(x) = 0,
which in the present case amounts to

x±
h = ±

p
4M2 � a2 , (3)

where the ± signs refer to the location of the horizon
on both sides of the throat. From these equations it
can be easily seen that the bounce will be hidden by
an event horizon if a < 2M , so in this case one finds a
regular black hole (BH) geometry1, while if a > 2M the
bounce lies above the would-be horizon and the geometry
represents instead a traversable wormhole (WH) solution
with its throat located at xth = 0. Note that in terms
of the radial function, the BH solution has its horizon at
rh = 2M , while the WH has its throat at rth = a > 2M
instead, and no horizon is present. The case a = 2M
was argued in [39] to correspond to a non-traversable
WH and, for the sake of this paper, we shall use it as a
limiting case in the transition BH/WH.

1 Indeed, the bounce allows for the extension of geodesics beyond
x = 0 (r = 0). For an extended discussion on geodesic complete-
ness restoration mechanisms, see e.g. [60].

Depending on the function A(x) and on the parameter a, this metric may describe a (regular) black hole or a (traversable) 
wormhole.
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ds2 = �A(x)dt2 +A�1(x)dx2 + r2(x)d⌦2
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B. Geodesic equations

A photon travels on a null geodesic, gµ⌫kµk⌫ = 0, with
kµ = ẋµ its wave number. In spherical symmetry there
are two conserved quantities, namely, the energy per unit
mass, E = �gµ⌫tµk⌫ = Aṫ, and the angular momen-
tum per unit mass, L = gµ⌫�µk⌫ = r2�̇ (dots indicat-
ing derivatives with respect to the a�ne parameter). By
spherical symmetry one can assume the motion to take
place in the plane ✓ = ⇡/2 without loss of generality,
and furthermore by introducing the impact parameter,

b ⌘ L
E = r2�̇

Aṫ
, one can cast the geodesic equation for null

trajectories as (a re-parametrization of the a�ne param-
eter is introduced here to absorb a L2 factor)

ẋ2 =
1

b2
� V (x) , (4)

which is akin to the equation for a one-dimensional single
particle moving in an e↵ective potential of the form

V (x) =
A(x)

r2(x)
, (5)

which is depicted in Fig.1 for the BB solution in both
the BH and WH cases as compared to the Schwarzschild
solution. Let us assume a photon approaching from in-
finity with a given impact parameter b such that at some
value r0 the right-hand side of Eq.(4) vanishes. Such a
photon will thus approach to the closest distance r0 be-
fore running away back to infinity. The minimum impact
factor for which that relation can be satisfied is given by
the critical value

b2c =
r2(xps)

A(xps)
, (6)

which corresponds to the maximum of the e↵ective po-
tential (5), i.e., Veff (x = xps) = 1

b2c
, V 0

eff (x = xps) =

0, V 00
eff (x = xps) < 0. At this point rps it will turn an

arbitrarily large number of times around the compact ob-
ject. However, this orbit is unstable since under a small
perturbation the photon will eventually fall into the in-
ner region of the object (b < bc) or escape to asymptotic
infinity (b > b0, and therefore this critical curve (follow-
ing the notation of [22]) defines the unstable null circular
orbit.

In the present BB case, the above conditions define
the radius of this critical curve (for which we shall also
reserve the word “photon sphere”) as [52]

xps =
p
9M2 � a2 ! rps = 3M (7)

A remarkable property of the BB family of solutions is
that, when (7) is introduced in (6), it yields the crit-
ical impact parameter bc = 3

p
3M ⇡ 5.19615M and,

therefore, all BB solutions have the same critical impact
parameter as the Schwarzschild one. Note that the con-
dition (7) implies that such critical orbits will exist pro-

Figure 1. The e↵ective potential V (x) in (5) for the BB solu-
tions with M = b2 = 1 as a function of x for a = 0 (dashed
black, Schwarzschild solution), a = 3/2 (orange, BH case),
a = 2 (non-traversable WH, blue), a = 5/2 (traversable WH,
red) and a = 3 (gray, last photon orbit). Note that only when
a > 0 are both sides of this figure physically connected, since
in the a = 0 case, r2 ⇡ x2 and because r > 0 then the two
regions x 2 (�1, 0), x 2 (0,+1) are causally disconnected.

vided that a < 3M . Therefore the BB configurations rel-
evant for shadows (i.e, having a photon sphere) are natu-
rally split into two families: those with 0 < a < 2M cor-
respond to regular BHs while those with 2M < a < 3M
are traversable WHs, with the a = 2M and a = 3M
acting as limiting cases.
In order to study the optical appearance of a compact

object as illuminated by all the light rays passing close
by, the geodesic equation (4) must be suitably rewritten
in terms of the variation of the azimuthal angle � with
respect to the radial coordinate, which in the present BB
case reads

d�

dx
= ⌥ b

r2(x)
q
1� b2A(x)

r2(x)

, (8)

where the ⌥ signs refer to ingoing/outgoing trajectories,
respectively. The few equations introduced in this section
is all the setup we need in order to start with the ray
tracing of the BB solutions.

III. RAY TRACING

In the ray-tracing procedure, light rays arriving to the
screen of the observer at asymptotic infinity are traced
back to the point of the sky they originated from bear-
ing in mind its deflection by the gravitational field of the
compact object, which in the BB case is determined by
Eq.(8). The physical scenario is that of a compact ob-
ject being illuminated from behind by a planar source
which emits isotropically and with uniform brightness.
In order to understand the optical appearance of the BB
solution by the ray-tracing procedure, we first define the
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kµ = ẋµ its wave number. In spherical symmetry there
are two conserved quantities, namely, the energy per unit
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Critical impact parameter:

Introduction
Novel results
Perspectives

Ray-tracing and accretion disk
Shadows from black bounces
New light rings from multiple critical curves

Null geodesics and ray-tracing

I We consider static spherically symmetric geometries

ds2 =�A(x)dt2 +A�1(x)dx2 + r2(x)d⌦2

where we allow a non-trivial radial function r2(x) to accommodate a larger flexibility in
describing these space-times.

I Null (photon) trajectories, gµn dxµ

dl
dxn
dl = 0, satisfy in this background the equation

✓
dx
dl

◆2

=
1
b2 �Veff (x)

where b = L/E is the impact parameter of the (conserved) particle’s angular momentum
and energy and Veff (x) = A(x)/r2(x) is the effective potential.

I A photon travelling from asymptotic infinity with impact factor b will be deflected at a
certain distance x0, defined by the zeros of the right-hand side of this equation.

I The minimum impact factor value for which this can occur, b2
c =

r2(xps)
A(xps)

, defines the
critical curve (also known as the photon sphere), xps , which is identified with the
maximum of the potential:

Veff (x = xps) = 1/b2
c ,V

0
eff (x = xps) = 0,V 00

eff (x = xps)< 0
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This gives the impact parameter for the null unstable circular orbit:
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photon will thus approach to the closest distance r0 be-
fore running away back to infinity. The minimum impact
factor for which that relation can be satisfied is given by
the critical value

b2c =
r2(xps)

A(xps)
, (6)

which corresponds to the maximum of the e↵ective po-
tential (5), i.e., Veff (x = xps) = 1

b2c
, V 0

eff (x = xps) =

0, V 00
eff (x = xps) < 0. At this point rps it will turn an

arbitrarily large number of times around the compact ob-
ject. However, this orbit is unstable since under a small
perturbation the photon will eventually fall into the in-
ner region of the object (b < bc) or escape to asymptotic
infinity (b > b0, and therefore this critical curve (follow-
ing the notation of [22]) defines the unstable null circular
orbit.

In the present BB case, the above conditions define
the radius of this critical curve (for which we shall also
reserve the word “photon sphere”) as [52]

xps =
p
9M2 � a2 ! rps = 3M (7)

A remarkable property of the BB family of solutions is
that, when (7) is introduced in (6), it yields the crit-
ical impact parameter bc = 3

p
3M ⇡ 5.19615M and,

therefore, all BB solutions have the same critical impact
parameter as the Schwarzschild one. Note that the con-
dition (7) implies that such critical orbits will exist pro-

Figure 1. The e↵ective potential V (x) in (5) for the BB solu-
tions with M = b2 = 1 as a function of x for a = 0 (dashed
black, Schwarzschild solution), a = 3/2 (orange, BH case),
a = 2 (non-traversable WH, blue), a = 5/2 (traversable WH,
red) and a = 3 (gray, last photon orbit). Note that only when
a > 0 are both sides of this figure physically connected, since
in the a = 0 case, r2 ⇡ x2 and because r > 0 then the two
regions x 2 (�1, 0), x 2 (0,+1) are causally disconnected.

vided that a < 3M . Therefore the BB configurations rel-
evant for shadows (i.e, having a photon sphere) are natu-
rally split into two families: those with 0 < a < 2M cor-
respond to regular BHs while those with 2M < a < 3M
are traversable WHs, with the a = 2M and a = 3M
acting as limiting cases.
In order to study the optical appearance of a compact

object as illuminated by all the light rays passing close
by, the geodesic equation (4) must be suitably rewritten
in terms of the variation of the azimuthal angle � with
respect to the radial coordinate, which in the present BB
case reads

d�

dx
= ⌥ b

r2(x)
q
1� b2A(x)

r2(x)

, (8)

where the ⌥ signs refer to ingoing/outgoing trajectories,
respectively. The few equations introduced in this section
is all the setup we need in order to start with the ray
tracing of the BB solutions.

III. RAY TRACING

In the ray-tracing procedure, light rays arriving to the
screen of the observer at asymptotic infinity are traced
back to the point of the sky they originated from bear-
ing in mind its deflection by the gravitational field of the
compact object, which in the BB case is determined by
Eq.(8). The physical scenario is that of a compact ob-
ject being illuminated from behind by a planar source
which emits isotropically and with uniform brightness.
In order to understand the optical appearance of the BB
solution by the ray-tracing procedure, we first define the

Trajectory equation:

Ray-tracing

By assuming an accretion disk surrounding the central object, this equation gives the trace of all trajectories of the photons 
arriving to observer’s screen emitted from the disk. We define the number of half-orbits around the central object by:
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n =
�

2⇡

Which is used to define the different types of emission for an optically-thin accretion disk (transparent to their own radiation): 

• Direct emission: trajectories intersecting the equatorial plane just once, n≤3/4.
• Lensed emission:  trajectories intersecting the equatorial plane twice, 3/4<n≤5/4
• Photon ring emission: n>5/4.

The luminosity collected by the observer on the screen and the appearance of the demagnified rings will depend on the type of 
emission.



Optically thin accretion disks and intensity profiles

The emission for a finite-size accretion disk is described by the radiative Boltzmann equation:
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• Inner direct: b/M 2 (0.7201, 0.857139).

• Inner (blank) shadow: b/M < 0.7201.

where we are characterizing the direct/lensed/photon
ring trajectory on each case depending on whether they
originated in the valley between the inner and outer crit-
ical curves, or at the inner curve itself. In particular,
the trajectories at the bottom of the valley show a non-
monotonic behaviour in the sense that the corresponding
bunch of light rays intersect each other near their re-
spective boundaries, due to the minimum attained in the
number of half-orbits in the transition from the outer to
the inner critical curve (recall Fig. 4).

As it can be seen from this discussion and its asso-
ciated plot, the range for the outer lensed/photon ring
emissions is largely enhanced as compared to the black
hole case due to the complex interplay between the two
photon spheres. Nonetheless, and as it was expected,
the impact parameter region for the lensing/photon ring
emissions driven by the inner critical curve is extremely
narrow: due to this fact, for the sake of the emission from
accretion disks of Sec. IV we shall extend the inner region
to the photon ring trajectories above to include the full
region bis < b < b1c . The inner shadow is named here as
blank since light rays coming from the other side might
flow through the wormhole throat and reach eventually
the observer, colouring the central darkness region of the
black hole case (and also reaching significantly smaller
impact factor values), though the detailed analysis of
such a scenario goes beyond the scope of this work.

IV. SHADOWS FROM GEOMETRICALLY
THIN ACCRETION DISKS

Though in the previous section we have modelled the
shadow of the black hole/wormhole as the central depres-
sion of the image as seen by a far-away observer, and the
shapes of the light rings in terms of the number of half-
orbits, these are highly idealized observables, while realis-
tic astrophysical images are mainly fuelled by the physics
of the accretion disk around the compact object. Though
a precise modelling of this problem requires the use
of general relativistic magneto-hydrodynamic (GRMHD)
simulations, significant progress can also be made on the
theoretical front by using analytical models of static ac-
cretion disks with a localized emission on a given geodesic
starting from a finite-size region of the disk.

In order to model the emission from a finite-size
disk one starts (neglecting scattering) from the radiative
transfer (Boltzmann) equation, which is written as [71]

d

d�

✓
dI⌫
d⌫3

◆
=

✓
j⌫
⌫2

◆
� (⌫↵⌫)

✓
I⌫
⌫3

◆
, (7)

where I⌫ is the intensity for a given frequency ⌫, j⌫ is
the emissivity, ↵⌫ the absorptivity, and quantities inside
parenthesis are frame-independent. The resolution of the

above equation requires feeding it with precise knowledge
of the plasma fluid (e.g. number density, angular momen-
tum, emissivity and absorptivity) making up the disk, to
be implemented in GRMHD simulations. Nonetheless,
the results of such simulations [72] hint that analytical
models can be implemented by first neglecting absorp-
tion e↵ects, ↵⌫ = 0, and next by assuming a source
which emits monochromatically, j⌫ ⇠ ⌫2. Moreover, for
a geometrically (infinitesimally) thin accretion disk (lo-
cated in the vertical line of the ray-tracing plots), Eq.(7)
implies that I⌫/⌫3 is conserved along a photon’s trajec-
tory. Furthermore, we shall assume an isotropic emission,
i.e., Iem⌫ = I(x). For the purpose of simulating di↵erent
stages in the temporal evolution of such an accretion disk
we shall employ three canonical toy models whose inner
edge (assumed to represent the e↵ective source of emis-
sion of the disk) extends up to some relevant surface,
while smoothly falling o↵ asymptotically with di↵erent
tails. Specifically, such models are defined as follows:

• Model I: It starts its emission at the innermost sta-
ble circular orbit for time-like observers (ISCO),
modelled as

IemI (x) =
1

(x� (xisco � 1)2
(8)

if x > xisco and zero otherwise.

• Model II: It starts its emission at the outer critical
curve, modelled as

IemII (x) =
1

(x� (xps � 1))3
(9)

if x > xps and zero otherwise.

• Model III: Its emission goes all the way down to the
horizon (in the black hole case5) or to the throat
(in the wormhole case), modelled as

IemIII(x) =
⇡/2� arctan[x� 5]

⇡/2� arctan[x̃� 5]
(10)

(where x̃ = xh in the black hole case and x̃ = xth =
0 in the wormhole case) and zero otherwise.

The intensity received on the observer’s screen will be
the emitted one corrected by two factors: firstly, it will
be gravitationally redshifted in their winding o↵ the com-
pact object and, secondly, the additional intersections of
the lensed and photon ring trajectories with the accretion
disk will contribute to pick up additional luminosities ac-
cording to the emission profile of the disk. To take into
account the first e↵ect, one notes that if the frequency of
the photon in the rest frame of the gas in the disk is given

5
From the point of view of the GRMHD simulations relevant for

the EHT observations this is the most suitable scenario [72].

General Relativistic MagnetoHydroDynamic (GRMHD) simulations solve this equation by using a pool of assumptions upon all 
these coefficients, while simplified analytical models can also be employed upon reasonable assumptions: zero absorptivity and 
monochromatic emission. Moreover, we assume an infinitesimally thin disk, for which I/𝝊3 is conserved along a  photon’s 
trajectory and also an isotropic emission I(x) under three models whose intensity starts and peak at three relevant surfaces:

• Model I: Innermost stable circular orbit, decaying quadratically.
• Model II: Photon sphere, decaying quadratically.
• Model III: Event Horizon (if any), decaying with a more complex function. 

 

Every intersection with the accretion disk, light rays pick up additional brightness. However, for n>3 intersections, the 
corresponding light rings are so demagnified that their contribution to the total luminosity is negligible. Hence, the total intensity 
received by the observer is corrected by two effects: gravitational redshift and collected luminosities, such that we get:
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Figure 7. The first three transfer functions for the direct (blue), lensed (orange) and photon ring (green) emissions for the
Schwarzschild solution (left), black hole with a/M = 2/3 (middle), and traversable wormhole with a/M = 6/7 (right). bc
denotes the location of the corresponding photon sphere(s), with the black hole cases having the standard single one, while in
the traversable wormhole case a second one is present. The slope of each curve is interpreted as the demagnification factor of
the corresponding emission.

by ⌫e with associated intensity I⌫e , then, by Liouville’s
theorem, the photon frequency measured by the distant
observer will be ⌫o with intensity Iob⌫0

= (⌫e/⌫0)3Iem⌫e
. In

the spherically symmetric geometry considered in this
work this implies that Iob⌫0

= A3/2(x)I⌫e . Integrating over
the full spectra of frequencies, Iob =

R
d⌫eIob⌫e

, one finds
the result Iob = A2(x)I(x) [27]. In order to include the
second e↵ect, we just need to compute

Iob =
X

m

A2(x)I(x)
��
x=xm(b) , (11)

where the so-called transfer function xm(b) encodes the
location of the m-th intersection of the light ray with im-
pact parameter b with the disk. For the purpose of this
work, m = 1, 2, 3 denotes the direct, lensed and photon
ring emission, neglecting additional intersections with the
disk since they will presumably contribute much less to
the total luminosity. Indeed, one can verify it via the
slope of the transfer function, dx/db, since it is a mea-
sure of the degree of demagnification of the image [27].
As it can be seen in Fig. 7, where we depict the trans-
fer functions for the two samples of two-horizon black
hole (a = 2/3) and traversable wormhole having two
photon spheres (a = 6/7) solutions (as compared to the
Schwarzschild solution of GR) such a slope is steeper in
the photon ring emission than in the lensed one, and in
both of them much more than in the direct one. This
means that in the black hole cases the direct emission
will be the largest contribution to the total luminosity
by far, with the lensed and photon ring ones being highly
demagnified. However, in the traversable wormhole case
the presence of the second (inner) photon sphere not only
largely enhances the window of impact parameters for the
lensed and photon ring emissions, but also significantly
reduces the slope of both curves in the intermediate re-
gion between the two critical curves, as shown in Fig. 7.
This will supposedly have a larger impact in the total
share of the observed luminosity budget of these contri-

butions as compared to the direct one, as we shall see at
once. Let us again analyze the black hole and wormhole
cases separately.

A. The two-horizons black hole

To heat up, let us consider first the two-horizons black
hole case, where only the outer photon sphere is accessi-
ble above the event horizon.
We first consider Model I, and depict in Fig. 8 the

emitted (left) and observed (middle) intensity profiles
as well as the optical appearances (right) for the two-
horizons black hole configurations with a = 2/3 (bot-
tom) as compared to the one of the Schwarzschild solu-
tion (top). In this Model I, the fact that the emission
starts at the innermost stable circular orbit for time-like
observers allows the (gravitationally redshifted) observed
luminosity to clearly isolate the impact parameter regions
associated to the direct, lensed and photon ring emis-
sions. This is translated into a clean view of the three
kinds of light rings in the optical appearances image, with
the direct emission largely dominating the total luminos-
ity under a bright extended lump of radiation enclosing a
thinner and dimmer ring (the lensed emission) and end-
ing in an even thinner photon ring which is barely visible
at naked eye. The modifications introduced by the two-
horizons black hole as compared to the Schwarzschild so-
lution moderately increase the width and luminosity of
the lensed and photon ring emissions, thanks to the en-
hanced impact parameter region discussed in Sec. III.
In Model II, which is depicted in Fig. 9, the fact that

the inner edge of the accretion disk extends down to
the location of the critical curve itself, enables the di-
rect emission via the gravitational redshift correction to
pierce well inside the critical impact factor region and
become the dominant contribution there, while for larger
impact parameter values the combined lensed and pho-

S. E. Grill, D. E. Holz and R. Wald, Phys. Rev. D 100 024018 (2019).
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(Kerr) expectations. Nonetheless, given the many in-
gredients involved in the analysis of this problem - the
underlying background geometry, the assumptions on the
symmetries of the problem, the geometrical, optical, and
emission aspects of the modeling of the accretions disk,
etc -, it is useful to consider some simplifying assump-
tions in order to investigate prospective smoking guns of
new Physics. In this sense, the assumption of spherical
symmetry, though seemingly too restrictive given the fact
that real astrophysical black holes do rotate, turns out to
be a good approximation since the size and shape of the
shadow, as seen by an asymptotic observer, depends very
weekly on the spin of the black hole in combination with
the inclination with respect to the line of sight, with de-
viations from circularity lying within ⇠ 7% for ultra-fast
spinning black holes [38].

The main aim of this work is to study the optical
appearances and shadows of an uniparametric spheri-
cally symmetric family of extensions of the Schwarzschild
space-time recently introduced in [39] and dubbed as
black bounces, which have attracted quite some atten-
tion in the community [40–54]. Despite its simple math-
ematical structure, its interest lies in the following: i) it
smoothly interpolates between the Schwarzschild space-
time, a family of regular black hole solutions, and a fam-
ily of traversable wormhole solutions; ii) it has the same
critical parameter as in the Schwarzschild solution; iii)
it removes the presence of space-time singularities, iv) it
has not Cauchy horizons, thus avoiding their associated
instability issues [55]; v) they can be taken as parame-
terized deviations from the Schwarzschild solution in a
theory-agnostic way (for an example where solutions of
this type arise as solutions to modified gravity equations,
see [56–58]). Since black holes and traversable wormholes
are conceptually and operationally two di↵erent types of
objects, the black bounce geometry allows one to study
the light rings and shadows cast by each such object
and compare them to that of the Schwarzschild solu-
tion. To this end, in this paper we shall characterize the
impact parameter regions for each direct/lensed/photon
ring trajectories using the ray-tracing method, and more-
over consider three standard toy models of geometrically
and optically thin accretion disks with di↵erent emission
profiles in order to find the corresponding optical appear-
ances as compared to the Schwarzschild solution.

This paper is organized as follows: in Sec. II we de-
scribe the main aspects of the black bounce geometries
and discuss their geodesic motion equations and associ-
ated e↵ective potential. In Sec. III we use the ray-tracing
method in order to study the impact parameter region for
the three types of emission (direct/lensed/photon ring)
for the di↵erent regions of interest of the black bounce
parameter. In Sec. IV we use the three toy models
for the emission profile of the accretion disk in order to
study the observational appearance of some samples of
black bounces corresponding to the regular black hole
and traversable wormhole geometries. Finally in Sec. V
we summarize our main findings, discuss the limitations

of our approach as well as future prospects.

II. BLACK BOUNCES

A. Geometry and horizons

Let us start by considering a static, spherically sym-
metric solution of the form

ds2 = �A(x)dt2 +B(x)dx2 + r2(x)d⌦2 , (1)

where the radial coordinate x spans the entire real line,
x 2 (�1,+1), while d⌦2 = d✓2 + sin2 ✓d�2 is the line
element on the two spheres. The areal radius is measured
by S = 4⇡r2(x) and, in bouncing geometries such as
in wormhole ones, the radial function r(x) is bounded
by r � rth in a model-dependent way [59]. One can
note that the above line element can be further simplified
to just two free functions by introducing a new radial
coordinate dy2 = B(x)dx2, though for the purposes of
this paper we shall keep it this form.
By black bounce (BB) we refer to the uniparametric

family of solutions given by the line element (1) with [39]

A(x) = B�1(x) = 1� 2M

r(x)
; r2(x) = x2 + a2 , (2)

where a is the BB parameter, so in this geometry one has
the wormhole throat located at r2th = a2. The most no-
ticeable feature of such geometries is the bounce (hence
its name) in the radial function, in a simple implementa-
tion of a wormhole geometry extending the Schwarzschild
solution via the replacement x ! r(x), such that in the
limit a ! 0 one has r2(x) ⇡ x2. Whether the bounce is
hidden behind an event horizon or not can be found by
looking at the location of the horizons, gxx = A(x) = 0,
which in the present case amounts to

x±
h = ±

p
4M2 � a2 , (3)

where the ± signs refer to the location of the horizon
on both sides of the throat. From these equations it
can be easily seen that the bounce will be hidden by
an event horizon if a < 2M , so in this case one finds a
regular black hole (BH) geometry1, while if a > 2M the
bounce lies above the would-be horizon and the geometry
represents instead a traversable wormhole (WH) solution
with its throat located at xth = 0. Note that in terms
of the radial function, the BH solution has its horizon at
rh = 2M , while the WH has its throat at rth = a > 2M
instead, and no horizon is present. The case a = 2M
was argued in [39] to correspond to a non-traversable
WH and, for the sake of this paper, we shall use it as a
limiting case in the transition BH/WH.

1 Indeed, the bounce allows for the extension of geodesics beyond
x = 0 (r = 0). For an extended discussion on geodesic complete-
ness restoration mechanisms, see e.g. [60].
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(Kerr) expectations. Nonetheless, given the many in-
gredients involved in the analysis of this problem - the
underlying background geometry, the assumptions on the
symmetries of the problem, the geometrical, optical, and
emission aspects of the modeling of the accretions disk,
etc -, it is useful to consider some simplifying assump-
tions in order to investigate prospective smoking guns of
new Physics. In this sense, the assumption of spherical
symmetry, though seemingly too restrictive given the fact
that real astrophysical black holes do rotate, turns out to
be a good approximation since the size and shape of the
shadow, as seen by an asymptotic observer, depends very
weekly on the spin of the black hole in combination with
the inclination with respect to the line of sight, with de-
viations from circularity lying within ⇠ 7% for ultra-fast
spinning black holes [38].

The main aim of this work is to study the optical
appearances and shadows of an uniparametric spheri-
cally symmetric family of extensions of the Schwarzschild
space-time recently introduced in [39] and dubbed as
black bounces, which have attracted quite some atten-
tion in the community [40–54]. Despite its simple math-
ematical structure, its interest lies in the following: i) it
smoothly interpolates between the Schwarzschild space-
time, a family of regular black hole solutions, and a fam-
ily of traversable wormhole solutions; ii) it has the same
critical parameter as in the Schwarzschild solution; iii)
it removes the presence of space-time singularities, iv) it
has not Cauchy horizons, thus avoiding their associated
instability issues [55]; v) they can be taken as parame-
terized deviations from the Schwarzschild solution in a
theory-agnostic way (for an example where solutions of
this type arise as solutions to modified gravity equations,
see [56–58]). Since black holes and traversable wormholes
are conceptually and operationally two di↵erent types of
objects, the black bounce geometry allows one to study
the light rings and shadows cast by each such object
and compare them to that of the Schwarzschild solu-
tion. To this end, in this paper we shall characterize the
impact parameter regions for each direct/lensed/photon
ring trajectories using the ray-tracing method, and more-
over consider three standard toy models of geometrically
and optically thin accretion disks with di↵erent emission
profiles in order to find the corresponding optical appear-
ances as compared to the Schwarzschild solution.

This paper is organized as follows: in Sec. II we de-
scribe the main aspects of the black bounce geometries
and discuss their geodesic motion equations and associ-
ated e↵ective potential. In Sec. III we use the ray-tracing
method in order to study the impact parameter region for
the three types of emission (direct/lensed/photon ring)
for the di↵erent regions of interest of the black bounce
parameter. In Sec. IV we use the three toy models
for the emission profile of the accretion disk in order to
study the observational appearance of some samples of
black bounces corresponding to the regular black hole
and traversable wormhole geometries. Finally in Sec. V
we summarize our main findings, discuss the limitations

of our approach as well as future prospects.

II. BLACK BOUNCES

A. Geometry and horizons

Let us start by considering a static, spherically sym-
metric solution of the form

ds2 = �A(x)dt2 +B(x)dx2 + r2(x)d⌦2 , (1)

where the radial coordinate x spans the entire real line,
x 2 (�1,+1), while d⌦2 = d✓2 + sin2 ✓d�2 is the line
element on the two spheres. The areal radius is measured
by S = 4⇡r2(x) and, in bouncing geometries such as
in wormhole ones, the radial function r(x) is bounded
by r � rth in a model-dependent way [59]. One can
note that the above line element can be further simplified
to just two free functions by introducing a new radial
coordinate dy2 = B(x)dx2, though for the purposes of
this paper we shall keep it this form.
By black bounce (BB) we refer to the uniparametric

family of solutions given by the line element (1) with [39]

A(x) = B�1(x) = 1� 2M

r(x)
; r2(x) = x2 + a2 , (2)

where a is the BB parameter, so in this geometry one has
the wormhole throat located at r2th = a2. The most no-
ticeable feature of such geometries is the bounce (hence
its name) in the radial function, in a simple implementa-
tion of a wormhole geometry extending the Schwarzschild
solution via the replacement x ! r(x), such that in the
limit a ! 0 one has r2(x) ⇡ x2. Whether the bounce is
hidden behind an event horizon or not can be found by
looking at the location of the horizons, gxx = A(x) = 0,
which in the present case amounts to

x±
h = ±

p
4M2 � a2 , (3)

where the ± signs refer to the location of the horizon
on both sides of the throat. From these equations it
can be easily seen that the bounce will be hidden by
an event horizon if a < 2M , so in this case one finds a
regular black hole (BH) geometry1, while if a > 2M the
bounce lies above the would-be horizon and the geometry
represents instead a traversable wormhole (WH) solution
with its throat located at xth = 0. Note that in terms
of the radial function, the BH solution has its horizon at
rh = 2M , while the WH has its throat at rth = a > 2M
instead, and no horizon is present. The case a = 2M
was argued in [39] to correspond to a non-traversable
WH and, for the sake of this paper, we shall use it as a
limiting case in the transition BH/WH.

1 Indeed, the bounce allows for the extension of geodesics beyond
x = 0 (r = 0). For an extended discussion on geodesic complete-
ness restoration mechanisms, see e.g. [60].
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B. Geodesic equations

A photon travels on a null geodesic, gµ⌫kµk⌫ = 0, with
kµ = ẋµ its wave number. In spherical symmetry there
are two conserved quantities, namely, the energy per unit
mass, E = �gµ⌫tµk⌫ = Aṫ, and the angular momen-
tum per unit mass, L = gµ⌫�µk⌫ = r2�̇ (dots indicat-
ing derivatives with respect to the a�ne parameter). By
spherical symmetry one can assume the motion to take
place in the plane ✓ = ⇡/2 without loss of generality,
and furthermore by introducing the impact parameter,

b ⌘ L
E = r2�̇

Aṫ
, one can cast the geodesic equation for null

trajectories as (a re-parametrization of the a�ne param-
eter is introduced here to absorb a L2 factor)

ẋ2 =
1

b2
� V (x) , (4)

which is akin to the equation for a one-dimensional single
particle moving in an e↵ective potential of the form

V (x) =
A(x)

r2(x)
, (5)

which is depicted in Fig.1 for the BB solution in both
the BH and WH cases as compared to the Schwarzschild
solution. Let us assume a photon approaching from in-
finity with a given impact parameter b such that at some
value r0 the right-hand side of Eq.(4) vanishes. Such a
photon will thus approach to the closest distance r0 be-
fore running away back to infinity. The minimum impact
factor for which that relation can be satisfied is given by
the critical value

b2c =
r2(xps)

A(xps)
, (6)

which corresponds to the maximum of the e↵ective po-
tential (5), i.e., Veff (x = xps) = 1

b2c
, V 0

eff (x = xps) =

0, V 00
eff (x = xps) < 0. At this point rps it will turn an

arbitrarily large number of times around the compact ob-
ject. However, this orbit is unstable since under a small
perturbation the photon will eventually fall into the in-
ner region of the object (b < bc) or escape to asymptotic
infinity (b > b0, and therefore this critical curve (follow-
ing the notation of [22]) defines the unstable null circular
orbit.

In the present BB case, the above conditions define
the radius of this critical curve (for which we shall also
reserve the word “photon sphere”) as [52]

xps =
p
9M2 � a2 ! rps = 3M (7)

A remarkable property of the BB family of solutions is
that, when (7) is introduced in (6), it yields the crit-
ical impact parameter bc = 3

p
3M ⇡ 5.19615M and,

therefore, all BB solutions have the same critical impact
parameter as the Schwarzschild one. Note that the con-
dition (7) implies that such critical orbits will exist pro-

Figure 1. The e↵ective potential V (x) in (5) for the BB solu-
tions with M = b2 = 1 as a function of x for a = 0 (dashed
black, Schwarzschild solution), a = 3/2 (orange, BH case),
a = 2 (non-traversable WH, blue), a = 5/2 (traversable WH,
red) and a = 3 (gray, last photon orbit). Note that only when
a > 0 are both sides of this figure physically connected, since
in the a = 0 case, r2 ⇡ x2 and because r > 0 then the two
regions x 2 (�1, 0), x 2 (0,+1) are causally disconnected.

vided that a < 3M . Therefore the BB configurations rel-
evant for shadows (i.e, having a photon sphere) are natu-
rally split into two families: those with 0 < a < 2M cor-
respond to regular BHs while those with 2M < a < 3M
are traversable WHs, with the a = 2M and a = 3M
acting as limiting cases.
In order to study the optical appearance of a compact

object as illuminated by all the light rays passing close
by, the geodesic equation (4) must be suitably rewritten
in terms of the variation of the azimuthal angle � with
respect to the radial coordinate, which in the present BB
case reads

d�

dx
= ⌥ b

r2(x)
q
1� b2A(x)

r2(x)

, (8)

where the ⌥ signs refer to ingoing/outgoing trajectories,
respectively. The few equations introduced in this section
is all the setup we need in order to start with the ray
tracing of the BB solutions.

III. RAY TRACING

In the ray-tracing procedure, light rays arriving to the
screen of the observer at asymptotic infinity are traced
back to the point of the sky they originated from bear-
ing in mind its deflection by the gravitational field of the
compact object, which in the BB case is determined by
Eq.(8). The physical scenario is that of a compact ob-
ject being illuminated from behind by a planar source
which emits isotropically and with uniform brightness.
In order to understand the optical appearance of the BB
solution by the ray-tracing procedure, we first define the
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B. Geodesic equations
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b ⌘ L
E = r2�̇

Aṫ
, one can cast the geodesic equation for null
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1

b2
� V (x) , (4)
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V (x) =
A(x)

r2(x)
, (5)

which is depicted in Fig.1 for the BB solution in both
the BH and WH cases as compared to the Schwarzschild
solution. Let us assume a photon approaching from in-
finity with a given impact parameter b such that at some
value r0 the right-hand side of Eq.(4) vanishes. Such a
photon will thus approach to the closest distance r0 be-
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factor for which that relation can be satisfied is given by
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which corresponds to the maximum of the e↵ective po-
tential (5), i.e., Veff (x = xps) = 1
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arbitrarily large number of times around the compact ob-
ject. However, this orbit is unstable since under a small
perturbation the photon will eventually fall into the in-
ner region of the object (b < bc) or escape to asymptotic
infinity (b > b0, and therefore this critical curve (follow-
ing the notation of [22]) defines the unstable null circular
orbit.

In the present BB case, the above conditions define
the radius of this critical curve (for which we shall also
reserve the word “photon sphere”) as [52]

xps =
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9M2 � a2 ! rps = 3M (7)

A remarkable property of the BB family of solutions is
that, when (7) is introduced in (6), it yields the crit-
ical impact parameter bc = 3
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3M ⇡ 5.19615M and,

therefore, all BB solutions have the same critical impact
parameter as the Schwarzschild one. Note that the con-
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Figure 1. The e↵ective potential V (x) in (5) for the BB solu-
tions with M = b2 = 1 as a function of x for a = 0 (dashed
black, Schwarzschild solution), a = 3/2 (orange, BH case),
a = 2 (non-traversable WH, blue), a = 5/2 (traversable WH,
red) and a = 3 (gray, last photon orbit). Note that only when
a > 0 are both sides of this figure physically connected, since
in the a = 0 case, r2 ⇡ x2 and because r > 0 then the two
regions x 2 (�1, 0), x 2 (0,+1) are causally disconnected.

vided that a < 3M . Therefore the BB configurations rel-
evant for shadows (i.e, having a photon sphere) are natu-
rally split into two families: those with 0 < a < 2M cor-
respond to regular BHs while those with 2M < a < 3M
are traversable WHs, with the a = 2M and a = 3M
acting as limiting cases.
In order to study the optical appearance of a compact

object as illuminated by all the light rays passing close
by, the geodesic equation (4) must be suitably rewritten
in terms of the variation of the azimuthal angle � with
respect to the radial coordinate, which in the present BB
case reads
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= ⌥ b

r2(x)
q
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, (8)

where the ⌥ signs refer to ingoing/outgoing trajectories,
respectively. The few equations introduced in this section
is all the setup we need in order to start with the ray
tracing of the BB solutions.

III. RAY TRACING

In the ray-tracing procedure, light rays arriving to the
screen of the observer at asymptotic infinity are traced
back to the point of the sky they originated from bear-
ing in mind its deflection by the gravitational field of the
compact object, which in the BB case is determined by
Eq.(8). The physical scenario is that of a compact ob-
ject being illuminated from behind by a planar source
which emits isotropically and with uniform brightness.
In order to understand the optical appearance of the BB
solution by the ray-tracing procedure, we first define the
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Figure 2. The number of orbits, n ⌘ �
2⇡ , made by a light ray

on its trip from its emission source to the observer around the
BB solution for a BH with a = 3/2 (blue) and a traversable
WH with a = 5/2 (red), as compared to the Schwarzschild
solution, a = 0 (dashed black). n diverges at b = bc = 3

p
3 (in

units of M = 1), where it would perform an infinite number
of orbits around the BB object.

total number of orbits made by a single light ray on its
path from its source to the observer as the (normalized)
change in the azimuthal angle, that is, n(b) ⌘ �

2⇡ . This
number of orbits will obviously depend on how close the
impact parameter is to the critical one and, in addition,
on the geometry of the di↵erent BB cases. Note that
within this setup, light rays in straight motion (i.e. not
being deflected at all by the BB solution) have n = 1/2.
In Fig.2 we depict the number of orbits for two sam-
ples of the BB solutions, representative of the BH and
traversable WH families. As expected, the most salient
feature of this plot is the narrow spike in both cases at
the critical impact parameter bc = 3

p
3M , representing

the location of the critical curve where a light ray would
have orbited the BB solution an arbitrarily large number
of times. For other values of the impact parameter one
can see that the larger the BB parameter a is the more
orbits for the corresponding BH/WH solutions are found,
an e↵ect which is significantly enhanced in the inner re-
gion, b < bc, as we move towards the WH solutions.

The next step in our analysis is to integrate the
geodesic equation (8) for a bunch of light rays span-
ning the whole region of impact parameter values. For
impact parameters b � bc light rays will be deflected
at some minimum radius above the photon sphere one
r = r0 > rps, and the corresponding trajectories can
be therefore classified according to the number of orbits
around the BB solution as follows:

• Direct emission, for n < 3/4, corresponding to tra-
jectories that intersect the equatorial plane (on its
front side) just once.

• Lensed emission, for 3/4 < n < 5/4, corresponding
to trajectories that intersect the equatorial plane
twice (on its front and back sides, respectively).

• Photon ring emission, for n > 5/4, corresponding
to trajectories that intersect the equatorial plane
at least three times.

It should be noted that for n > 5/4 one actually finds an
infinite sequence of concentric light rings converging to
the critical curve b = bc, which are exponentially closer
to each other and thinner as more number of orbits are
performed. Therefore, from now on we shall denote by
photon ring just the first of such orbits (whose range of
impact parameters depends on the BB parameter, see
Table I), and disregard all the others since their contri-
bution to the total luminosity will be negligible [22].
For impact parameters b < bc the ray tracing yields

trajectories that would have emerged from the central
region of the object inside the photon sphere (note that
having at least one intersection with the disk requires
that n > 1/4). In the BH case, a < 2, the backtrack of
such trajectories intersects with the event horizon, while
in the WH case, a � 2, such trajectories continue their
path all the way down to the wormhole throat x = 0 given
the absence of event horizon. For the sake of this paper
we find it convenient to also split such b < bc trajectories
emerging out of the internal region of the solutions into
three cases depending on the number of orbits:

• Retro-direct emission, for n < 3/4.

• Retro-lensed emission, for 3/4 < n < 5/4.

• Retro-photon ring emission, for n > 5/4.

These retro-orbits could therefore contribute to the lu-
minosity in the observer’s screen for impact parameters
below the critical one, b < bc, as we shall see in Sec. IV.
In Table I we have displayed several impact parame-

ters covering the ranges between the critical cases a = 0
(Schwarzschild), a = 2 (transition BH/WH) and a = 3
(disappearance of the photon sphere), including two rep-
resentative cases of the BH/WH solutions, a = 3/2,
a = 5/2, respectively, to be later used in the illustra-
tion of the ray-tracing images as well as for the optical
appearance of the BB solutions when illuminated by ac-
cretion disks. There are several aspects to be underlined
in the modifications of the light rays’ impact parameters
as compared to the Schwarzschild solution. First, for
b > bc one can note a broadening in the range of impact
parameters contributing to the direct/lensed/photon ring
emissions as we increase the BB parameter a. This there-
fore leads to wider lensing/photon rings, and supposedly
would contribute to enhance the corresponding luminos-
ity in these regions. Second, in the BH case the impact
parameter region of the retro-orbits (b < bc) narrows
for the retro-direct emission, but broadens for both the
retro-lensed and retro-photon ring until the WH branch
is reached (a = 2), where the tendency is reversed until
the limit a = 3 is attained.
Focusing for instance on the photon ring ones, one sees

a sharp increase in the width of the impact parameter re-
gion when moving from the BH to the WH configurations

• a=0 Schwarzschild black hole
• a<2M: regular Black hole
• a>2M: a traversable wormhole.

Trajectory equation:

M. Guerrero, G. Olmo, D. Rubiera-García, DS-CG,  JCAP 08 036 (2021), [arXiv:2105.15073 [gr-qc]].
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Orbit/BB parameter a = 0 a = 3/2 a = 2 a = 5/2 a = 3
Direct b > 6.17 b > 6.32 b > 6.46 b > 6.64 b > 6.88
Lensed 5.22 < b < 6.17 5.25 < b < 6.32 5.27 < b < 6.46 5.33 < b < 6.64 5.44 < b < 6.88

Photon ring bc < b < 5.22 bc < b < 5.25 bc < b < 5.27 bc < b < 5.33 bc < b < 5.44
Retro-photon ring 5.19 < b < bc 5.17 < b < bc 5.04 < b < bc 5.07 < b < bc 5.13 < b < bc

Retro-lensed 5.02 < b < 5.18 4.89 < b < 5.17 4.42 < b < 5.04 4.59 < b < 5.07 4.83 < b < 5.13
Retro-direct b < 5.02 b < 4.89 b < 4.42 b < 4.59 b < 4.83

Table I. Range of impact parameters (in units of M , and taking only two decimals in order not to overload the text) for di↵erent
BB cases yielding orbits being deflected above the BB solution photon sphere radius (direct/lensed/photon ring) or emerging
from within it (retro-photon ring/retro-lensed/retro-direct). In the BH case (a < 2) those-retro-orbits will intersect the event
horizon at xh =

p
4� a2, while in the WH case (a � 2) they will travel all the way down to the wormhole throat x = 0

(rth = a > 2). In this plot bc = 3
p
3 ⇡ 5.19615 is the critical impact parameter for all the BB solutions.
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Figure 3. Ray-tracing for BB solutions with a = 0 (Schwarzschild case, left figure), a = 3/2 (BB BH case, middle figure)
and a = 5/2 (BB traversable WH case, right figure), written all of them in terms of the radial function r. The region inside
the event horizon is represented by a black circle, while the photon sphere radius is represented by the dashed thick black
circumference. The observer is located on the far right of the screen, and the di↵erent regions of the image are associated to
the number of crossings with the equatorial plane outside the critical curve: direct emission (green), lensed emission (orange),
photon ring emission (red). In addition the retro-trajectories (trajectories emerging out of the photon sphere) are also depicted:
retro-photon ring (blue), retro-lensed (purple) and retro-direct (black). The dashed yellow circumference denotes the radius of
the (spherical) mouth in the WH case. The vertical black solid line represents the location of the accretion disk in all cases.

(a = 2), as allowed by the uncloaking of the wormhole
mouth at a radius rth = a > 2M . As the BB parameter
a is further increased the contribution of the retro-direct
emission increases, while those of the retro-lensed and
retro-photon ring decreases, but the total impact param-
eter region (i.e. joint emission from both kinds of contri-
butions) is slightly increased for all the trajectories.

To illustrate this general discussion, let us take two
representative samples of the BH/WH configurations,
namely, a = 3/2 and a = 5/2, and integrate the geodesic
equation (8) for a bunch of light rays spanning the rel-
evant region of impact parameters for these three plus
three kinds of orbits. The corresponding results are
depicted in Fig.3 for values of the impact parameter
b 2 (0, 10), alongside its comparison with the known re-
sults of the Schwarzschild case (a = 0), and we point out
that the observer’s screen is located at the far right side of
this plot in all these cases. In these figures one can clearly
see the direct (green), lensed (orange) and photon ring
(red) trajectories outside the photon sphere (r = 3M ,

dashed black), and the impact parameter’s range they
correspond to. In the BH case with a = 3/2 (middle
figure) the enhance in the impact parameter’s range as
compared to the Schwarzschild solution regarding these
trajectories is barely visible, though it is there, being
much more noticeable in the WH case (right figure). In
addition, we have plotted the retro-photon ring (blue),
retro-lensed (yellow), and retro-direct (black), originated
from inside the photon sphere, b < bc. In the BH case,
a = 3/2, these contributions would intersect the event
horizon at r = 2M (black circle), while in the WH case,
a = 5/2, such trajectories corresponds to those originated
from the throat (purple dashed circumference). All these
retro-trajectories reach the observer’s screen after circling
the BB solution and exiting the photon sphere.

Schw. BH Regular BH Wormhole
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Figure 5. The observational appearance of the BB solutions within accretion disk Model I (9) with a = 0 (Schwarzschild, top),
a = 3/2 (BH case, middle) and a = 5/2 (WH case, bottom), viewed from a face-on orientation. From left to right one finds the
emitted profile, the observed one, and the optical appearance (in celestial coordinates) for a given BB solution. In the emission
profiles we have made use of the radial coordinate x, related to the radial function as r2 = x2 + a2 [recall Eq.(2)], which for
the Schwarzschild case reads simply as r2 ⇡ x2. The observed profiles and the optical appearance are plotted as functions
of the impact parameter. In these plots xisco =

p
36M2 � a2 is the radius of the innermost stable circular orbit for time-like

observers, at which the emission of this Model I starts.

We can now proceed to study the optical appearance of
the di↵erent families of BB solutions for the three models
of emission above. To this end we depict in Figs. 5, 6 and
7 the emitted intensity (left), the observed intensity (mid-
dle), and the optical appearance (right) for each model
of emission in the Schwarzschild case (a = 0) and in the
two samples of BB BH (a = 3/2) and WH (a = 5/2)
solutions. As expected, the emission mode largely deter-
mines the qualitative shape of the optical appearance of
the BB object.

In Model I, due to gravitational lensing in the observed

intensity we clearly see the two isolated spikes repre-
senting the photon ring and lensing emissions, together
with the more gradual decrease of the direct emission
at larger impact parameter, neatly separated from each
other. Therefore, the main contribution to the total lumi-
nosity in the optical appearance is provided by the direct
emission yielding a wide ring, while inner to it we find
the lensing ring and in the innermost region the barely
visible to naked eye is the photon ring. In Model II, the
direct, lensed, and photon ring emissions are overlapped
in the observed intensity in a wider range of impact pa-

Model I of emission Schw. BH

Regular BH

Wormhole
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Figure 6. The observational appearance of the BB solutions within accretion disk Model I (9) with a = 0 (Schwarzschild, top),
a = 3/2 (BH case, middle) and a = 5/2 (WH case, bottom), viewed from a face-on orientation, and with a similar notation as
in Fig. 5. In these plots xph =

p
9M2 � a2 is the photon sphere radius, at which the emission of this Model II starts.

rameters. There are two peaks, one corresponding to the
beginning of the direct emission which falls o↵ until a
superposition of the lensing and photon ring at almost
coincident impact factor produces the large spike in this
figure. However, the photon ring emission sharply falls
o↵, quickly followed by the lensing one, until the direct
emission dominates again. The net result is that in the
optical appearance the lensing and photon rings are su-
perimposed with the direct emission. The lensing ring
contribution can be appreciated in this figure, though
the one of the photon ring is highly diluted and barely
visible. In Model III the direct observed region in impact
parameter extends all the way down to the event horizon,
increasing from there and getting again contributions at
larger impact factors from the spike in the light ring first

and in the lensing ring shortly after, before smoothly
falling o↵ to zero. The optical appearance in this case
shows a narrow but somewhat brighter extended ring,
made up of the contributions of the direct, lensed and
photon ring emission, though as usual the latter can be
safely ignored. This description of the optical appear-
ances in these three models is completely consistent with
the features obtained in similar images from the original
description of the Schwarzschild black hole introduced in
[22].

Moving forward to discussing the modifications of the
BB solutions as compared to the Schwarzschild one (a =
0), we first verify in Table II that the contributions of
both ILensed and IPhoton to the total luminosity as com-
pared to the direct emission IDirect (including trajecto-

Optical appearance: shadows
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Figure 7. The observational appearance of the BB solutions within accretion disk Model III with a = 0 (Schwarzschild, top),
a = 3/2 (BH case, middle) and a = 5/2 (WH case, bottom), viewed from a face-on orientation, and with a similar notation as
in Fig. 5. In these plots xh =

p
4M2 � a2 is the horizon radius, since in Model III the emission goes all the way down to it.

In the WH case (bottom panel) we have slightly displaced the beginning of this emission from x = 0 (its throat) for numerical
convergence reasons.

.

ries both above and below the critical impact parameter),
though obviously emission-model-dependent, are signifi-
cantly increased as a grows. Indeed, when moving from
a = 0 (Schwarzschild) to a = 3/2 (BB BH), the ILensed

contribution slightly rises for all the three models of the
accretion disk, while those enhances are much more no-
ticeable in the contributions from IPhoton, though still
pretty much negligible as compared to IDirect. These in-
creases are much more severe when moving to a = 5/2
(WH branch), where the contribution of ILensed can be
twofold the original one (in Model II). Moreover, the con-
tribution of the IPhoton can be up to a factor ⇠ 5 in Mod-
els II and III. This is due to the broadening of the impact

factor region for both the lensed and photon trajectories
in the WH case, as discussed in the ray-tracing of Sec.
III, and that can be also seen in wider regions for the
peaks of the observed intensities in the middle panels of
Figs. 5, 6 and 7.
Regarding the optical appearances (right panels), there

are some tiny changes (for the BH case) but moderate
ones (for the WH case) in the widths and intensities of the
di↵erent light rings for all the emission models, which are
barely visible in these plots for the BH case as compared
to the Schwarzschild solution, but much more noticeable
in the WH one, as expected. This is particularly true for
Model III, where the extended impact parameter region

Schw. BH

Regular BH

Wormhole

Model III of emission

Black holes’ mimickers: shadows 
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(Kerr) expectations. Nonetheless, given the many in-
gredients involved in the analysis of this problem - the
underlying background geometry, the assumptions on the
symmetries of the problem, the geometrical, optical, and
emission aspects of the modeling of the accretions disk,
etc -, it is useful to consider some simplifying assump-
tions in order to investigate prospective smoking guns of
new Physics. In this sense, the assumption of spherical
symmetry, though seemingly too restrictive given the fact
that real astrophysical black holes do rotate, turns out to
be a good approximation since the size and shape of the
shadow, as seen by an asymptotic observer, depends very
weekly on the spin of the black hole in combination with
the inclination with respect to the line of sight, with de-
viations from circularity lying within ⇠ 7% for ultra-fast
spinning black holes [38].

The main aim of this work is to study the optical
appearances and shadows of an uniparametric spheri-
cally symmetric family of extensions of the Schwarzschild
space-time recently introduced in [39] and dubbed as
black bounces, which have attracted quite some atten-
tion in the community [40–54]. Despite its simple math-
ematical structure, its interest lies in the following: i) it
smoothly interpolates between the Schwarzschild space-
time, a family of regular black hole solutions, and a fam-
ily of traversable wormhole solutions; ii) it has the same
critical parameter as in the Schwarzschild solution; iii)
it removes the presence of space-time singularities, iv) it
has not Cauchy horizons, thus avoiding their associated
instability issues [55]; v) they can be taken as parame-
terized deviations from the Schwarzschild solution in a
theory-agnostic way (for an example where solutions of
this type arise as solutions to modified gravity equations,
see [56–58]). Since black holes and traversable wormholes
are conceptually and operationally two di↵erent types of
objects, the black bounce geometry allows one to study
the light rings and shadows cast by each such object
and compare them to that of the Schwarzschild solu-
tion. To this end, in this paper we shall characterize the
impact parameter regions for each direct/lensed/photon
ring trajectories using the ray-tracing method, and more-
over consider three standard toy models of geometrically
and optically thin accretion disks with di↵erent emission
profiles in order to find the corresponding optical appear-
ances as compared to the Schwarzschild solution.

This paper is organized as follows: in Sec. II we de-
scribe the main aspects of the black bounce geometries
and discuss their geodesic motion equations and associ-
ated e↵ective potential. In Sec. III we use the ray-tracing
method in order to study the impact parameter region for
the three types of emission (direct/lensed/photon ring)
for the di↵erent regions of interest of the black bounce
parameter. In Sec. IV we use the three toy models
for the emission profile of the accretion disk in order to
study the observational appearance of some samples of
black bounces corresponding to the regular black hole
and traversable wormhole geometries. Finally in Sec. V
we summarize our main findings, discuss the limitations

of our approach as well as future prospects.

II. BLACK BOUNCES

A. Geometry and horizons

Let us start by considering a static, spherically sym-
metric solution of the form

ds2 = �A(x)dt2 +B(x)dx2 + r2(x)d⌦2 , (1)

where the radial coordinate x spans the entire real line,
x 2 (�1,+1), while d⌦2 = d✓2 + sin2 ✓d�2 is the line
element on the two spheres. The areal radius is measured
by S = 4⇡r2(x) and, in bouncing geometries such as
in wormhole ones, the radial function r(x) is bounded
by r � rth in a model-dependent way [59]. One can
note that the above line element can be further simplified
to just two free functions by introducing a new radial
coordinate dy2 = B(x)dx2, though for the purposes of
this paper we shall keep it this form.
By black bounce (BB) we refer to the uniparametric

family of solutions given by the line element (1) with [39]

A(x) = B�1(x) = 1� 2M

r(x)
; r2(x) = x2 + a2 , (2)

where a is the BB parameter, so in this geometry one has
the wormhole throat located at r2th = a2. The most no-
ticeable feature of such geometries is the bounce (hence
its name) in the radial function, in a simple implementa-
tion of a wormhole geometry extending the Schwarzschild
solution via the replacement x ! r(x), such that in the
limit a ! 0 one has r2(x) ⇡ x2. Whether the bounce is
hidden behind an event horizon or not can be found by
looking at the location of the horizons, gxx = A(x) = 0,
which in the present case amounts to

x±
h = ±

p
4M2 � a2 , (3)

where the ± signs refer to the location of the horizon
on both sides of the throat. From these equations it
can be easily seen that the bounce will be hidden by
an event horizon if a < 2M , so in this case one finds a
regular black hole (BH) geometry1, while if a > 2M the
bounce lies above the would-be horizon and the geometry
represents instead a traversable wormhole (WH) solution
with its throat located at xth = 0. Note that in terms
of the radial function, the BH solution has its horizon at
rh = 2M , while the WH has its throat at rth = a > 2M
instead, and no horizon is present. The case a = 2M
was argued in [39] to correspond to a non-traversable
WH and, for the sake of this paper, we shall use it as a
limiting case in the transition BH/WH.

1 Indeed, the bounce allows for the extension of geodesics beyond
x = 0 (r = 0). For an extended discussion on geodesic complete-
ness restoration mechanisms, see e.g. [60].
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B. Geodesic equations

A photon travels on a null geodesic, gµ⌫kµk⌫ = 0, with
kµ = ẋµ its wave number. In spherical symmetry there
are two conserved quantities, namely, the energy per unit
mass, E = �gµ⌫tµk⌫ = Aṫ, and the angular momen-
tum per unit mass, L = gµ⌫�µk⌫ = r2�̇ (dots indicat-
ing derivatives with respect to the a�ne parameter). By
spherical symmetry one can assume the motion to take
place in the plane ✓ = ⇡/2 without loss of generality,
and furthermore by introducing the impact parameter,

b ⌘ L
E = r2�̇

Aṫ
, one can cast the geodesic equation for null

trajectories as (a re-parametrization of the a�ne param-
eter is introduced here to absorb a L2 factor)

ẋ2 =
1

b2
� V (x) , (4)

which is akin to the equation for a one-dimensional single
particle moving in an e↵ective potential of the form

V (x) =
A(x)

r2(x)
, (5)

which is depicted in Fig.1 for the BB solution in both
the BH and WH cases as compared to the Schwarzschild
solution. Let us assume a photon approaching from in-
finity with a given impact parameter b such that at some
value r0 the right-hand side of Eq.(4) vanishes. Such a
photon will thus approach to the closest distance r0 be-
fore running away back to infinity. The minimum impact
factor for which that relation can be satisfied is given by
the critical value

b2c =
r2(xps)

A(xps)
, (6)

which corresponds to the maximum of the e↵ective po-
tential (5), i.e., Veff (x = xps) = 1

b2c
, V 0

eff (x = xps) =

0, V 00
eff (x = xps) < 0. At this point rps it will turn an

arbitrarily large number of times around the compact ob-
ject. However, this orbit is unstable since under a small
perturbation the photon will eventually fall into the in-
ner region of the object (b < bc) or escape to asymptotic
infinity (b > b0, and therefore this critical curve (follow-
ing the notation of [22]) defines the unstable null circular
orbit.

In the present BB case, the above conditions define
the radius of this critical curve (for which we shall also
reserve the word “photon sphere”) as [52]

xps =
p
9M2 � a2 ! rps = 3M (7)

A remarkable property of the BB family of solutions is
that, when (7) is introduced in (6), it yields the crit-
ical impact parameter bc = 3

p
3M ⇡ 5.19615M and,

therefore, all BB solutions have the same critical impact
parameter as the Schwarzschild one. Note that the con-
dition (7) implies that such critical orbits will exist pro-

Figure 1. The e↵ective potential V (x) in (5) for the BB solu-
tions with M = b2 = 1 as a function of x for a = 0 (dashed
black, Schwarzschild solution), a = 3/2 (orange, BH case),
a = 2 (non-traversable WH, blue), a = 5/2 (traversable WH,
red) and a = 3 (gray, last photon orbit). Note that only when
a > 0 are both sides of this figure physically connected, since
in the a = 0 case, r2 ⇡ x2 and because r > 0 then the two
regions x 2 (�1, 0), x 2 (0,+1) are causally disconnected.

vided that a < 3M . Therefore the BB configurations rel-
evant for shadows (i.e, having a photon sphere) are natu-
rally split into two families: those with 0 < a < 2M cor-
respond to regular BHs while those with 2M < a < 3M
are traversable WHs, with the a = 2M and a = 3M
acting as limiting cases.
In order to study the optical appearance of a compact

object as illuminated by all the light rays passing close
by, the geodesic equation (4) must be suitably rewritten
in terms of the variation of the azimuthal angle � with
respect to the radial coordinate, which in the present BB
case reads

d�

dx
= ⌥ b

r2(x)
q
1� b2A(x)

r2(x)

, (8)

where the ⌥ signs refer to ingoing/outgoing trajectories,
respectively. The few equations introduced in this section
is all the setup we need in order to start with the ray
tracing of the BB solutions.

III. RAY TRACING

In the ray-tracing procedure, light rays arriving to the
screen of the observer at asymptotic infinity are traced
back to the point of the sky they originated from bear-
ing in mind its deflection by the gravitational field of the
compact object, which in the BB case is determined by
Eq.(8). The physical scenario is that of a compact ob-
ject being illuminated from behind by a planar source
which emits isotropically and with uniform brightness.
In order to understand the optical appearance of the BB
solution by the ray-tracing procedure, we first define the

Trajectory equation: • a=0 Schwarzschild black hole

• : two horizon black hole.

• : a traversable wormhole with two photon spheres.

0 <
a
M

<
4 3

9
4 3

9
<

a
M

<
2 5

5
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II. GENERALIZED BLACK BOUNCES

Let us consider a static, spherically symmetric geome-
try described by the following line element

ds2 = �A(x)dt2 +B(x)dx2 + r2(x)d⌦2 , (1)

where the radial coordinate x spans the entire real line,
x 2 (�1,+1), while in the black bounce-type geometry
introduced in [61] the metric functions are given by

A(x) = B�1(x) = 1� 2Mx2

(x2 + a2)3/2
; r2(x) = x2+a2 . (2)

The behaviour of the radial function in this expression
guarantees the extensibility of geodesics beyond x = 0,
thanks to the fact that at this point the area of the two-
spheres S = 4⇡r2(0) = 4⇡a2 is finite. This bounce in the
radial function can be interpreted as signal of the pres-
ence of a wormhole throat, separating the two asymp-
totically flat space-times, x� 2 (�1, 0), x+ 2 (0,+1).
In the limit a ! 0 the wormhole throat closes and the
above solution reduces to the Schwarzschild one of GR,
A(x) ⇡ 1 � 2M

r . In the asymptotic limit, x ! ±1, we
also recover the Schwarzschild solution, while in the limit
x ! 0 one finds instead a de Sitter core-type behaviour
A(x) ⇡ 1 � 2M

a3 x2, a usual mechanism invoked in the
literature to prevent the divergence of curvature scalars
[63, 64]. In this sense, it is worth pointing out that (2)
is actually an extension of the well known Bardeen so-
lution [65] by allowing a non-trivial dependence in the
radial function r2(x). Though field sources for this kind
of black-bounce space-times can be sought for [66], for
the sake of this work we shall take it as a toy model in a
theory-agnostic way to illustrate the main new features
brought by the presence of multiple critical curves in a
shadow observation.

In order to classify the di↵erent configurations within
this family let us consider first the number and location
of the horizons, as given by gµ⌫@µS(x)@⌫S(x) = 0, where
S(x) = x � xh, leading to gxx = A(xh) = 0. The corre-
sponding expression is analytical, but quite cumbersome,
and for our purposes we do not need to explicitly write
it here. Instead, we just need to know that two horizons
arise on each side of the throat (x = 0) as far as the con-

dition 0 < a
M < 4

p
3

9 is met. These two horizons merge
into a single one (extreme black hole) when the model

parameter satisfies a
M = 4

p
3

9 , whereas for larger values
no horizon arises, i.e., the wormhole throat uncloaks and
one finds a family of traversable wormholes. The be-
haviour of the metric function A(x) is depicted in Fig. 1
for di↵erent representative cases of these configurations,
and which shall be further used later when discussing the
geodesic motion and shadows.

For the purpose of building the main equations for
geodesic motion, we recall that a photon follows a null
geodesic of the background metric, gµ⌫kµk⌫ = 0, where
kµ = ẋµ (dots denote derivatives with respect to an a�ne

Figure 1. The metric function A(x) (in units of M = 1) for
the configurations with a = 0 (Schwarzschild, dashed black),

a = 2/3 (orange), a = 4
p
3

9 (blue), a = 6/7 (red), a = 2
p
5

5
(green) and a = 1 (purple). All solutions are asymptotically
flat and converge to the Schwarzschild solution of GR on that
limit.

parameter) is the tangent vector to the photon trajectory.
For static space-times, and assuming ✓ = ⇡/2 by spher-
ical symmetry without loss of generality, there are two
conserved quantities, namely, the energy per unit mass,
E = A(x)ṫ, and the angular momentum per unit mass,
L = r2(x)�̇, which for the sake of the geodesic motion
are combined into a single impact parameter b ⌘ L/E.
This turns the null geodesic equation into

ẋ2 =
1

b2
� Veff (x) , (3)

where the e↵ective potential reads o↵ as

Veff (x) =
A(x)

r2(x)
. (4)

The geodesic equation (3) determines the fate of a given
light ray depending on its impact parameter. In par-
ticular, when at some x = x0 the impact parameter of
a photon fulfils the equation 1/b2 = Veff (x0), then the
vanishing of the right-hand side of (3) implies that the
photon is deflected at the minimum distance x0 from the
compact object. The smallest (critical) impact parame-
ter for which this may happen corresponds to the one for
which Eq.(3) vanishes at the maximum of the potential,
i.e. (here 0 ⌘ d/dx)

bc = V �1/2(xc), V
0(xc) = 0, V 00(xc) < 0 , (5)

where the corresponding radius xc is determined by the
solution of the equation (r2)0/r2 = A0/A. Geodesic tra-
jectories with the critical impact parameter defined in
Eq.(5) are known as critical curves or simply as photon
spheres. Any such a light ray will undergo an arbitrarily
large number of orbits around its critical curve until a
small radial perturbation will cause it to either run away
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Figure 2. The e↵ective potential V (x) (in units of M = 1)
for the configurations with a = 0 (dashed black), a = 2/3

(orange), a = 4
p
3

9 (blue), a = 6/7 (red), a = 2
p
5

5 (green) and
a = 1 (purple). For non-vanishing a the absolute maximum

of the potential is located at x = 0, while for a  2
p

5
5 another

(local) maximum is also present [see the inset figure].

free to asymptotic infinity or to be dragged by the com-
pact object and eventually hit the event horizon (in the
black hole cases) or the throat (in the traversable worm-
hole case).

In Fig. 2, we depict the e↵ective potential for sev-
eral relevant values of the parameter a/M . As it can
be seen there, any non-vanishing value of a/M induces
strong changes in the shape of the e↵ective potential as
compared with the one of the Schwarzschild solution. In-
deed, the most salient feature of this family of solutions
is that the potential attains its absolute maximum value
at x = 0, which e↵ectively acts as a photon sphere at
some (model-dependent) impact parameter b1c . This pho-
ton sphere, however, is hidden behind an event horizon

if a
M < 4

p
3

9 , preventing any light ray with origin below
the event horizon to reach an asymptotic observer. On
the other hand, a second impact parameter b2c is present
as associated to a (local) maximum in this potential pro-

vided that a
M  2

p
5

5 , which is always accessible since the
event horizon (when present) lies below.

Therefore, this family describes the following configu-
rations relevant for the analysis of their optical appear-
ances, depending on the parameter a/M :

• a = 0: Schwarzshild black hole, where the throat
closes since x2 ! r2. A single photon sphere is

present located at x(2)
c = 3M , reached by photons

with an impact parameter b2c = 3
p
3M .

• 0 < a
M < 4

p
3

9 : a black hole with two horizons
having a single accessible photon sphere at some

x(2)
c with an impact parameter b2c .

• a
M = 4

p
3

9 : an extremal black hole, since the two
horizons from the previous case merge into a single

Figure 3. The critical impact parameter bc/M as a function
of a/M for the outer curve (b2c , solid blue) and the inner one
(b1c , dashed) within the range a/M 2 [0, 1]. In the latter we
have depicted in red the case in which both critical curves
exist for the same configuration, and in green when only b1c is
present.

one. Nevertheless, just the outer photon sphere is
accessible.

• 4
p
3

9 < a
M < 2

p
5

5 : a traversable wormhole having
two photon spheres reached by impact parameters
b1c and b2c respectively. In the intermediate region,
b1c < b < b2c , the minimum of the potential acts as
an anti-photon sphere (a stable bound orbit3).

• a
M = 2

p
5

5 : a traversable wormhole with one pho-
ton sphere corresponding to the maximum of the
potential at xc = 0. The first derivative of the po-
tential vanishes also at another (outer) point, which
corresponds to an inflection point and consequently
not to a bounded orbit.

• a
M > 2

p
5

5 : a traversable wormhole with a single
photon sphere at xc = 0 with impact parameter b1c .

The impact parameter for the cases with an inner crit-
ical curve is simply given by b1c = a, while for the outer
critical curve the impact parameter, b2c , has quite a cum-
bersome expression as a function of a/M , which is nu-
merically depicted in Fig. 3. For the sake of this work
we shall take several choices of parameters representing
the di↵erent configurations described above and summa-
rized in Table I, alongside the specific values of the as-
sociated impact parameters and their locations in the
x-coordinate. In the sequel, we shall actually be inter-
ested in comparing a sample of a two-horizons black hole

3
It should be stressed that ultra-compact objects having an anti-

photon sphere may allow for trapped long-lived modes, therefore

raising the issue of whether they can grow large enough to desta-

bilize the whole system [67], which requires an analysis of the

stability of any such objects on a case-by-case basis.
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Figure 4. The number of half-orbits n ⌘ �/2⇡ as a func-
tion of b (in units of M = 1) for the Schwarzschild black
hole (a = 0, dashed black), two-horizons black hole (a = 2/3,
red) and traversable wormhole case having two photon spheres
(a = 6/7, blue). The direct, lensed, and photon ring emis-
sion regions are enclosed by horizontal dotted lines, and we
also depict the inner shadow limit. In this plot bSc , b

B
c and

bWc (two) are the critical impact parameters for these three
configurations respectively.

that in this b < bc region, straight motion corresponds to
n = 0). The region below of this lower limit defines the
inner shadow [26] which, being a feature depending only
on the background geometry, is the absolute blackness
region (in the black hole case) no matter the details of
the accretion disk.

In Fig. 4 we depict the number of half-orbits for the
two chosen samples of two-horizons black hole, a = 2/3,
and traversable wormhole having two photon spheres,
a = 6/7, as compared to the Schwarzschild black hole
of GR, a = 0. The location of the critical curve on each
case is marked by the divergence in the number of half-
orbits. In the black hole cases, the single critical curve
takes the form of a spike, while in the traversable worm-
hole case one observes the two divergences corresponding
to the two photon spheres, but while the inner one looks
like a very sharp spike the outer one is much more wider.
Note that in the intermediate region between such two
critical curves the number of half-orbits remains mostly
in the lensed/photon ring regions. This plot hints at the
features one can expect from the ray-tracing of a bunch of
geodesics in both the black hole and the wormhole cases,
which we study separately.

A. Black hole with two horizons

Let us consider first the two-horizons black hole solu-
tion with a = 2/3, whose properties are characterized
in Table I. The ray-tracing of this solution is depicted
in Fig. 5 (right) as compared to the behaviour of the
Schwarzschild solution of GR (left). While the corre-
sponding plots for these two solutions are qualitatively

similar, there are some di↵erences in the widths of their
impact parameter regions:

• Direct: b/M > 6.02 and b/M 2 (2.39, 4.59).

[Schwarzschild: b/M > 6.15 and b/M 2
(2.85, 5.02)].

• Lensed: b/M 2 (4.59, 4.87) and b/M 2 (4.95, 6.02).

[Schwarzschild: 2 (5.02, 5.19) and b/M 2
(5.23, 6.15)].

• Photon Ring: b/M 2 (4.87, 4.95).

[Schwarzschild: b/M 2 (5.19, 5.23)].

• Inner Shadow: b/M < 2.39.

[Schwarzschild: b/M < 2.85].

Therefore, one can see a moderate decrease in the con-
tribution of the direct emission to the impact parameter
region as compared to the lensed/photon ring ones, and a
shrinking in the maximum value of the impact parameter
defining the beginning/ending of a given type of emission,
which is consistent with the analysis of the number of
half-orbits depicted in Fig. 4. This e↵ect is naturally in-
duced by the diminished photon sphere radius and black
hole horizon as compared to the Schwarzschild black hole
of GR.

B. Traversable wormhole having two photon
spheres

Things get far more interesting in the traversable
wormhole solutions having two photon spheres, whose
ray-tracing for the model parameter a/M = 6/7 is de-
picted in Fig. 6 for trajectories above the outer criti-
cal impact parameter (left panel) and below of it (right
panel). While those light rays with b > b2c follow a similar
pattern as those of the black hole case discussed above,
having direct (b/M > 5.93), lensed (b/M 2 (4.70, 5.93))
and photon ring (b/M 2 (4.59, 4.70)) contributions,
those in the region between the two photon spheres,
0.85714M ⇡ b1c < b < b2c ⇡ 4.5888M , have a frenzied
behaviour. This is particularly true for those light rays
which hover just slightly below the critical impact param-
eter b . b2c , having quite a chaotic pattern of trajectories
between the two photon spheres before being finally able
to exit the outer one. Decreasing further the impact pa-
rameter the trajectories have a more stable pattern and
one finds the following trajectories driven by the com-
bined influence of the outer and inner critical curves:

• Inner-outer photon ring: b/M 2 (3.10, 4.59).

• Inner-outer lensed: b/M 2 (1.59, 3.10).

• Inner-outer direct: b/M 2 (0.8796, 1.59).

• Inner-outer lensed: b/M 2 (0.8572, 0.8796).

M. Guerrero, G. Olmo, D. Rubiera-García, DS-CG,  arXiv:2202.03809
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Figure 5. Ray-tracing of the black hole configurations (in units of M = 1) with a = 0 (Schwarzschild, left) and a = 2/3
(two-horizons black hole, right) for a range of relevant values of the impact factor, making use of the radial function r. The
observer’s screen is located in the far right side of this plot and the type of emission is defined with respect to the number of
intersections with the equatorial plane (vertical line): for b > bc we have direct (green), lensed (orange) and photon ring (red)
emissions reaching to a minimum distance from the photon sphere (dashed yellow circumference) before running away, while
for b < bc we also have direct (cyan), lensed (purple) and photon ring (blue) emissions. The latter three trajectories intersect
the black hole horizon (black central circle) after crossing the photon sphere. The bunch of black curves do not intersect the
equatorial plane and therefore no emission can come out on them no matter the accretion disk model, therefore corresponding
to the inner shadow of the solutions.

Figure 6. Ray-tracing of the traversable wormhole configurations having two photon spheres with (in units of M = 1) a = 6/7,
for impact parameters above (left plot) and below (right plot) the outer critical one b2c (dashed yellow circumference). On the
left plot, b > b2c , direct (green), lensed (orange) and photon ring (red) trajectories follow the same logic as in the black hole case
of Fig. 5. On the right plot, we find for b1c < b < b2c the outer photon ring (red), lensed (orange), and direct (blue) trajectories,
as well as the inner direct (green), lensed (purple) and photon ring (cyan) trajectories. Below b < b1c we also find the inner
(blank rather than black) shadow, which is only potentially accessible to those light rays travelling from the other side of the
wormhole.

• Inner photon ring: b/M 2 (0.857143, 0.85720). • Inner lensed: b/M 2 (0.857139, 0.857143).

Schw. BH Two horizon BH
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Figure 8. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model I. In this model xisco denotes
the innermost stable circular orbit for time-like observers, which is located (in units of M = 1) at xisco = 6 for the Schwarzschild
black hole and at xisco ⇡ 5.6 for the two-horizons black hole.
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Figure 9. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model II. In this model xps denotes
the location of the photon sphere, which is located (in units of M = 1) at xps = 3 for the Schwarzschild black hole and at
xps ⇡ 2.4 for the two-horizons black hole.

ton ring emissions occurring roughly at the same location produce a large spike in the observed emission, superim-

Model II of emission
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Figure 10. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model III. In this model xh denotes
the location of the horizon, which is located (in units of M = 1) at xh = 2 for the Schwarzschild solution and at xh ⇡ 1.55 for
the two-horizons black hole.

posed with the direct emission there. The net result in
the optical appearance of this object within this Model II
is a wide region of luminosity enclosing a thinner bright
ring which is visible at the external part of it, an e↵ect
which is significantly enlarged in the two-horizons black
hole case as compared to the Schwarzschild one.

Finally, in Model III, depicted in Fig. 10, since the in-
ner edge of the disk extends all the way down to the event
horizon this translates into a much wider region of lumi-
nosity in the observed emission, thanks to the stretching
of the direct emission to a larger distance. The photon
ring and lensed emissions appear now as two separated
but superimposed spikes with the direct emission. As
a consequence of these features, the optical appearance
shows a much wider region of luminosity fuelled by the
direct emission, enclosing a wide ring right on the middle
of it, and another (dimmer) one right on the inner bound-
ary of the latter. We point out that this e↵ect of the su-
perimposed rings is much brighter and noticeable in the
two-horizons black hole case than in the Schwarzschild
solution.

B. The traversable wormhole having two photon
spheres

Let us consider now the case of traversable wormholes
having two photon spheres, illustrated here by the choice

a = 6/7. In Fig. 11 we depict the emitted profile (left
panels), the observed one (middle), and the optical ap-
pearances (right) for this case with the three Models in-
troduced above (top, middle, and bottom, respectively).
The most salient features of all these plots are driven by
the fact that the presence of the second photon sphere
at b1c induces three new sources of (observed) emission in
the region b1c . b < b2c , which yields much clearer and
succulent optical appearances.

These new features are clearly seen in Model I (top fig-
ures), where again the fact that the inner edge of the disk
in the emitted luminosity only extends up to the inner-
most stable circular orbit for time-like observers allows
one to see the isolated presence of three additional spikes
in the inner part of the observed luminosity. These are
associated to the (starting from the innermost one) pho-
ton ring and lensing emission of the inner photon sphere,
and to the photon ring emission of the inner part of the
outer photon sphere. These three new spikes produce
the presence of three additional (concentric) light rings
in the inner region of the associated optical appearance
of the object (besides the usual three already found for
the Model I when considering the two-horizons configu-
rations previously described). This fact is in agreement
with what we expected from the ray-tracing analysis per-
formed in Sec. III. Moreover, as already pointed out by
the almost vertical slope of the corresponding transfer
function in the right panel of Fig. 7, the luminosity of

Model III of emission

Schw. BH

Two horizon BH
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Ray-tracing: wormhole
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Figure 5. Ray-tracing of the black hole configurations (in units of M = 1) with a = 0 (Schwarzschild, left) and a = 2/3
(two-horizons black hole, right) for a range of relevant values of the impact factor, making use of the radial function r. The
observer’s screen is located in the far right side of this plot and the type of emission is defined with respect to the number of
intersections with the equatorial plane (vertical line): for b > bc we have direct (green), lensed (orange) and photon ring (red)
emissions reaching to a minimum distance from the photon sphere (dashed yellow circumference) before running away, while
for b < bc we also have direct (cyan), lensed (purple) and photon ring (blue) emissions. The latter three trajectories intersect
the black hole horizon (black central circle) after crossing the photon sphere. The bunch of black curves do not intersect the
equatorial plane and therefore no emission can come out on them no matter the accretion disk model, therefore corresponding
to the inner shadow of the solutions.
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Figure 6. Ray-tracing of the traversable wormhole configurations having two photon spheres with (in units of M = 1) a = 6/7,
for impact parameters above (left plot) and below (right plot) the outer critical one b2c (dashed yellow circumference). On the
left plot, b > b2c , direct (green), lensed (orange) and photon ring (red) trajectories follow the same logic as in the black hole case
of Fig. 5. On the right plot, we find for b1c < b < b2c the outer photon ring (red), lensed (orange), and direct (blue) trajectories,
as well as the inner direct (green), lensed (purple) and photon ring (cyan) trajectories. Below b < b1c we also find the inner
(blank rather than black) shadow, which is only potentially accessible to those light rays travelling from the other side of the
wormhole.

• Inner photon ring: b/M 2 (0.857143, 0.85720). • Inner lensed: b/M 2 (0.857139, 0.857143).

Outer photon sphere Inner photon sphere
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Optical appearance: shadows

Model II
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Figure 11. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the traversable
wormhole (in units of M = 1) having two photon spheres, a = 6/7, for the Model I (top figures), Model II (middle figures) and
Model III (bottom figures).

the innermost additional light ring is so dimmed (roughly
one part in 106), which is far beyond what can be seen
at naked eye. However, the other two additional light
rings are clearly visible, storing ⇠ 2.5% and ⇠ 2.8% of
the total luminosity budget. Indeed, these two contribu-
tions are larger than the one associated to the standard
photon ring of the outer critical curve, which amounts
to ⇠ 0.5%. The presence of these additional light rings
and their associated luminosities are trademarks of this
kind of compact object having two critical curves, and
could potentially be able to act as smoking guns of the
existence of any of such objects in the cosmic zoo.

In Model II (middle figures), we again have six peaks of
observed intensity, including two additional photon ring

emissions and a lensing one driven by the presence of the
inner critical curve, though now we have some overlap-
ping of di↵erent emissions. From the innermost to the
outermost the spike of the first of the new photon ring
emissions and the new lensing contribution are clearly
seen isolated, followed by the dominance and smooth fall
o↵ of the direct emission. Next another spike by the
new photon ring emissions is superimposed with the di-
rect one before quickly going o↵, and finally the lensed
and photon ring emissions associated to the outer critical
curve appear superimposed (at almost the same impact
parameter) with the direct emission. In the correspond-
ing optical appearance plot, the innermost photon ring
is again suppressed by a factor ⇠ 10�6 and therefore not

Model III

Model I

Wormhole Schw. BH 10

Figure 8. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model I. In this model xisco denotes
the innermost stable circular orbit for time-like observers, which is located (in units of M = 1) at xisco = 6 for the Schwarzschild
black hole and at xisco ⇡ 5.6 for the two-horizons black hole.

Figure 9. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model II. In this model xps denotes
the location of the photon sphere, which is located (in units of M = 1) at xps = 3 for the Schwarzschild black hole and at
xps ⇡ 2.4 for the two-horizons black hole.

ton ring emissions occurring roughly at the same location produce a large spike in the observed emission, superim-
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Figure 8. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model I. In this model xisco denotes
the innermost stable circular orbit for time-like observers, which is located (in units of M = 1) at xisco = 6 for the Schwarzschild
black hole and at xisco ⇡ 5.6 for the two-horizons black hole.

Figure 9. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model II. In this model xps denotes
the location of the photon sphere, which is located (in units of M = 1) at xps = 3 for the Schwarzschild black hole and at
xps ⇡ 2.4 for the two-horizons black hole.

ton ring emissions occurring roughly at the same location produce a large spike in the observed emission, superim-
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Figure 10. The emitted luminosity (left), the observed one (middle) and the optical appearance (right) for the Schwarzschild
black hole (top figures) and the two-horizons black hole with a = 2/3 (bottom figures) for Model III. In this model xh denotes
the location of the horizon, which is located (in units of M = 1) at xh = 2 for the Schwarzschild solution and at xh ⇡ 1.55 for
the two-horizons black hole.

posed with the direct emission there. The net result in
the optical appearance of this object within this Model II
is a wide region of luminosity enclosing a thinner bright
ring which is visible at the external part of it, an e↵ect
which is significantly enlarged in the two-horizons black
hole case as compared to the Schwarzschild one.

Finally, in Model III, depicted in Fig. 10, since the in-
ner edge of the disk extends all the way down to the event
horizon this translates into a much wider region of lumi-
nosity in the observed emission, thanks to the stretching
of the direct emission to a larger distance. The photon
ring and lensed emissions appear now as two separated
but superimposed spikes with the direct emission. As
a consequence of these features, the optical appearance
shows a much wider region of luminosity fuelled by the
direct emission, enclosing a wide ring right on the middle
of it, and another (dimmer) one right on the inner bound-
ary of the latter. We point out that this e↵ect of the su-
perimposed rings is much brighter and noticeable in the
two-horizons black hole case than in the Schwarzschild
solution.

B. The traversable wormhole having two photon
spheres

Let us consider now the case of traversable wormholes
having two photon spheres, illustrated here by the choice

a = 6/7. In Fig. 11 we depict the emitted profile (left
panels), the observed one (middle), and the optical ap-
pearances (right) for this case with the three Models in-
troduced above (top, middle, and bottom, respectively).
The most salient features of all these plots are driven by
the fact that the presence of the second photon sphere
at b1c induces three new sources of (observed) emission in
the region b1c . b < b2c , which yields much clearer and
succulent optical appearances.

These new features are clearly seen in Model I (top fig-
ures), where again the fact that the inner edge of the disk
in the emitted luminosity only extends up to the inner-
most stable circular orbit for time-like observers allows
one to see the isolated presence of three additional spikes
in the inner part of the observed luminosity. These are
associated to the (starting from the innermost one) pho-
ton ring and lensing emission of the inner photon sphere,
and to the photon ring emission of the inner part of the
outer photon sphere. These three new spikes produce
the presence of three additional (concentric) light rings
in the inner region of the associated optical appearance
of the object (besides the usual three already found for
the Model I when considering the two-horizons configu-
rations previously described). This fact is in agreement
with what we expected from the ray-tracing analysis per-
formed in Sec. III. Moreover, as already pointed out by
the almost vertical slope of the corresponding transfer
function in the right panel of Fig. 7, the luminosity of
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Conclusions and perspectives
• Similar spacetime metrics characterising different objects might induce a different optical 

appearance for far away observers.

• We have just considered some very simple toy models of emission for the accretion disk but shown 
that the background geometry might be of high importance on the location and relative luminosities 
of the light rings.

• Nevertheless, the physics of the accretion disk might not be possible to be disentangled from the 
pure geometric effects.

• We have not considered rotating objects, neither inclinations of the disk relative to the observer.

• May future long base line interferometry be able to resolve the diffuse but sharp contribution from 
light rings associated to multiple photon spheres?

• The disentangle of the different effects associated to the background geometry might be a definite 
test of the Kerr-family of solutions.
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