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The Hilbert space of pure states Quantization Evolution Further reading

Ground floor: space+time

In globally hyperbolic spacetimes the spacetime manifold is diffeomorphic
to Σ× R

For simplicity Σ is compact.

The Schrödinger equation is incomplete: Hamiltonian pictures of QFT in curved space-times David Mart́ınez Crespo
3 / 21



The Hilbert space of pure states Quantization Evolution Further reading

Ground floor: space+time

In globally hyperbolic spacetimes the spacetime manifold is diffeomorphic
to Σ× R

For simplicity Σ is compact.

The Schrödinger equation is incomplete: Hamiltonian pictures of QFT in curved space-times David Mart́ınez Crespo
3 / 21



The Hilbert space of pure states Quantization Evolution Further reading

Ground floor: space+time

We can develop ADM formalism of general relativity only on Σt ,
the phase space of the theory is T ∗Riemm(Σ) with coordinates
(hij(x), πij(x)) and the diffeomorphism is fully implemented by
Lapse and Shift functions N,N i .

For simplicity Σ is compact.
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The Hilbert space of pure states Quantization Evolution Further reading

First floor: Classical Field theory

Klein-Gordon Theory on Minkowsky.

∂2

∂t2
φ(t, x⃗) = (△−m2)φ(t, x⃗)

φ(0, x⃗) ∈ C∞
c (Σ),

d

dt
φ(0, x⃗) ∈ C∞

c (Σ).
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The Hilbert space of pure states Quantization Evolution Further reading

First floor: Classical Field theory

The only relevant information is fixed over Σ is the field configuration
φ(x⃗), and its time derivative π(x⃗).
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The Hilbert space of pure states Quantization Evolution Further reading

First floor: Classical Field theory

The dynamics of the coupled system is given by a Hamiltoninan

H =

∫
d3x

(
NH (T ) + N iH (T )

)
H (T ) = H + H (M)

H
(T )
i = Hi + H

(M)
i

{, } = {, }M + {, }G
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The Hilbert space of pure states Quantization Evolution Further reading

First floor: Classical Field theory

H (T ) = H + H (M)

H
(T )
i = Hi + H

(M)
i

For the gravitational part this is

H =
1

2

(2κ)√
h
Gijklπ

ijπkl − (2κ)−1
√
hR(h)

HiG = −2Djπ
j
i = −2Dj(hiαπ

αj) = −2hiαDjπ
αj

While for the matter part we get

H (M) =
√
h
1

2
[π2 + hijDiφDjφ+m2φ2]

H
(M)
i =

√
hπDiφ
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First floor: Classical Field theory

The dynamics of the coupled system is given by a Hamiltoninan

H =

∫
d3x

(
NH (T ) + N iH (T )

)
{, } = {, }M + {, }G

{, }G =

∫
Σ
dvolΣ

(
δhij (x) ⊗ δπij (x) − δπij (x) ⊗ δhij (x)

)
,

{, }M =

∫
Σ
d3x

(
δφ(x) ⊗ δπ(x) − δπ(x) ⊗ δφ(x)

)
.
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Second floor: Quantum field theory

To describe a quantum pure state Ψ we must construct a
Hilbert space of Ψ ∈ L2(Dµ) functions.
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Second floor: Quantum field theory

To describe a quantum pure state Ψ we must construct a
Hilbert space of Ψ ∈ L2(Dµ) functions.
• The field configurations over Σ i.e. φ ∈ C∞

c (Σ) must be
in the domain of Ψ.
• The measure Dµ is gaussian probability and is part of the
quantum vacuum.

No such a Borel Probability measure exist over C∞
c (Σ) but

Bochner-Minlos theorem ensures its existence over its strong
dual D ′(Σ). ∫

D′(Σ)
e i⟨φ,ξ⟩Dµ(φ) = e−

1
2
∆(ξ,ξ)

Where ∆ : C∞
c (Σ)× C∞

c (Σ) → R is a continuous bilinear.
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Hybrid Geometrodynamics
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The Hilbert space of pure states Quantization Evolution Further reading

Direct quantization

Lets attempt the naive quantization procedure

Q[φ(x)] = φ(x) and Q[π(x)] = −i
δ

δφ(x)

i
d

dt
Ψ(φ) = Q[H]Ψ(φ)
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The Hilbert space of pure states Quantization Evolution Further reading

Direct quantization

i
d

dt
Ψ(φ) = Q[H]Ψ(φ)

This evolution operator leads to norm loss in the evolution for a variety of
non trivial space-times
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The Hilbert space of pure states Quantization Evolution Further reading

Quantization on a Cauchy hypersurface

We will analyze the problem of how to implement a dynamical equation
and quantization procedure that preserves the norm in the evolution.

First we pause time and describe the quantization procedure over Σ
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{, }M =

∫
Σ
d3x
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The Hilbert space of pure states Quantization Evolution Further reading

Quantization on a Cauchy hypersurface

First we pause time and describe the quantization procedure over Σ

ωM =

∫
Σ
d3x dπ(x) ∧ dφ(x)

For quantization we need a Hilbert space, then we need a
Kähler structure (µ, ω, J) such that µ(, ) = ω(,−J)

−JMF
= (∂φy , ∂πy )

(
Ay
x ∆y

x

Dy
x −(At)yx

)(
dφx

dπx

)
with ∆xy > 0 > Dxy and J2MF

= −1
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The Hilbert space of pure states Quantization Evolution Further reading

Quantization on a Cauchy hypersurface

First we pause time and describe the quantization procedure over Σ

ωM =

∫
Σ
d3x dπ(x) ∧ dφ(x)

In Klein Gordon

d

dt

(
φx

πy

)
=
{( φx

πy

)
,H
}
MF

= F

(
φx

πy

)

F =

(
N iDi N

−ND iDi − (D iN)Di + Nm2 N iDi + DiN
i

)

JMF
= |F |−1F ,
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Quantization on a Cauchy hypersurface

First we pause time and describe the quantization procedure over Σ

ωM =

∫
Σ
d3x dπ(x) ∧ dφ(x)

JMF
= (∂φy , ∂πy )

(
Ay
x ∆y

x

Dy
x −(At)yx

)(
dφx

dπx

)
µMF

= (dφy , dπy )

(
∆yx −Ayx

−At
yx −Dyx

)(
dφx

dπx

)
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Geometric Quantization

The geometric quantization procedure provides a recipe, up to
ordering problems, for the phase space of the theory
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The Hilbert space of pure states Quantization Evolution Further reading

Geometric Quantization

The geometric quantization procedure provides a recipe, up to
ordering problems, for the phase space of the theory

L2(D ′(Σ),DµS), with

∫
D′(Σ)

DµS(φ
x)e iξxφ

x
= e−

1
4
ξx∆xy ξy .

Fot the operators, with K the inverse of ∆, we get

Q(φx)Φ(φx) = φxΦ(φx),

Q(πy )Φ(φ
x) = (−i∂φy + iφzKzy − φx(KA)xy ) Φ(φ

x).
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Geometric Quantization
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1
4
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The Hilbert space of pure states Quantization Evolution Further reading

Time dependence

The norm loss comes from the fact that both L2(N ′,DµS) and Q depend
on time

Q(φx)Φ(φx) = φxΦ(φx),

Q(πy )Φ(φ
x) = (−i∂φy + iφzKzy − φx(KA)xy ) Φ(φ

x).
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The Hilbert space of pure states Quantization Evolution Further reading

Second quantized Kähler structure

The norm loss is characterized by a second quantized Kähler structure.

⟨Ψ1,Ψ2⟩ =
G(Ψ1,Ψ2)− iΩ(Ψ1,Ψ2)

2
.

JP = i(dΨϕ ⊗ ∂Ψϕ − dΨ
σ̄ ⊗ ∂

Ψ
σ̄)

The Schrödinger equation is incomplete: Hamiltonian pictures of QFT in curved space-times David Mart́ınez Crespo
15 / 21



The Hilbert space of pure states Quantization Evolution Further reading

Second quantized Kähler structure

The norm loss is characterized by a second quantized Kähler structure.

⟨Ψ1,Ψ2⟩ =
G(Ψ1,Ψ2)− iΩ(Ψ1,Ψ2)

2
.

JP = i(dΨϕ ⊗ ∂Ψϕ − dΨ
σ̄ ⊗ ∂

Ψ
σ̄)

The Schrödinger equation is given by the associated
Poisson bracket structure

d

dt
Ψ = XHΨ with XH =

{
·, ⟨Ψ, ĤΨ⟩

}
The only allowed observables are quadratic functions
fĜ (Ψ̄,Ψ) = ⟨Ψ, ĜΨ⟩
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The Hilbert space of pure states Quantization Evolution Further reading

Connection term

Our solution to this problem is to consider Ψ a section of a bundle B → R
whose locally equivalent to

L2(D ′(Σ),Dµs(t))× R

. With this we substitute the time derivative by a covariant time derivative

∇tΨ = ∂tΨ+ ΓΨ

such that ∇tG = ∇tΩ = ∇tJ = 0.

We also need to modify the quantization procedure to get

∇tQ(F ) = Q(∂tF )

for a sufficient class of F assuming that the canonical coordinates
φ(x), π(x) are independent on time.
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The Hilbert space of pure states Quantization Evolution Further reading

If we assume that the canonical coordinates φ(x), π(x) are independent on
time, we should treat them as exchangeable coordinates in our
construction.

∇̃tO =
1

2

[
∂O
∂t

+

(
∂O†

∂t

)†]
+ J 1

2
F−1

∂Ô
∂t

−

(
∂Ô†

∂t

)†
F

This choice preserves the Kähler structure.
To relate also the quantization we should factorize Ψ = Ψ0Ψh where Ψh is
the Hilbert space state and Ψ0 is part of the vacuum. Asking for

Ψ0 = exp

(
− i

2
φx(KA)xyφ

y

)
we expect to be able to recover ∇tQ(F ) = Q(∂tF )
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∂Ô†

∂t

)†
F

This choice preserves the Kähler structure.
To relate also the quantization we should factorize Ψ = Ψ0Ψh where Ψh is
the Hilbert space state and Ψ0 is part of the vacuum. Asking for

Ψ0 = exp

(
− i

2
φx(KA)xyφ

y

)
we expect to be able to recover ∇tQ(F ) = Q(∂tF )

The Schrödinger equation is incomplete: Hamiltonian pictures of QFT in curved space-times David Mart́ınez Crespo
17 / 21



The Hilbert space of pure states Quantization Evolution Further reading

The modified schrodinger equation

∇tΨ = ∂tΨ+ ΓΨ = −JQ(H)Ψ

In the holomorphic picture

χx∆
xyξy =

∫
Σ
ddx

√
hχ(x)

√
N

−ND iDi − (D iN)Di + Nm2
ξ(x) (1)

i

[
∂

∂t
−1

2
ϕyKyz∆̇

zx∂ϕx

]
Ψ = [Ĥ+

1

2
ϕy (Kyz∆̇

zx − ḣ

2h
φ(x)δ3(x − y))∂ϕx ]Ψ
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Thank You So Much!
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