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Quantum Field Theory on a Curved Spacetimes

The Schördinger equation is
iℏ∂tΨ = ĤΨ

with Ĥ(t) selfadjoint at every step in time. This equation does not conserve
probability.

From a geometric point of view we will modify

iℏ(∂t + Γt)Ψ = ĤΨ
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Ground floor: space + time

4 The Hamiltonian formalism of gravity
requires a split of space and time

4 In globally hyperbolic spacetimes
the spacetime manifold is
diffeomorphic to Σ× R
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ADM formalism

The ADM Hamiltonian formalism of general relativity using the phase space
T ∗Riem(Σ) with coordinates (h, πh) in components (hij(x), π

ij
h (x)). The

diffeomorphism is fully implemented by Lapse function and Shift vector N, N⃗ .

Part 1. Hamiltonian Gravity
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Elements for QFT in curved spacetimes
4 In this project we focus on Quantum Field Theories in Curved spacetimes

4 The gravitational content is parametrized by a curve (h, πh, N, N⃗)(t)

The geometric structures of the upper floors will depend on the time parameter t
only through these parameters

Part 1. Hamiltonian Gravity
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Phase space in Classical Statistical Field Theory

The phase space of scalar fields is often modelled over the compact Cauchy
hypersurface Σ

T ∗C∞(Σ) ≃ C∞(Σ)×Den(Σ)

This space does not admit Gaussian probability distributions because there is no
Gaussian probabilty measure over it. Instead we must use

MF = D′(Σ)×D′(Σ)
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Phase space in Classical Statistical Field Theory

Notation

φx ∈ C∞(Σ) represents test functions φx ∈ D′(Σ) represents distributions. The
Riemannian metric h induces a musical isomorphism relating both of them when
we restrict Den(Σ) ⊂ D′(Σ).

MF = D′(Σ)×D′(Σ) covered with a chart (φx, πx)

Admits a symplectic structure densely defined over Den(Σ)×Den(Σ)

ωM =

∫
Σ

d3x√
h

dπ(x) ∧ dφ(x)

Part 2. Classical Statistical Field Theory
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Gaussian states in Classical Statistical Field Theory
The Gaussian state is provided by a measure µ. Bochner-Minlos theorem provides
those states with the characteristic functional∫

D′(Σ)×D′(Σ)
Dµ(φx, πx)ei(χxφx+ηxπx) := exp

(1
2
µ−1
MF

[(χx, ηx), (χx, ηx)]
)

defined via a positive definite covariance µ−1
MF

: C∞(Σ)× C∞(Σ) → R.

We introduce the covariance using a Kähler structure (µ, ω, J)MF
on the space of

fields compatible with the symplectic structure µMF
(, ) = ωMF

(,−JMF
):

JMF
= (∂φy , ∂πy)

(
Ay

x ∆y
x

Dy
x −(At)yx

)(
dφx

dπx

)

µMF
= (dφy, dπy)

(
∆yx −Ayx

−At
yx −Dyx

)(
dφx

dπx

)
with
∆xy > 0 > Dxy

J2
MF

= −1

Part 2. Classical Statistical Field Theory
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Brief comments on dynamics
It is convenient to use a stationary Gaussian state µ0 as a reference to describe
other states.

This implies choosing a complex structure and a Gaussian measure dependent on
the Hamiltonian H ∈ F(MF ) that generates the dynamics

JMC
= |XH |−1XH

where XH is the Hamiltonian vector field seen as an operator.

Part 2. Classical Statistical Field Theory
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Elements for QFT in curved spacetimes

4 In this project we will describe Quantum Field Theories with a quantization
procedure from CSFT

4 The space of fields should be modelled over distributions φx ∈ D′(Σ)

The use of distributions for the classical theory already implies the need of a
regularization procedure for expressions like φxφy

4 The absence of a reference homogeneous Lebesgue measure leads us to use
a stationary Gaussian state to define the dynamics. This choice is translated
into JMC

= |XH |−1XH .

The Kähler structure that is a geometric ingredient regarded as a kinematical
ingredient is intertwined with the dynamics

Part 2. Classical Statistical Field Theory
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Quantum Field Theory: Hilbert space

We build the Quantum Field Theory of the scalar field as the quantization of the
CSFT. We use the prescriptions of Geometric QFT

The Hilbert space of the quantum theory is obtained using the Gaussian
measure of the classical theory. This state is interpreted as part of the
vacuum of the theory

L2(D′(Σ)×D′(Σ), Dµ) → H

This Hilbert space has too many degrees of freedom and has to be reduced to a
Lagrangian submanifold of MF . We obtain infinitely many representations from
this procedure. The most representative ones are:

Part 3. Quantum Field Theory
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JMF
= (∂φy , ∂πy)

(
Ay

x ∆y
x

Dy
x −(At)yx

)(
dφx

dπx

)

4 HHol = L2
Hol(D

′(Σ)C, Dµc) Cµc(ρx, ρ̄x) = e−ρ̄x∆xyρy Holomorphic

4 HS = L2(D′(Σ), Dµ) Cµ(ξx) = e−
1
4
ξx∆xyξy Schrödinger

4 HHol = L2
Hol

(D′(Σ)C, Dνc) C̆νc(ρx, ρ̄x) = eρ̄xD
xyρy Antiholomorphic

4 HM = L2(D′(Σ), Dν) C̆ν(ξx) = e
1
4
ξxDxyξy Field-momenta
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Hol(D

′(Σ)C, Dµc) Ψ(ϕx) Holomorphic

4 HS = L2(D′(Σ), Dµ) Ψ(φx) Schrödinger

4 HHol = L2
Hol

(D′(Σ)C, Dνc) Ψ(ϕ
x
) Antiholomorphic

4 HM = L2(D′(Σ), Dν) Ψ(πx) Field-momenta

Introducing the complex coordinate ϕx = φx − iπx
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Quantum Field Theory: Space of observables

The observables are obtained with a quantization mapping Q : C∞(MF ) → B(H )

Q1) Q(F +G) = Q(F ) +Q(G)

Q2) Q(F )Q(G)−Q(G)Q(F ) = −iℏQ({F,G}) + o(ℏ2)
Q3) Q(F ) = F1 if F is constant

Q4) (Irreducibility condition) For a given set of classical observables {fi}I such
that {fi, g} = 0 ∀i ∈ I implies g is constant; then if an operator A commutes
with every Q(fi), A is a multiple of the identity.

Part 3. Quantum Field Theory
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Quantum Field Theory: Space of observables
The observables are obtained with a quantization mapping Q : C∞(MF ) → B(H )

For linear operators we get

4 HHol = L2
Hol(D

′(Σ)C, Dµc) Ψ(ϕx) Holomorphic

Q(ϕy)Ψ(ϕx) =ϕyΨ(ϕx),

Q(ϕ̄y)Ψ(ϕx) =∆yz∂ϕzΨ(ϕx).

4 HS = L2(D′(Σ), Dµ) Ψ(φx) Schrödinger

Qs(φ
y)Ψ(φx) = φyΨ(φx),

Qs(πy)Ψ(φx) =
(
−i∂φy + iφx∆−1

xy − φx(∆−1A)xy
)
Ψ(φx).

for higher order polynomials we complete the definition using an ordering
prescription.

Part 3. Quantum Field Theory
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Implications to define the evolution
4 The Gaussian measures of the Hilbert spaces µ, ν and the quantization

mappings Q depend on JMC
= |XH |−1XH . As a consequence, every aspect of

the construction will acquire a dependence on time

The structure of the phase space of QFT is such that the Kähler structure and the
quantization mapping are time dependent structures (ω(t), µ(t), J(t))MF

and Q(t)

Part 3. Quantum Field Theory
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�2 Classical Statistical Field Theory

�3 Quantum Field Theory

�4 Modification of the
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�5 Particle Creation in FLRW spacetimes
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Second quantized Kähler structure
We must consider pure states Ψ a section of a bundle B → R locally equivalent to

“L2(D′(Σ), Dµc(t))× R”

.

The Schördinger equation is
i∂tΨ = ĤΨ

with Ĥ(t) selfadjoint at every moment in time. This equation does not conserve
probability because it does not respect the geometric structure of the bundle.

Part 4. Modification of the Schrödinger Equation
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Connection term

In order to respect the Geometric structure we simply substitute the time
derivative by a covariant time derivative

∇tΨ = ∂tΨ+ ΓtΨ

such that ∇t

〈
·, ·
〉
µc

= 0.

This condition together with

∇tQ(F ) = Q(∂tF )

are enough to select a unique connection term.

Part 4. Modification of the Schrödinger Equation
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Integral transforms

The relation among every representation can be provided in terms of integral
transforms

(
L2(N ′, Dµ),Qs

)
Schrödinger

(
L2(N ′, Dν), Qm

)
Momentum-field

Holomorphic(
L2
Hol(N ′

C, Dµc),Q
) Antiholomorphic(

L2
Hol

(N ′
C, Dνc),Q

)

F

F−1

B̃−1B̃

F̃

F̃−1

B̃
−1

B̃

We defined the Gaussian integral transforms F and B̃ that we dubbed Fourier and
Segal-Bargmann transforms.

Part 4. Modification of the Schrödinger Equation
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The modified Schrödinger equation

For a selfadjoint Hamiltonian Ĥ and the unique connection Γt that defines a
covariant time derivative ∇t fulfilling ∇t

〈
·, ·
〉
µc

= 0 and ∇tQ(F ) = Q(∂tF ) the
evolution is provided by the modified Schrödinger equation

i
(
∂t + Γt

)
Ψ = ĤΨ

4 The study of the Kinematical aspects of the theory, i.e. the geometrical
structures involved in the Hamiltonian pictures of QFT induce an unambiguous
correction to the dynamics

Part 4. Modification of the Schrödinger Equation
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�3 Quantum Field Theory
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spacetimes

Part 5. Particle Creation in FLRW spacetimes

Å24/34



Frieman-Lemaître-Robertson-Walker spacetimes

The cosmological models are represented by FLRW spacetimes

g = −dt⊗ dt+ a2(t)
[dr ⊗ dr

1− kr2
+ r2

(
dθ + sin2 θdϕ

)]
with k = 0,±1, (r, θ, ϕ) ∈ [0,∞)× [0, π]× [0, 2π]

Choosing as Cauchy hypersurface R3 we obtain

N = 1,N⃗ = 0,

h =a2(t)
[dr ⊗ dr

1− kr2
+ r2

(
dθ + sin2 θdϕ

)]
,

Part 5. Particle Creation in FLRW spacetimes
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Klein Gordon theory

We can illustrate the effects of the correction with the Klein Gordon theory with
Hamiltonian

H =

∫
Σ
ddx[NH +N iHi]

where

H x =

√
h(x)

2
[π2

x + hijDiφxDjφx +m2φ2
x]

H x
i =

√
hπxDiφx

With D representing the Levi-Civita connection of the Riemannian metric h over Σ.
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Klein-Gordon theory in FLRW spacetimes
The Hamiltonian is

HKG =

∫
Σ

a3(t)

2

(
π2(u)− φ(u)∇2φ(u)

a2(t)
+m2φ(u)2

)
Volk(u)du

3

Volk,∇2 =


sin2 χ sin θ, 1

sin2 χ

[
∂χ(sin

2 χ∂χ) +
1

sin θ

[
∂θ(sin θ∂θ) + ∂2

ϕ

]]
k = 1

1, ∂2
x + ∂2

y + ∂2
z k = 0

sinh2 χ sin θ, 1
sinh2 χ

[
∂χ(sinh

2 χ∂χ) +
1

sin θ

[
∂θ(sin θ∂θ) + ∂2

ϕ

]]
k = −1

The complex structure of this model is

JMF
=

(
0 a

(√
−∇2 +M2

)−1

− 1
a

√
−∇2 +M2 0

)
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The modified Schrödinger equation

The corrections to the Schrödinger equation are

i

[
∂t +

ȧ

a
ϕy

(
2− 1

2

M2

M2 −∇2

)x

y

∂ϕx

]
Ψ =

ȧa3
[
Volk

(1
2
+

1

4

M2

M2 −∇2

) 1√
M2 −∇2

]xy
∂ϕx∂ϕyΨ+

− ȧ

a3

[ 1

Volk

(1
2
+

1

4

M2

M2 −∇2

)√
M2 −∇2

]
xy

ϕxϕyΨ+

1

a
ϕx
(√

−∇2 +M2
)y
x
∂ϕyΨ
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Particle production

We can express the equation in terms of creation a†,x and annihilation ax operators

∂t

(
ax

a†,x

)
=

ȧ

a

[
1

2

(
−1 1

1 −1

)
M2

M2 −∇2
+

(
−1 −2

−2 −1

)](
ax

a†,x

)
The correction term mixes these operators, this can be interpreted as a dynamical
generation of Bogoliubov transformation that is interpreted as particle production
on expanding universes.

The mixing is proportional to the Hubble parameter ȧ
a .
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Conclusions

4 From a systematic analysis of the geometry of Hamiltonian QFT over a Cauchy
hyperspace we found corrections to the Schrödinger equation.

iℏ
(
∂t + Γt

)
Ψ = ĤΨ

4 We can identify that the source of particle production in an expanding
universe, an effect already studied in the literature using asymptotic
Minkowsky states, is precisely this correction.
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Thank You For Your Attention!
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