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Quantum Field Theory on a Curved Spacetimes

The Schoérdinger equation is
thoy W = HY

with f[(t) selfadjoint at every step in time. This equation does not conserve
probability.
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Quantum Field Theory on a Curved Spacetimes

The Schoérdinger equation is
thoy W = HY

with f[(t) selfadjoint at every step in time. This equation does not conserve
probability.
From a geometric point of view we will modify

(0 +T)V = HY
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Ground floor: space + time

® The Hamiltonian formalism of gravity
requires a split of space and time
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ADM formalism

The ADM Hamiltonian formalism of general relativity using the phase space
T* Riem(X) with coordinates (h, m,) in components (h;;(z), 7,/ (z)). The
diffeomorphism is fully implemented by Lapse function and Shift vector N, N.
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Elements for QFT in curved spacetimes

® In this project we focus on Quantum Field Theories in Curved spacetimes
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Elements for QFT in curved spacetimes

® In this project we focus on Quantum Field Theories in Curved spacetimes
P The gravitational content is parametrized by a curve (h, 7, N, N)(t)

|
The geometric structures of the upper floors will depend on the time parameter ¢
only through these parameters

I
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Phase space in Classical Statistical Field Theory

The phase space of scalar fields is often modelled over the compact Cauchy
hypersurface X
T*C™®(X) ~ C*®(X) x Den(X)

Part 2. Classical Statistical Field Theory moooo

10/34 ¢




Phase space in Classical Statistical Field Theory

The phase space of scalar fields is often modelled over the compact Cauchy
hypersurface X
T*C™®(X) ~ C*®(X) x Den(X)

This space does not admit Gaussian probability distributions because there is no
Gaussian probabilty measure over it. Instead we must use

Mp =D'(2) x D'(%)
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Phase space in Classical Statistical Field Theory

Notation

px € C°(X) represents test functions * € D’(X) represents distributions. The
Riemannian metric h induces a musical isomorphism relating both of them when
we restrict Den(X) C D/(X).

Mp = D'(X) x D'(X) covered with a chart (¢*, 7*)
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Phase space in Classical Statistical Field Theory

Notation

px € C°(X) represents test functions * € D’(X) represents distributions. The
Riemannian metric h induces a musical isomorphism relating both of them when
we restrict Den(X) C D/(X).

Mp = D'(X) x D'(X) covered with a chart (¢*, 7*)

Admits a symplectic structure densely defined over Den(X) x Den(X)
Wy = / — dr(x) AN dp(z)
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Gaussian states in Classical Statistical Field Theory

The Gaussian state is provided by a measure p. Bochner-Minlos theorem provides
those states with the characteristic functional

D xvﬂ-x ez(ngo Ham) =exp| ¢ o Xx5T1x ) \Xx, Tx

defined via a positive definite covariance u;jF C®(X) x C*(X) = R.
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Gaussian states in Classical Statistical Field Theory

The Gaussian state is provided by a measure p. Bochner-Minlos theorem provides
those states with the characteristic functional

X\ 1 z i 1 _
/ Dp(*, 7)e/ 0 1) = exp <§MMlF[(xx,nx), (annx)])
"(E)xD'(¥)

defined via a positive definite covariance u;jF C®(X) x C*(X) = R.

We introduce the covariance using a Kahler structure (p,w, J) A, on the space of
fields compatible with the symplectic structure pa,. (,) = warp (, —JImy):

AY AY dy® .
Imp = (8¢y,8ﬂy)< Y y ) ( . > with

D =(AD: dr Axy > 0> Dyy

J2 = —]l |
A —A dp® Mp
— Y Yy yx yx =
e = agtany (e T ) (7)) i
Part 2. Classical Statistical Field Theory oomoo
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Brief comments on dynamics

It is convenient to use a stationary Gaussian state pg as a reference to describe
other states.

Part 2. Classical Statistical Field Theory

13/34 ¢
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It is convenient to use a stationary Gaussian state pg as a reference to describe
other states.

This implies choosing a complex structure and a Gaussian measure dependent on
the Hamiltonian H € (M) that generates the dynamics

JMC = ’XH‘ilXH
where X is the Hamiltonian vector field seen as an operator.
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where X is the Hamiltonian vector field seen as an operator.
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Elements for QFT in curved spacetimes

® In this project we will describe Quantum Field Theories with a quantization
procedure from CSFT

® The space of fields should be modelled over distributions ¢* € D'(X)
|

The use of distributions for the classical theory already implies the need of a
regularization procedure for expressions like ¢® ¥

® The absence of a reference homogeneous Lebesgue measure leads us to use
a stationary Gaussian state to define the dynamics. This choice is translated
into Jum. = | Xu| ' Xg.

|
The Kahler structure that is a geometric ingredient regarded as a kinematical
ingredient is intertwined with the dynamics

-

.
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Quantum Field Theory: Hilbert space

We build the Quantum Field Theory of the scalar field as the quantization of the
CSFT. We use the prescriptions of Geometric QFT

I
Part 3. Quantum Field Theory moo

16/34 ¢




Quantum Field Theory: Hilbert space

We build the Quantum Field Theory of the scalar field as the quantization of the
CSFT. We use the prescriptions of Geometric QFT

|
The Hilbert space of the quantum theory is obtained using the Gaussian
measure of the classical theory. This state is interpreted as part of the
vacuum of the theory

L*(D'(2) x D'(X),Dp) — A
This Hilbert space has too many degrees of freedom and has to be reduced to a

Lagrangian submanifold of M. We obtain infinitely many representations from
this procedure. The most representative ones are: £
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Quantum Field Theory: Hilbert space

This Hilbert space has too many degrees of freedom and has to be reduced to a
Lagrangian submanifold of M. We obtain infinitely many representations from
this procedure. The most representative ones are:

AL Al e
Iy = (Opv, Orv) < Dy —(A"): ) ( dr* >

B o = L%{OZ(D,(E)C, D/Jc) Cuc(pmﬁx) — e~ PzAYpy Holomorphic
® s =L*(D'(X),Dp) Culby) = e 182" Schrodinger

Jm
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Quantum Field Theory: Hilbert space

This Hilbert space has too many degrees of freedom and has to be reduced to a
Lagrangian submanifold of M. We obtain infinitely many representations from
this procedure. The most representative ones are:

AL A de?
Iy = (Ogu; Orv) < DY —(AYY ) ( dm® >

® Ao = L3,(D'(Z)c, Due) Cpuo(px, Px) = e PeB"Py Holomorphic
®w = L*(D'(X),Dp) Cu(ty) = e 1888 Schrédinger
® gy = L3 (D'(¥)c, D) (px, px) = ePe ey Antiholomorphic
e = LZ(D (), Dv) Cy (&) = 1Dy Field-momenta__
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Quantum Field Theory: Hilbert space

This Hilbert space has too many degrees of freedom and has to be reduced to a
Lagrangian submanifold of M. We obtain infinitely many representations from
this procedure. The most representative ones are:

® Ao = L%, (D'(Z)c, Dpe) U (¢¥) Holomorphic
® A5 =L*(D'(X),Dp) U(p*)  Schrédinger
® g = L2(D'(3)c, Dve) U(¢") Antiholomorphic
® 4y = L*(D'(X), Dv) U (7*) Field-momenta

Introducing the complex coordinate ¢* = * — ™

«mi
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Quantum Field Theory: Space of observables

The observables are obtained with a quantization mapping Q : C°(Mp) — B(J¢)
Ql) Q(F +G) = Q(F)+ Q(G)
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The observables are obtained with a quantization mapping Q : C°(Mp) — B(J¢)
Ql) Q(F +G) = Q(F)+ Q(G)
Q2) Q(F)Q(G) — Q(G)Q(F) = —ihQ({F,G}) + o(h?)

_}\
A
om0O
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Quantum Field Theory: Space of observables

The observables are obtained with a quantization mapping Q : C°(Mp) — B(J¢)
Ql) QF +G) = Q(F) + Q(G)

Q2) Q(F)Q(G) — Q(G)Q(F) = —ihQ({F,G}) + o(h?)

Q3) Q(F) = F1 if F is constant

Q4) (Irreducibility condition) For a given set of classical observables { f;}7 such
that {f;, g} = 0Vi € Z implies g is constant; then if an operator A commutes
with every Q(f;), A is a multiple of the identity.

!
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Quantum Field Theory: Space of observables

The observables are obtained with a quantization mapping Q : C®°(Mp) — B(H)
For linear operators we get

® Ao = L%, (D' (Z)c, Dpe) U (¢®) Holomorphic
Q(¢¥)U(¢™) =¥ ¥ (™),
Q¥ )W(¢*) =AYy W(4¥).

for higher order polynomials we complete the definition using an ordering 0
prescription. it
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The observables are obtained with a quantization mapping Q : C®°(Mp) — B(H)
For linear operators we get

® Ao = L%, (D' (Z)c, Dpe) U (¢®) Holomorphic
Q¢)(¢%) =4 T (¢),
Q¢Y)W(6*) =AYy (¢%).

® % = L*(D'(X),Dp) U(pX)  Schrédinger

Qs (pY) V(™) = YW (p¥),
Qu(my) (™) = (—i0py + i Dsy — ©" (AT A)ay) U(p¥).

for higher order polynomials we complete the definition using an ordering 0
prescription. it
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Implications to define the evolution
® The Gaussian measures of the Hilbert spaces i, v and the quantization
mappings Q depend on Jaq, = | Xz | ' Xy. As a consequence, every aspect of
the construction will acquire a dependence on time
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Implications to define the evolution
® The Gaussian measures of the Hilbert spaces i, v and the quantization
mappings Q depend on Jaq, = | Xz | ' Xy. As a consequence, every aspect of
the construction will acquire a dependence on time

The structure of the phase space of QFT is such that the Kahler structure and the
quantization mapping are time dependent structures (w(t), u(t), J(t)) m, and Q(t)

L2 ’ L2 ’ '
Ho (D (Z)e, Dy, ) o (D ), Dy )
Q(0) Q) =
< = = t : %‘
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Second quantized Kahler structure
We must consider pure states ¥ a section of a bundle B — R locally equivalent to

“L*(D'(2), Dpe(t)) x R

L/%lo/ (D/(Z)C,Dﬂ o) Lfglo/ (D’(Z)C, Dy (t)')

2(0) Q(t)
\

The Schoérdinger equation is

iU = HU
with H(t) selfadjoint at every moment in time. This equation does not conserve u!
probability because it does not respect the geometric structure of the bundle. it
Part 4. Modification of the Schrédinger Equation mooo

20/34 ¢




Connection term

In order to respect the Geometric structure we simply substitute the time
derivative by a covariant time derivative

ViU = o0 + 10
such that V,(-, ->H =0.

C

‘= |
<A
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Connection term

In order to respect the Geometric structure we simply substitute the time
derivative by a covariant time derivative

ViU = o0 + 10
such that V(- '>u = 0. This condition together with

ViQ(F) = Q(OF)

are enough to select a unique connection term.
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Integ ral transforms

The relation among every representation can be provided in terms of integral
transforms

Holomorphic F N Antiholomorphic
(BN Due). @) (L3,(N2. D). Q)
E-

[

(22", Dp). 2.) (22w, pv), @)

Schrédinger F-1 Momentum-field

We defined the Gaussian integral transforms F and B that we dubbed Fourier and
Segal-Bargmann transforms. ‘

«mi
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The modified Schrodinger equation

|
For a selfadjoint Hamiltonian H and the unique connection I'; that defines a
covariant time derivative V; fulfilling V(- '>u =0and V;Q(F) = Q(0,F) the
evolution is provided by the modified Schrodinger equation

i(0 + 1) ¥ = HY

I
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The modified Schrodinger equation

|
For a selfadjoint Hamiltonian H and the unique connection I'; that defines a
covariant time derivative V; fulfilling V(- '>u =0and V;Q(F) = Q(0,F) the
evolution is provided by the modified Schrodinger equation

i(0 + 1) ¥ = HY

® The study of the Kinematical aspects of the theory, i.e. the geometrical
structures involved in the Hamiltonian pictures of QFT induce an unambiguous
correction to the dynamics

«mi
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Frieman-Lemaitre-Robertson-Walker spacetimes

The cosmological models are represented by FLRW spacetimes
dr ® dr
1— kr2
with k = 0,+1, (r,0,¢) € [0,00) x [0, 7] x [0, 27]

g = —dt ®@dt + a*(t) +7%(df + sin® 0d¢)]
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Frieman-Lemaitre-Robertson-Walker spacetimes

The cosmological models are represented by FLRW spacetimes
dr ® dr
1— kr2
with k = 0,+1, (r,0,¢) € [0,00) x [0, 7] x [0, 27]

g = —dt ®@dt + a*(t) +7%(df + sin® 9d¢)]

Choosing as Cauchy hypersurface R? we obtain

N =1,N =0,
dr ® dr

h=a*(t)| T

+72(d0 + sin? 0dg) .
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Klein Gordon theory

We can illustrate the effects of the correction with the Klein Gordon theory with
Hamiltonian

H = / Az [NA + N
P

where

h .
A= fz(x) [72 + h" Dipe Djpy + m*¢?]

HE = \/?meDiwr

With D representing the Levi-Civita connection of the Riemannian metric h over X.
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Klein-Gordon theory in FLRW spacetimes

The Hamiltonian is

sin? y sin 6,
Vol,, V2 =< 1,

sinh? y sin 6,

Part 5. Particle Creation in FLRW spacetimes
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HKG — A a32(t) <7T2(’LL) _ (p(u)v2¢(u)

sin? x

a?(t)

[8 (sin? xOy) +

02 + 02 + 02

1
sinh?

[5’X(sinh2 X0y) +

sin 0

sin 6

+ mzap(u)2> Voly, (u)du®

L [06(sin 60p) + 8¢H

L [06(sin 00p) + 82] }




Klein-Gordon theory in FLRW spacetimes

The Hamiltonian is

a3 w)V2p(u
i = [ 52 (72w~ S () Vol (s

The complex structure of this model is

-1
0 a(vV-V2 + M?)
JMF = 1 D) )
LV m 0
"‘
* [H“
Part 5. Particle Creation in FLRW spacetimes oomoo
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The modified Schrodinger equation

The corrections to the Schrédinger equation are

. 2 x
) a ., 1 M )
Hot 0" (2 gap —we 8‘”’

Vol 1 1 M? 1
{Ok< 4 M2 — V2>1/M2_v2

d[ 1 (1+1 M? )\/m} e

a’ VOlk 2 4 M? —V?2 Xy
1 Yy
0" (V-2 4+ M?) 00
a x

Yy
| 000w+

f;J 1
i
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Particle production

We can express the equation in terms of creation at* and annihilation ¢* operators

g @ y_af[t/ -1 1 M? -1 -2 a*
atx ) Tal2\ 1 1) T 2 ahx

The correction term mixes these operators, this can be interpreted as a dynamical
generation of Bogoliubov transformation that is interpreted as particle production
on expanding universes.

«mi
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Particle production

We can express the equation in terms of creation a* and annihilation «* operators

g @ y_af[t/ -1 1 M? -1 -2 a*
atx ) Tal2\ 1 1) T 2 ahx

The correction term mixes these operators, this can be interpreted as a dynamical
generation of Bogoliubov transformation that is interpreted as particle production
on expanding universes.

The mixing is proportional to the Hubble parameter %

«mi
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Conclusions

® From a systematic analysis of the geometry of Hamiltonian QFT over a Cauchy
hyperspace we found corrections to the Schrédinger equation.

m(at n rt)qf — AU
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Conclusions

® From a systematic analysis of the geometry of Hamiltonian QFT over a Cauchy
hyperspace we found corrections to the Schrédinger equation.

ih(@t n rt>qf — AU

® We can identify that the source of particle production in an expanding
universe, an effect already studied in the literature using asymptotic
Minkowsky states, is precisely this correction.
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Thank You For Your Attention!
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