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m & 10�19eV
*,**

* for dark matter density dominated by sub-Hubble modes

** by conincidene, the number is same more generally
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wave dark matter
Cold & Quiet vs. Warm & Noisy Fields
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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eg. axions with PQ after inflation
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Quiet vs. Noisy Fields

* significant zero mode

      inflaton just at end of inf.

field after inflation fragmentation 

*insignificant zero mode
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Warm and Noisy Field

- suppression

- free-streaming + Jeans 


- enhancement

- Poisson-like fluctuations

density perturbations
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Warm & Noisy Wave Dark Matter

Observationally accessible*, 

scale-dependent features 

in the density power spectrum 

2

<latexit sha1_base64="oUV5eN8yfdJugjUr1Khz/WWW9Pc=">AAAB+XicbVDLTsMwEHTKq5RXgCMXiwqpXErC+1jBhWOR6ENqQ+S4TmvFdiLbKaqi/gkXDiDElT/hxt/gtjlAy0grjWZ2tbsTJIwq7TjfVmFpeWV1rbhe2tjc2t6xd/eaKk4lJg0cs1i2A6QIo4I0NNWMtBNJEA8YaQXR7cRvDYlUNBYPepQQj6O+oCHFSBvJt+1KdBL5WVdy+CTGx49nvl12qs4UcJG4OSmDHHXf/ur2YpxyIjRmSKmO6yTay5DUFDMyLnVTRRKEI9QnHUMF4kR52fTyMTwySg+GsTQlNJyqvycyxJUa8cB0cqQHat6biP95nVSH115GRZJqIvBsUZgyqGM4iQH2qCRYs5EhCEtqboV4gCTC2oRVMiG48y8vkuZp1b2sXtyfl2s3eRxFcAAOQQW44ArUwB2ogwbAYAiewSt4szLrxXq3PmatBSuf2Qd/YH3+AFJtktM=</latexit>

(k/
kwn

)
3

k
J
(t

eq
)

k
fs
(t

eq
)

k
eq

<latexit sha1_base64="Y5ORBe0kqO6aay00s2QeoyvFaF4=">AAACEXicbZDJSgNBEIZ73I1b1KOXxiBEkDAT3I6iHjwqmETIxFDTqWiTnsXuGiEOeQUvvooXD4p49ebNt7GzHNwKGj7+v4rq+oNESUOu++mMjU9MTk3PzObm5hcWl/LLK1UTp1pgRcQq1hcBGFQywgpJUniRaIQwUFgLOkd9v3aL2sg4Oqdugo0QriLZlgLISs188fyy3Mx8HXJo9Yo0RLzpbXU2/WNUBNb275CgmS+4JXdQ/C94IyiwUZ028x9+KxZpiBEJBcbUPTehRgaapFDYy/mpwQREB66wbjGCEE0jG1zU4xtWafF2rO2LiA/U7xMZhMZ0w8B2hkDX5rfXF//z6im19xuZjJKUMBLDRe1UcYp5Px7ekhoFqa4FEFrav3JxDRoE2RBzNgTv98l/oVouebulnbPtwsHhKI4ZtsbWWZF5bI8dsBN2yipMsHv2yJ7Zi/PgPDmvztuwdcwZzayyH+W8fwFsGpzJ</latexit>

T
2
ad(teq, k)�2

⇣

10-2 10-1 100 101 102 103 104

10-9

10-6

10-3

100

FIG. 2. To illustrate our main point, we sketch the dimensionless power spectrum of dark matter density fluctuations at
matter-radiation equality including the white noise excess and free-streaming cuto↵. For keq < k < kJ(t), after equality this
curve approximately shifts upwards with a

2(t)/a2
eq. Note that kfs(t) ⌧ kJ(t). The orange shaded region is observationally

constrained to be roughly scale-invariant. The orange curve is sketched using m = 10�20 eV and kwn ⇠ 103 Mpc�1– the
suppression of power due to free-streaming for k < kobs ⇠ 10 Mpc�1 makes this spectrum inconsistent with observations. More
generally, for the white noise contribution not to exceed the scale-invariant one at k . kobs, requires kwn & 102

kobs, which
together with kfs & kobs, leads to our lower bound: m & 10�19 eV.

k space where the density perturbations become nonlin-
ear. Furthermore, while not necessary for the follow-
ing sections, a parameterization of kwn ⇠ k⇤ in terms of
the time and lengthscale associated with the production
mechanism, and mass m, is provided in the supplemen-
tary material section (VI A).

The reader who is familiar with the theory of structure
formation might be skeptical about this flat spectrum.
Indeed, it is well known that the stochastic contribution
to the nonlinear P�(t, k) arising from clustering behaves
as k

4 rather than k
0 at low k. This is a consequence of

mass and momentum conservation (see [11], chapter 28).
A white-noise contribution / k

0, would imply that start-
ing from the same initial matter density ⇢̄(t1), a finite-
volume universe could end up with di↵erent final values
of ⇢̄(t2), as a result of random clustering. Of course, this
is impossible. On the other hand, it is perfectly possible
that an initially radiation dominated universe ends up
with di↵erent amounts of matter (i.e. di↵erent Teq) be-
cause of random fluctuations in the dark matter produc-
tion scenario. For instance, there is a finite, though ex-
tremely small, probability that after Peccei-Quinn sym-
metry breaking, everywhere in a finite-volume universe
the axion field finds itself near the bottom of the would
be axion potential.

III. FREE-STREAMING

Now we include adiabatic perturbations. Initially, they
modulate the energy density in ' in the standard way,
leading to the usual adiabatic contribution to the matter
power spectrum at very large scales. At smaller scales,
however, the subsequent evolution is non-standard due
to the sizable momentum ⇠ k⇤ carried by the field fluc-

tuations. The small scale adiabatic perturbations will be
washed out up to a free streaming length. During radi-
ation epoch this length is known to grow logarithmically
after k⇤ < a(t)m [12]

k
⇤
fs(t) =

"Z t
dt

0

a

(k⇤/a)p
k2

⇤/a2 + m2

#�1

⇡
a
2
Hm

k⇤ log
⇣

2am
k⇤

⌘ ,

(3)
where we assume that t . teq. In the supplementary
material section (VI F 2), we will see that the e↵ect can
be approximated (at about 10%) for k  k

⇤
fs as a multi-

plicative correction to the adiabatic transfer function

P
(ad)
� (t, k) ⇡ P⇣(ti, k)T 2

ad(t, k)⇥


m
2

⇢̄(t)

Z
d ln q

q
3

2⇡2
P'(t, q)

sin[k/qfs(t)]

k/qfs(t)

�2 (4)

where qfs(t) ⌘

hR
a

�1
dt

0(q/a)/
p

q2/a2 + m2
i�1

.

For small k, using (4), one can define the free-
streaming cuto↵ more accurately via

1

k
2
fs(t)

=
m

2

⇢̄

Z a(t)m

d ln q
q
3

2⇡2
P'(t, q)

1

q
2
fs(t)

, (5)

which can be physically understood as a variance of the
free-steaming length for each comoving momentum q. If
this integral gets most of its contribution from q ⇠ k⇤,
then k

⇤
fs in (3) will provide a good approximation to kfs(t),

otherwise kfs in (5) should be used instead of k
⇤
fs. In

general, if q
3
P'(t, q > k⇤) / q

�↵ with ↵ > 2, then
kfs ⇠ k

⇤
fs, otherwise kfs ⌧ k

⇤
fs since in the latter case,

the integral in (5) receives significant contribution from
q ⇠ a(t)m � k⇤. In what follows, we use kfs ⇠ k

⇤
fs, mak-

ing our mass bound rather conservative. In an additional
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density
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We argue that there is a lower bound of order 10�18 eV on dark matter mass if it is produced
after inflation via a process with finite correlation length.

I. INTRODUCTION

Dark matter is essential to our understanding of the
cosmos – from the astrophysical scales relevant for dwarf
galaxies to the cosmological scales in the Cosmic Mi-
crowave Background (CMB) [1]. Dark matter makes up
approximately 84% of the non-relativistic matter in our
cosmos [2]. Its detailed nature, however, is not well un-
derstood. For example, the mass or spin of dark matter
particles is not known, and we have yet to confirm any
non-gravitational interactions of dark matter. Further-
more, we do not have a unique formation mechanism for
dark matter in the early universe. Given the relevance of
dark matter to our understanding of the cosmos, any rel-
atively model-independent constraint on some of its mi-
croscopic properties would be valuable. In this letter, we
provide such a relatively model-independent lower bound
on the mass of dark matter particles.

An approximately scale invariant initial power spec-
trum of dark matter density fluctuations for comoving
wavenumbers k < kobs ⇠ 10 Mpc�1 is consistent with
current observations [3, 4]. We use two e↵ects, (1) excess
white noise power and (2) suppression of power due to
free-steaming, to provide a relatively model-independent
lower bound on the mass of the dark matter particles
produced after inflation, m & 10�18 eV. The bound is
independent of the nature of the field (scalar, vector, ten-
sor etc.) and details of the post-inflationary production
mechanism, but assumes this field constitutes all of dark
matter and interacts only gravitationally after produc-
tion. With more details of the production mechanism
included, the bound can be strengthened further. Our
lower bound is at least 1-2 orders of magnitude stronger
than that due to the finite Jeans scale in fuzzy dark mat-
ter [3, 5]. It is comparable to the recent bound due to
dynamical heating of stars in ultra-faint white dwarfs [6].
Our bound is more general, but weaker than the one
of [7, 8], who use a model-specific version of (1) alone.
Based on inferred quasar spins and hence lack of super-
radiance, [9] also claims a stronger bound on the mass
than ours.

To demonstrate our idea, we provide a concrete exam-
ple of scalar field dark matter. We set ~ = c = 1.

⇤ mustafa.a.amin@rice.edu
† mehrdad.mirbabayi@gmail.com

II. WHITE NOISE

Consider a scalar field, '(t,x) of mass m, that gets
excited at time ti after inflation with Heq ⌧ m < Hi.
For now, let us neglect the inflationary adiabatic fluctu-
ations. Then, the correlation length of the excitations is
expected to be subhorizon because of causality. Near
matter-radiation equality, the matter density is given
by[10]

⇢̄(t) ⇡ m
2

Z
d ln q

q
3

2⇡2
P'(t, q) , (1)

where integration over all momenta (without a UV cut-
o↵) is a justifiable approximation because by this time
the integral must be dominated by momenta much less
than ma(t). Meanwhile, since Heq ⌧ Hi, the main con-
tribution comes from momenta much larger than keq. For
simplicity, we take it to be a single scale k⇤. Because of
the finite correlation length, at momenta k ⌧ k⇤ there
is a white-noise contribution to the spectrum of the frac-
tional density perturbation �. The isocurvature transfer
function is close to one and we can approximate

P
(iso)
� (t, k) ⇡

m
4

⇢̄2(t)

Z
d ln q

q
3

2⇡2
[P'(q, t)]2 ⌘

2⇡
2

k
3
nl

. (2)

knl is understood as being defined by the above equa-
tion. With a single scale in the problem, we expect a
time-independent knl ⇠ k⇤. Further details of the order
unity isocurvature transfer function can be found in the
supplementary material (V F).

We stress that despite the suggestive subscript, knl

only parametrizes the slope of the white-noise part of
the density power spectrum at su�ciently small k. It is
not necessarily the location in k space where the density
perturbations become nonlinear. Furthermore, while not
necessary for the following sections, a parameterization
of knl ⇠ k⇤ in terms of the time and lengthscale asso-
ciated with the production mechanism, and mass m, is
provided in the supplementary material section (V A).

The reader who is familiar with the theory of struc-
ture formation might be skeptical about this flat spec-
trum. Indeed, it is well known that the stochastic con-
tribution to the nonlinear P�(t, k) arising from clustering
behaves as k

4 rather than k
0 at low k. This is a con-

sequence of mass and momentum conservation (see [11],
chapter 28). A white-noise contribution / k

0, would im-
ply that starting from the same initial matter density
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the lower bound on wave DM mass
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Dark matter density dominated by sub-Hubble field modes
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1. and 2. not seen for k < kobs ⇠ 10Mpc�1
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1. white-noise excess in isocurvature density pert.

2. free-streaming suppression in adiabatic density pert.
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Then in density power spectrum:

MA & Mirbabayi (2022/24)

and see Liu et. al (2024), Long & Venegas (2025)
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comparison  with literature

Rogers and Peiris (2021) — Ly￼α

Dalal & Kravtsov (2022) — dynamical heating
Powell et. al (2023) — lensing
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* For thermal production, bound is ~ few keV  — why the difference ? — Ask me.
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density

– 25 –
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the lower bound on wave DM mass
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keq
<latexit sha1_base64="3CAC/wlgFXTGSJ5uPpsOyuXntgc=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCCy0zKtVl0Y0boYJ9QGdaMmnahiaZIckIdRj8FTcuFHHrf7jzb0zbWWjrgQuHc+7l3nuCiFGlHefbyi0sLi2v5FcLa+sbm1v29k5dhbHEpIZDFspmgBRhVJCappqRZiQJ4gEjjWB4PfYbD0QqGop7PYqIz1Ff0B7FSBupY++5TvvMO048yeFthNN2cuKmHbvolJwJ4DxxM1IEGaod+8vrhjjmRGjMkFIt14m0nyCpKWYkLXixIhHCQ9QnLUMF4kT5yeT6FB4apQt7oTQlNJyovycSxJUa8cB0cqQHatYbi/95rVj3Lv2EiijWRODpol7MoA7hOArYpZJgzUaGICypuRXiAZIIaxNYwYTgzr48T+qnJbdcKt+dFytXWRx5sA8OwBFwwQWogBtQBTWAwSN4Bq/gzXqyXqx362PamrOymV3wB9bnD7IHlB8=</latexit>

103 Mpc�1

<latexit sha1_base64="LwfUzodBlZjE68xL8KY9WnnZwqs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5ZEpOqt6MVjBfsBTSyb7aRdupuE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWcSgoNGvNYtgOigLMIGpppDu1EAhEBh1YwvJv6rRFIxeLoUY8T8AXpRyxklGgjdW3bdZ6yc/dm4p15UmBodu2yU3FmwMvEzUkZ5ah37S+vF9NUQKQpJ0p1XCfRfkakZpTDpOSlChJCh6QPHUMjIkD52ezyCT4xSg+HsTQVaTxTf09kRCg1FoHpFEQP1KI3Ff/zOqkOr/2MRUmqIaLzRWHKsY7xNAbcYxKo5mNDCJXM3IrpgEhCtQmrZEJwF19eJs2LilutVB8uy7XbPI4iOkLH6BS56ArV0D2qowaiaISe0St6szLrxXq3PuatBSufOUR/YH3+AG8KkkI=</latexit>

10�19 eV

allowed
al

lo
w

ed

MA & Mirbabayi (2022/24) from MW Satellite Populations: Nadler et. al (2026)  



technical details of the calculation

*

MA, May, Mirbabayi (2025) MA, Delos (2025)



￼19

non-relativistic fields in an expanding universe

<latexit sha1_base64="jGoNhJ9ScTGEupfP7X/Q+Gl+y24="></latexit>

i@⌘ = �r2

2m
 +ma2� 

<latexit sha1_base64="8kFngM59pzouwWIGUUNJLTbqFm8="></latexit>

r2� =
4⇡G

a
(⇢� ⇢̄), ⇢ = m| |2

<latexit sha1_base64="brMUDAZ2UVHxUxAxKISASQcXO78=">AAACrnicbVFdb9MwFHXC1wgf6+BxL1dUlYagVVJNGy+VBjyA4KVItJtUZ9WN46zW7CTYDlKV5WfxY3jll+CkBbGNK1k6Oud++dyklMLYMPzp+Xfu3rv/YOdh8Ojxk6e7vb1nc1NUmvEZK2ShzxI0XIqcz6ywkp+VmqNKJD9NLt+3+ul3ro0o8q92XfJY4UUuMsHQOmrZ+zEQtERtBcol5RaBlkbABIY008hqmmMi8Xzc1GPVdN IrUOAIoNOV6JIDgAEA/VZhGjj0p6LTJ7Bpc0hLAR+aGpsDqlcFDIEmqOsWNy9ft2V/O3TN2pwJqKu2/9X5OEi71SZucD0cN6ld9vrhKOwCboNoC/pkG9Nl7xdNC1Ypnlsm0ZhFFJY2rtuPM8mbgFaGl8gu8YIvHMxRcRPXnb0NDByTQlZo93ILHftvRY3KmLVKXKZCuzI3tZb8n7aobPYmrkVeVpbn7NoWdaI2g7NKgi2gvR2kQnNm5doBZFq43YGt0Bls3YUDZ0p004LbYD4eRUejoy+H/ZN3W3t2yD55QQ5IRI7JCflIpmRGmLfvvfU+eZ/90J/7sb/cpPretuY5uRb+6jfOaMuO</latexit>

d⌘ = a�2dt
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2-pt density correlation function

<latexit sha1_base64="jGoNhJ9ScTGEupfP7X/Q+Gl+y24="></latexit>

i@⌘ = �r2

2m
 +ma2� 

<latexit sha1_base64="8kFngM59pzouwWIGUUNJLTbqFm8="></latexit>

r2� =
4⇡G

a
(⇢� ⇢̄), ⇢ = m| |2

<latexit sha1_base64="brMUDAZ2UVHxUxAxKISASQcXO78=">AAACrnicbVFdb9MwFHXC1wgf6+BxL1dUlYagVVJNGy+VBjyA4KVItJtUZ9WN46zW7CTYDlKV5WfxY3jll+CkBbGNK1k6Oud++dyklMLYMPzp+Xfu3rv/YOdh8Ojxk6e7vb1nc1NUmvEZK2ShzxI0XIqcz6ywkp+VmqNKJD9NLt+3+ul3ro0o8q92XfJY4UUuMsHQOmrZ+zEQtERtBcol5RaBlkbABIY008hqmmMi8Xzc1GPVdN IrUOAIoNOV6JIDgAEA/VZhGjj0p6LTJ7Bpc0hLAR+aGpsDqlcFDIEmqOsWNy9ft2V/O3TN2pwJqKu2/9X5OEi71SZucD0cN6ld9vrhKOwCboNoC/pkG9Nl7xdNC1Ypnlsm0ZhFFJY2rtuPM8mbgFaGl8gu8YIvHMxRcRPXnb0NDByTQlZo93ILHftvRY3KmLVKXKZCuzI3tZb8n7aobPYmrkVeVpbn7NoWdaI2g7NKgi2gvR2kQnNm5doBZFq43YGt0Bls3YUDZ0p004LbYD4eRUejoy+H/ZN3W3t2yD55QQ5IRI7JCflIpmRGmLfvvfU+eZ/90J/7sb/cpPretuY5uRb+6jfOaMuO</latexit>

d⌘ = a�2dt

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="tS+VD9L+hucEgUPxY6AA5SbEypo="></latexit>

k !

<latexit sha1_base64="4QwbSMeyRmWI8nruZNimOsmKGaQ="></latexit>

h�k�k0i / P�(k)
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2-pt density correlation function = 4 pt field corr. func.

<latexit sha1_base64="jGoNhJ9ScTGEupfP7X/Q+Gl+y24="></latexit>

i@⌘ = �r2

2m
 +ma2� 

<latexit sha1_base64="8kFngM59pzouwWIGUUNJLTbqFm8="></latexit>

r2� =
4⇡G

a
(⇢� ⇢̄), ⇢ = m| |2

<latexit sha1_base64="brMUDAZ2UVHxUxAxKISASQcXO78=">AAACrnicbVFdb9MwFHXC1wgf6+BxL1dUlYagVVJNGy+VBjyA4KVItJtUZ9WN46zW7CTYDlKV5WfxY3jll+CkBbGNK1k6Oud++dyklMLYMPzp+Xfu3rv/YOdh8Ojxk6e7vb1nc1NUmvEZK2ShzxI0XIqcz6ywkp+VmqNKJD9NLt+3+ul3ro0o8q92XfJY4UUuMsHQOmrZ+zEQtERtBcol5RaBlkbABIY008hqmmMi8Xzc1GPVdN IrUOAIoNOV6JIDgAEA/VZhGjj0p6LTJ7Bpc0hLAR+aGpsDqlcFDIEmqOsWNy9ft2V/O3TN2pwJqKu2/9X5OEi71SZucD0cN6ld9vrhKOwCboNoC/pkG9Nl7xdNC1Ypnlsm0ZhFFJY2rtuPM8mbgFaGl8gu8YIvHMxRcRPXnb0NDByTQlZo93ILHftvRY3KmLVKXKZCuzI3tZb8n7aobPYmrkVeVpbn7NoWdaI2g7NKgi2gvR2kQnNm5doBZFq43YGt0Bls3YUDZ0p004LbYD4eRUejoy+H/ZN3W3t2yD55QQ5IRI7JCflIpmRGmLfvvfU+eZ/90J/7sb/cpPretuY5uRb+6jfOaMuO</latexit>

d⌘ = a�2dt

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="tS+VD9L+hucEgUPxY6AA5SbEypo="></latexit>

k !

<latexit sha1_base64="4QwbSMeyRmWI8nruZNimOsmKGaQ="></latexit>

h�k�k0i / P�(k)
<latexit sha1_base64="026QBGU3XxggJHdJOu8OAn9BjR0="></latexit>

h    i ⇠
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field eq. to eqns. for distribution (correlation) functions

<latexit sha1_base64="oC/OIfik+7f8W8lljnmnFt0hVaI="></latexit>

@⌘gkk0(p,p0) + i

✓
p · k
m

+
p0 · k0

m

◆
gkk0(p,p0)� 3

2
H̄

2
0a


�kf(p)

Z

l
gkk0(l,p0) +�k0f(p0)

Z

l
gk0k(l,p)

�

⇡ 3

2
H̄

2
0a [�kf(p)f(|p0 + k/2|)f(|p0 � k0

/2|) + (1 $ 2)] (2⇡)3�D(k + k0).

<latexit sha1_base64="/7db5krjmHOGIuWHcs7g3pDkyVU="></latexit>

L = 0 )

<latexit sha1_base64="0lIC2oXqInU+hJk7WAUXWp9d9ko="></latexit>

i@⌘ q =
q2

2m
 q +ma2

Z

p
�p q�p

<latexit sha1_base64="xvedPc429ko01Q4d+eN5RYJveGo="></latexit>

�q = �4⇡G

aq2
⇢q

<latexit sha1_base64="GH6y3Zl8JewYhCE52lL+m++n9Xc="></latexit>

�kf(p) ⌘ (�im/k2) [f(|p+ k/2|)� f(|p� k/2|)]

<latexit sha1_base64="WDPbLcqBGh0LaxY0Pctfg1yryRQ="></latexit>

(2⇡)3�D(k + k0)@⌘f(p) =
3H̄2

0

2
a

Z

k,q
�kgkk0(q,p)

<latexit sha1_base64="703gnh7RGAfgJ+D7p0x+dP+30Pk="></latexit>⇡ 0

<latexit sha1_base64="VKl9z16F6iKsDe/YQ7gtQ2Hrf5c="></latexit>

H̄
2
0 = (8⇡G/3)⇢̄

<latexit sha1_base64="Py95YvfKDvCgsHsX2F8TqJFbCSw="></latexit>

L1f = S[g]

L2g ⇡ S[f ]

similar to truncated BBGKY


ignore connected 3~pt
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power spectrum evolution

<latexit sha1_base64="GH6y3Zl8JewYhCE52lL+m++n9Xc="></latexit>

�kf(p) ⌘ (�im/k2) [f(|p+ k/2|)� f(|p� k/2|)]

gravitational clustering (with free-streaming)pure free-streaming

<latexit sha1_base64="VKl9z16F6iKsDe/YQ7gtQ2Hrf5c="></latexit>

H̄
2
0 = (8⇡G/3)⇢̄

i = b, c

<latexit sha1_base64="kUQWPBiRFFm4CbSl/bnjQbIqZ8E="></latexit>

T
(i)
k (⌘, ⌘0) = T

fs (i)
k (⌘, ⌘0) +

3H̄2
0

2

Z ⌘

⌘0

d⌘0a(⌘0)T fs (b)
k (⌘, ⌘0)T (i)

k (⌘0, ⌘0)

<latexit sha1_base64="SQED8k0kXEKlgyOgtyWM86SjCIE="></latexit>

P�(⌘, k) = P�(⌘0, k) + 3H̄2
0

Z ⌘

⌘0

d⌘0a(⌘0)T (b)
k (⌘, ⌘0)T (c)

k (⌘, ⌘0)

<latexit sha1_base64="IaAgmhWXelCsjpLtzsOvA7s8dxA="></latexit>

T fs(b)
k (⌘, ⌘0) =

2m

k2
sin


k2

2m
(⌘ � ⌘0)

� Z

p
f(p)e�ip·k

m (⌘�⌘0),

T fs(c)
k (⌘, ⌘0) =

Z

p
f(|p+ k/2|)f(|p� k/2|)e�ip·k

m (⌘�⌘0)
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<latexit sha1_base64="WYVjNUZk8OTmOyoJG3c5I/XO8VQ=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqCAlKVJdFnXhsoK9QBPDZDJth04uzJwINRRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPm9mDMJpvmtFZaWV1bXiuuljc2t7R19d68to0QQ2iIRj0TXw5JyFtIWMOC0GwuKA4/Tjje6yuqdByoki8I7GMfUCfAgZH1GMCjL1Q/sa8oB39dc28+gAqejE1cvm1VzKmMRrBzKKFfT1b9sPyJJQEMgHEvZs8wYnBQLYITTSclOJI0xGeEB7SkMcUClk06vnxjHyvGNfiTUC8GYur8nUhxIOQ481RlgGMr5Wmb+V+sl0L9wUhbGCdCQzBb1E25AZGRRGD4TlAAfK8BEMHWrQYZYYAIqsJIKwZr/8iK0a1WrXq3fnpUbl3kcRXSIjlAFWegcNdANaqIWIugRPaNX9KY9aS/au/Yxay1o+cw++iPt8wc+nZR1</latexit> �
2 �
(t

,
k
)

<latexit sha1_base64="WYVjNUZk8OTmOyoJG3c5I/XO8VQ=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqCAlKVJdFnXhsoK9QBPDZDJth04uzJwINRRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPm9mDMJpvmtFZaWV1bXiuuljc2t7R19d68to0QQ2iIRj0TXw5JyFtIWMOC0GwuKA4/Tjje6yuqdByoki8I7GMfUCfAgZH1GMCjL1Q/sa8oB39dc28+gAqejE1cvm1VzKmMRrBzKKFfT1b9sPyJJQEMgHEvZs8wYnBQLYITTSclOJI0xGeEB7SkMcUClk06vnxjHyvGNfiTUC8GYur8nUhxIOQ481RlgGMr5Wmb+V+sl0L9wUhbGCdCQzBb1E25AZGRRGD4TlAAfK8BEMHWrQYZYYAIqsJIKwZr/8iK0a1WrXq3fnpUbl3kcRXSIjlAFWegcNdANaqIWIugRPaNX9KY9aS/au/Yxay1o+cw++iPt8wc+nZR1</latexit> �
2 �
(t

,
k
)

<latexit sha1_base64="WYVjNUZk8OTmOyoJG3c5I/XO8VQ=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqCAlKVJdFnXhsoK9QBPDZDJth04uzJwINRRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPm9mDMJpvmtFZaWV1bXiuuljc2t7R19d68to0QQ2iIRj0TXw5JyFtIWMOC0GwuKA4/Tjje6yuqdByoki8I7GMfUCfAgZH1GMCjL1Q/sa8oB39dc28+gAqejE1cvm1VzKmMRrBzKKFfT1b9sPyJJQEMgHEvZs8wYnBQLYITTSclOJI0xGeEB7SkMcUClk06vnxjHyvGNfiTUC8GYur8nUhxIOQ481RlgGMr5Wmb+V+sl0L9wUhbGCdCQzBb1E25AZGRRGD4TlAAfK8BEMHWrQYZYYAIqsJIKwZr/8iK0a1WrXq3fnpUbl3kcRXSIjlAFWegcNdANaqIWIugRPaNX9KY9aS/au/Yxay1o+cw++iPt8wc+nZR1</latexit> �
2 �
(t

,
k
)

<latexit sha1_base64="79p22BAECf82syFuzDpczWBlMFc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8xV2R6DHoxWME84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN0TnuMdErlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSvKgE1Ur1/rJcu8njKMAxnMAZBHAFNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/QoyO8Q==</latexit>

k/aim
<latexit sha1_base64="ojes4IeJ76XQij48X/tcNaCHc/I=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21okl2SrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//ci04bF6sJOEBZIMFY84JdZJbdLnWOKnfrniVb058Crxc1KBHI1++as3iGkqmbJUEGO6vpfYICPacirYtNRLDUsIHZMh6zqqiGQmyObnTvGZUwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2ug4yrpLUMkUXi6JUYBvj2e94wDWjVkwcIVRzdyumI6IJtS6hkgvBX355lbQuqn6tWru/rNRv8jiKcAKncA4+XEEd7qABTaAwhmd4hTeUoBf0jj4WrQWUzxzDH6DPH5b0jxk=</latexit>

aimx

Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density

– 25 –
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key input and output

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="tS+VD9L+hucEgUPxY6AA5SbEypo="></latexit>

k !
<latexit sha1_base64="M1sG4SP2TmG86GOftUPBBmF1wu4=">AAAB83icbVDJSgNBEK1xjXGLelSkMQiewozgcgx68ZiAWSAZQk+nJ2nS0z129yhhyNFf8OJBEa/e8x3e/AZ/ws5y0MQHBY/3qqiqF8ScaeO6X87C4tLyympmLbu+sbm1ndvZrWqZKEIrRHKp6gHWlDNBK4YZTuuxojgKOK0FveuRX7unSjMpbk0/pn6EO4KFjGBjpeZdU7FO12Cl5EMrl3cL7hhonnhTki8eDMvfj4fDUiv32WxLkkRUGMKx1g3PjY2fYmUY4XSQbSaaxpj0cIc2LBU4otpPxzcP0LFV2iiUypYwaKz+nkhxpHU/CmxnhE1Xz3oj8T+vkZjw0k+ZiBNDBZksChOOjESjAFCbKUoM71uCiWL2VkS6WGFibExZG4I3+/I8qZ4WvPPCWdmmcQUTZGAfjuAEPLiAItxACSpAIIYneIFXJ3GenTfnfdK64Exn9uAPnI8fiCCVuQ==</latexit>q !

<latexit sha1_base64="59pNOQhSBnBdaugQhCPGrX1Llvk="></latexit>

p3

2⇡2
P (t0, q)



generality and computational efficiency

- works for fields with arbitrary initial Field 
spectra

- includes effects of warmth and noisiness

- works for arbitrary # of components

- requires solving Volterra equations (we 
have a fast, efficient code < few sec for PS)

https: gitHub.com/mustafaamin/warm-and-random

http://gitHub.com/mustafaamin/warm-and-random
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evolution of the matter power spectrum

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="iBSvHJLTxw8vIG3Kbt3zC2bBlNc=">AAACA3icbVC7SgNBFJ2Nr7i+opY2g0GwCruCj0YM2lhGMA/ILmF2MpsMmZ0ZZmaVsKT0F2wVLO3E1tpPEFu/xMmjMIkHLhzOuZdzOZFkVBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MiVZhUsWBCNSKkCaOcVA01jDSkIiiJGKlHvauhX78jSlPBb01fkjBBHU5jipGxUtALFO10DVJK3LcKRa/kjQDniT8hxYtP91y+fLmVVuEnaAucJoQbzJDWTd+TJsyQMhQzMnCDVBOJcA91SNNSjhKiw2z08wAeWKUNY6HscANH6t+LDCVa95PIbibIdPWsNxT/85qpic/CjHKZGsLxOChOGTQCDguAbaoINqxvCcKK2l8h7iKFsLE1TaVEycC1pfizFcyT2lHJPykd33jF8iUYIw/2wD44BD44BWVwDSqgCjCQ4BE8gWfnwXl13pz38WrOmdzsgik4H7+d6Zvv</latexit>

k !

<latexit sha1_base64="F4K29fyswBoZlt+fKyHwZKXSESk=">AAACC3icbVC7SgNBFJ2NrxhfawQbm8EgiEXYFXyUITaWCZgHZMMyO5kkQ2Zml5lZNSz7Cf6CrTZWdmKpH2Fj4Zc4eRQm8cCFwzn3ci4niBhV2nG+rMzS8srqWnY9t7G5tb1j7+brKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQSDq5HfuCVS0VDc6GFE2hz1BO1SjLSRfDs/8E88RTkc+IknObwTqW8XnKIzBlwk7pQUSvvVb/pS/qj49o/XCXHMidCYIaVarhPpdoKkppiRNOfFikQID1CPtAwViBPVTsa/p/DIKB3YDaUZoeFY/XuRIK7UkAdmkyPdV/PeSPzPa8W6e9lOqIhiTQSeBHVjBnUIR0XADpUEazY0BGFJza8Q95FEWJu6ZlICnuZMKe58BYukflp0z4tnVdNOGUyQBQfgEBwDF1yAErgGFVADGNyDR/AEnq0H69V6s94nqxlrerMHZmB9/gI5dp5n</latexit>

k⇤ ⇠ kwn

isoc
urv

atu
re

adiabatic

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="iBSvHJLTxw8vIG3Kbt3zC2bBlNc=">AAACA3icbVC7SgNBFJ2Nr7i+opY2g0GwCruCj0YM2lhGMA/ILmF2MpsMmZ0ZZmaVsKT0F2wVLO3E1tpPEFu/xMmjMIkHLhzOuZdzOZFkVBvP+3ZyC4tLyyv5VXdtfWNzq7C9U9MiVZhUsWBCNSKkCaOcVA01jDSkIiiJGKlHvauhX78jSlPBb01fkjBBHU5jipGxUtALFO10DVJK3LcKRa/kjQDniT8hxYtP91y+fLmVVuEnaAucJoQbzJDWTd+TJsyQMhQzMnCDVBOJcA91SNNSjhKiw2z08wAeWKUNY6HscANH6t+LDCVa95PIbibIdPWsNxT/85qpic/CjHKZGsLxOChOGTQCDguAbaoINqxvCcKK2l8h7iKFsLE1TaVEycC1pfizFcyT2lHJPykd33jF8iUYIw/2wD44BD44BWVwDSqgCjCQ4BE8gWfnwXl13pz38WrOmdzsgik4H7+d6Zvv</latexit>

k !

<latexit sha1_base64="F4K29fyswBoZlt+fKyHwZKXSESk=">AAACC3icbVC7SgNBFJ2NrxhfawQbm8EgiEXYFXyUITaWCZgHZMMyO5kkQ2Zml5lZNSz7Cf6CrTZWdmKpH2Fj4Zc4eRQm8cCFwzn3ci4niBhV2nG+rMzS8srqWnY9t7G5tb1j7+brKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQSDq5HfuCVS0VDc6GFE2hz1BO1SjLSRfDs/8E88RTkc+IknObwTqW8XnKIzBlwk7pQUSvvVb/pS/qj49o/XCXHMidCYIaVarhPpdoKkppiRNOfFikQID1CPtAwViBPVTsa/p/DIKB3YDaUZoeFY/XuRIK7UkAdmkyPdV/PeSPzPa8W6e9lOqIhiTQSeBHVjBnUIR0XADpUEazY0BGFJza8Q95FEWJu6ZlICnuZMKe58BYukflp0z4tnVdNOGUyQBQfgEBwDF1yAErgGFVADGNyDR/AEnq0H69V6s94nqxlrerMHZmB9/gI5dp5n</latexit>

k⇤ ⇠ kwn

isoc
urv

atu
re

adiabatic

<latexit sha1_base64="bR1rgb891YL+9ZzrMLsxacAvf/U="></latexit>

k3

2⇡2
P�(t, k)

<latexit sha1_base64="F4K29fyswBoZlt+fKyHwZKXSESk=">AAACC3icbVC7SgNBFJ2NrxhfawQbm8EgiEXYFXyUITaWCZgHZMMyO5kkQ2Zml5lZNSz7Cf6CrTZWdmKpH2Fj4Zc4eRQm8cCFwzn3ci4niBhV2nG+rMzS8srqWnY9t7G5tb1j7+brKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQSDq5HfuCVS0VDc6GFE2hz1BO1SjLSRfDs/8E88RTkc+IknObwTqW8XnKIzBlwk7pQUSvvVb/pS/qj49o/XCXHMidCYIaVarhPpdoKkppiRNOfFikQID1CPtAwViBPVTsa/p/DIKB3YDaUZoeFY/XuRIK7UkAdmkyPdV/PeSPzPa8W6e9lOqIhiTQSeBHVjBnUIR0XADpUEazY0BGFJza8Q95FEWJu6ZlICnuZMKe58BYukflp0z4tnVdNOGUyQBQfgEBwDF1yAErgGFVADGNyDR/AEnq0H69V6s94nqxlrerMHZmB9/gI5dp5n</latexit>

k⇤ ⇠ kwn

isoc
urv

atu
re

adiabatic

<latexit sha1_base64="mDnagoofIRVysBO/Yp+WpCVvj6A="></latexit>

k⇤ sets kwn which set amplitude of isocurvature part

k⇤/m sets kfs which determines free-streaming suppression

k⇤/m sets kJ which determines Jeans suppression

<latexit sha1_base64="JJailsYljAwRgC3Ug9fd+cAlu0c=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL+IpgnlIsoTZyWwyZB7LzKwQlnyFFw+KePVzvPk3TpI9aLSgoajqprsrSjgz1ve/vMLK6tr6RnGztLW9s7tX3j9oGZVqQptEcaU7ETaUM0mblllOO4mmWESctqPx9cxvP1JtmJL3dpLQUOChZDEj2DrpYdzPelqg22m/XPGr/hzoLwlyUoEcjX75szdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm84On6MQpAxQr7UpaNFd/TmRYGDMRkesU2I7MsjcT//O6qY0vw4zJJLVUksWiOOXIKjT7Hg2YpsTyiSOYaOZuRWSENSbWZVRyIQTLL/8lrbNqUKvW7s4r9as8jiIcwTGcQgAXUIcbaEATCAh4ghd49bT37L1574vWgpfPHMIveB/fkfGQRg==</latexit>

kJ

A lower bound on dark matter mass

Mustafa A. Amin1 and Mehrdad Mirbabayi2

1
Department of Physics and Astronomy, Rice University, Houston, Texas 77005, U.S.A.,

⇤

2
International Centre for Theoretical Physics, Trieste, Italy

†

We argue that there is a lower bound of order 10�18 eV on dark matter mass if it is produced
after inflation via a process with finite correlation length.

I. INTRODUCTION

Dark matter is essential to our understanding of the
cosmos – from the astrophysical scales relevant for dwarf
galaxies to the cosmological scales in the Cosmic Mi-
crowave Background (CMB) [1]. Dark matter makes up
approximately 84% of the non-relativistic matter in our
cosmos [2]. Its detailed nature, however, is not well un-
derstood. For example, the mass or spin of dark matter
particles is not known, and we have yet to confirm any
non-gravitational interactions of dark matter. Further-
more, we do not have a unique formation mechanism for
dark matter in the early universe. Given the relevance of
dark matter to our understanding of the cosmos, any rel-
atively model-independent constraint on some of its mi-
croscopic properties would be valuable. In this letter, we
provide such a relatively model-independent lower bound
on the mass of dark matter particles.

An approximately scale invariant initial power spec-
trum of dark matter density fluctuations for comoving
wavenumbers k < kobs ⇠ 10 Mpc�1 is consistent with
current observations [3, 4]. We use two e↵ects, (1) excess
white noise power and (2) suppression of power due to
free-steaming, to provide a relatively model-independent
lower bound on the mass of the dark matter particles
produced after inflation, m & 10�18 eV. The bound is
independent of the nature of the field (scalar, vector, ten-
sor etc.) and details of the post-inflationary production
mechanism, but assumes this field constitutes all of dark
matter and interacts only gravitationally after produc-
tion. With more details of the production mechanism
included, the bound can be strengthened further. Our
lower bound is at least 1-2 orders of magnitude stronger
than that due to the finite Jeans scale in fuzzy dark mat-
ter [3, 5]. It is comparable to the recent bound due to
dynamical heating of stars in ultra-faint white dwarfs [6].
Our bound is more general, but weaker than the one
of [7, 8], who use a model-specific version of (1) alone.
Based on inferred quasar spins and hence lack of super-
radiance, [9] also claims a stronger bound on the mass
than ours.

To demonstrate our idea, we provide a concrete exam-
ple of scalar field dark matter. We set ~ = c = 1.

⇤ mustafa.a.amin@rice.edu
† mehrdad.mirbabayi@gmail.com

II. WHITE NOISE

Consider a scalar field, '(t,x) of mass m, that gets
excited at time ti after inflation with Heq ⌧ m < Hi.
For now, let us neglect the inflationary adiabatic fluctu-
ations. Then, the correlation length of the excitations is
expected to be subhorizon because of causality. Near
matter-radiation equality, the matter density is given
by[10]

⇢̄(t) ⇡ m
2

Z
d ln q

q
3

2⇡2
P'(t, q) , (1)

where integration over all momenta (without a UV cut-
o↵) is a justifiable approximation because by this time
the integral must be dominated by momenta much less
than ma(t). Meanwhile, since Heq ⌧ Hi, the main con-
tribution comes from momenta much larger than keq. For
simplicity, we take it to be a single scale k⇤. Because of
the finite correlation length, at momenta k ⌧ k⇤ there
is a white-noise contribution to the spectrum of the frac-
tional density perturbation �. The isocurvature transfer
function is close to one and we can approximate

P
(iso)
� (t, k) ⇡

m
4

⇢̄2(t)

Z
d ln q

q
3

2⇡2
[P'(q, t)]2 ⌘

2⇡
2

k
3
nl

. (2)

knl is understood as being defined by the above equa-
tion. With a single scale in the problem, we expect a
time-independent knl ⇠ k⇤. Further details of the order
unity isocurvature transfer function can be found in the
supplementary material (V F).

We stress that despite the suggestive subscript, knl

only parametrizes the slope of the white-noise part of
the density power spectrum at su�ciently small k. It is
not necessarily the location in k space where the density
perturbations become nonlinear. Furthermore, while not
necessary for the following sections, a parameterization
of knl ⇠ k⇤ in terms of the time and lengthscale asso-
ciated with the production mechanism, and mass m, is
provided in the supplementary material section (V A).

The reader who is familiar with the theory of struc-
ture formation might be skeptical about this flat spec-
trum. Indeed, it is well known that the stochastic con-
tribution to the nonlinear P�(t, k) arising from clustering
behaves as k

4 rather than k
0 at low k. This is a con-

sequence of mass and momentum conservation (see [11],
chapter 28). A white-noise contribution / k

0, would im-
ply that starting from the same initial matter density
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Jeans

MA, May, Mirbabayi (2025)
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halos+solitons at z > 100
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early nonlinear structure formation



solitons — when do they form, in what fraction ?
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a/aeq = 5.6

MA, May, Mirbabayi (2025)

* can be order unity fraction of mass in collapsed objects, at least at early times.  Also see Gorghetto, Hardy and Villadoro (2024)
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generalizations — noise and warmth everywhere



quasi-particle picture — noise and warmth
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Figure 4: The left panels are the overdensity spectra �2
�
(k) over time, and the right

panels are the corresponding snapshots of �. The panels are ordered vertically by time. The

spectra were produced using the binning scheme described in App. C. The snapshots on the

right panel are the �’s averaged over one axis of the lattice. One can see from the left panels

that the initial k
0 plateau at low-k (scale-invariant) of the spectra are suppressed over time

as the free-streaming length increases, and only a k
3 white noise remains in the end. Note

that only the first and second rows were from outputs of our numerical integration; the

third row was produced using the WKB solution. In this entire simulation, gravitational

perturbations are ignored in the evolution equations, but qualitatively included in the

initial conditions.

the peak become fixed, as given by (4.8). This can be seen by comparing the second and

third row of Fig. 4.

It is also evident from Fig. 4 that free streaming wipes out (non-white noise) density

– 25 –
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structure formation with finite number density and warmth
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radiation domination matter domination

(a) (b) (c) (d)free streamingfree streaming grav. clustering

Figure 1: During radiation domination, free streaming erases existing correlations below

the free-streaming length, revealing more of the underlying Poisson distribution of particles:

(a) ! (b). However, free streaming cannot change the underlying Poisson distribution:

(b) ! (c). During matter domination, gravitational clustering builds correlations above

the Jeans length: (c) ! (d). The points could represent de Broglie-scale quasi-particles in

wave dark matter, composite/macroscopic dark matter (including primordial black holes

or substructures) or “usual” particle dark matter.

Our calculation of the power spectrum involves solving a truncated BBGKY (Bo-

goliubov–Born–Green–Kirkwood–Yvon) hierarchy. The setup, including the truncated

BBGKY hierarchy, can be found in textbooks [50, 51]. The result for the free-streaming

suppression for the adiabatic part is also well known. However, the form of the solution we

are able to write down for the evolution of the white noise part is di↵erent from existing

literature. In this solution, the connection between the shape of the initial phase space

distribution function (DF) and the shape of the final power spectrum is transparent for

both the adiabatic and white-noise parts.

Although our formalism rigorously applies to particle dynamics, we expect our results

to approximately apply also to wave dark matter as long as we restrict ourselves to scales

su�ciently larger than the de Broglie scale. Ultralight wave dark matter is of particular

interest because it can simultaneously produce free-streaming suppression and white noise

both at a level accessible to observations of quasi-linear structure [35]. For instance, if

excitations of the dark matter field are produced after inflation, as in axion models with

post-inflation Peccei–Quinn symmetry breaking, their finite correlation length leads to a

clumpiness of the density field with an initially white noise spectrum. The same clumpiness

also implies a non-trivial velocity dispersion. A simplified model would then be to introduce

quasi-particles which represent the coherent patches and whose velocity dispersion that of

the underlying wave dark matter field.1 We expect that our formalism can be also extended

to include additional e↵ects present in wave dark matter at small scales.

Our present formalism is also specialized to non-relativistic gravitational dynamics of

1
Clumpiness at the de Broglie scale has been widely studied in the context of halos of ultralight dark

matter [52–67]. In this case the velocity dispersion arises due to local gravitational clustering rather than

early-universe initial conditions.
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*dots represent de Broglie interference granules/black holes/ etc.



generality of the framework 

- works for point particles, solitons and fields 
with arbitrary initial spectra

- includes effects of noise and warmth (not 
captured by CLASS, AxiCAMB etc.)

- works for arbitrary # of components

- can include non-gravitational interactions*

already being applied to MW Satellites populations (Nadler et. al (2026), subdominant ALPs (Gorghetto et.  al, 2026) 
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summary

-Warmth related suppression features & Poisson fluctuations related 
enhancements are generic features in many cosmological fields


- Many observational. probes of these features in power spectra and 
nonlinear structures (eg. solitons): Lya, high-redshift observables, galaxy 
clustering and early universe observables (g-waves?) 


- A new fast, theoretical and numerical framework for computation 
exists (linear regime). Exciting signatures in the nonlinear regime.


