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Motivation

The event rate for a general dark matter (DM) scattering process with

momentum transfer 𝒒 and energy transfer 𝐸𝑞 can be written as [9]

𝑑𝑅
𝑑𝐸

∼ ∫𝑇(𝐸, 𝐸𝑞, 𝒒)ℛ[𝑓 ](𝑠 + 𝒗lab ⋅ 𝒒̂, 𝒒̂) 𝑑3𝑞𝑑𝐸𝑞, (1)

where 𝑇(𝐸, 𝐸𝑞, 𝒒) represents a generalized target response, andℛ[𝑓 ] is
the Radon transform of the velocity distribution,

ℛ[𝑓 ](𝑡, 𝒒̂) = ∫𝛿(𝑡 − 𝒗 ⋅ 𝒒̂)𝑓 (𝒗) 𝑑3𝑣,

with 𝑠 = 𝑞/2𝑚𝜒 + 𝐸𝑞/𝑞. The high-dimensional integral in equation (1)

poses a challenge for study of DM scattering in anisotropic solid-state

detectors, and for non-SHM velocity distributions. Conventional nu-

merical integration methods are inefficient and impede studies such

as comprehensive parameter space scans, full-year daily modulation

analyses, and studies of impact of detector orientation on themodulation.

More efficientmethods of integrating the event rate are therefore needed.

Note

Under common circumstances in electron scattering, conventional

nuclear scattering, and the Migdal effect (under soft and free-ion

approximation), the energy transfer integral becomes trivial

𝑇el(𝐸, 𝐸𝑞, 𝒒) = 𝛿(𝐸 − 𝐸𝑞)𝑇el(𝐸, 𝒒),
𝑇nuc(𝐸, 𝐸𝑞, 𝒒) = 𝛿(𝐸 − 𝐸𝑞)𝑇nuc(𝐸, 𝒒),

𝑇mig(𝐸, 𝐸𝑞, 𝒒) = 𝛿 (𝐸𝑞 − 𝐸 −
𝑞2

2𝑚𝜒
)𝑇mig(𝐸, 𝒒)

Method

We propose a novel algorithm for evaluating the event rate integral (1)

based on an expansion of the DM velocity distribution 𝑓 (𝒗) in a basis of

3D Zernike functions [8]

𝑓 (𝒗) = ∑
𝑛𝑙𝑚

𝑓𝑛𝑙𝑚𝑍𝑛𝑙𝑚(𝒗).

The Radon transform of the Zernike functions have a known closed form

expression [3, 6], which allows writing down a closed form solution for

the Radon transform of the velocity distribution,

ℛ[𝑓 ](𝑠 + 𝒗lab ⋅ 𝒒̂, 𝒒̂) = ∑
𝑛𝑙𝑚

̂𝑓𝑛𝑙𝑚𝑃𝑛(𝑠 + 𝒗lab ⋅ 𝒒̂)𝑌𝑙𝑚(𝒒̂),

with the Radon transform coefficients ̂𝑓𝑛𝑙𝑚 given by a linear combination

of the Zernike expansion coefficients

̂𝑓𝑛𝑙𝑚 = (
𝑓𝑛,𝑙𝑚
2𝑛 + 3

−
𝑓𝑛−2,𝑙𝑚
2𝑛 − 1)

.

For a suitable choice of integration coordinates, this allows solving the

angle-integrated, weighted Radon transform

ℛ𝑇 [𝑓 ](𝐸, 𝐸𝑞, 𝑞, 𝒗lab) ≡ ∫𝑇(𝐸, 𝐸𝑞, 𝒒)ℛ[𝑓 ](𝑠 + 𝒗lab ⋅ 𝒒̂, 𝒒̂) 𝑑Ω𝑞

= ∑
𝑛𝑙

̂𝑓 𝑇
𝑛𝑙0(𝐸, 𝐸𝑞, 𝑞)𝐴𝑛𝑙(𝑣lab, 𝑠),

with

𝐴𝑛𝑙(𝑣lab, 𝑠) = 2𝜋𝑁𝑙 ∫𝑃𝑛(𝑠 + 𝑣lab𝑧)𝑃𝑙(𝑧) 𝑑𝑧,

such that the event rate can be written as
𝑑𝑅
𝑑𝐸

∼ ∫ℛ𝑇 [𝑓 ](𝐸, 𝐸𝑞, 𝑞, 𝒗lab)𝑞2 𝑑𝑞𝑑𝐸𝑞.

Note

Tomultiply together the target response and the Radon transform

coefficients, they are rotated to a common coordinate system with

𝑧-axis in the direction of 𝒗lab using spherical harmonic transforms.
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Figure 1: Time to evaluate the angle-integrated, weighted Radon trans-

form integral of the Zernike-based method compared to two conven-

tional numerical integration algorithms: VEGAS Monte Carlo [4, 5] and

adaptive Genz–Malik quadrature [2].

Zernike Functions

The 3D Zernike functions 𝑍𝑛𝑙𝑚(𝒗) = 𝑅𝑛𝑙(𝑣)𝑌𝑙𝑚(𝑣̂) are a family of functions

orthogonal on the unit sphere [1, 3, 7],

∫
|𝒗|≤1

𝑍𝑛𝑙𝑚(𝒗)𝑍𝑛′𝑙′𝑚′(𝒗) 𝑑3𝑣 = 𝑁𝑛𝑙𝑚𝛿𝑛𝑛′𝛿𝑙𝑙′𝛿𝑚𝑚′,

consisting of a radial polynomial 𝑅𝑛𝑙 and a spherical harmonic 𝑌𝑙𝑚. Fast
computation of the expansion coefficients

𝑓𝑛𝑙𝑚 = ∫𝑓 (𝒗)𝑍𝑛𝑙𝑚(𝒗) 𝑑3𝑣

is enabled by extension of standard methods from literature on spheri-

cal harmonic transforms. The function 𝑓 (𝒗) is sampled on a grid with

appropriately spaced nodes. The 3D integral is then performed via a fast

Fourier transform (FFT) followed by two Gauss–Legendre quadrature

(GLQ) steps

𝑓 (𝑣𝑖, 𝜃𝑗, 𝜑𝑘)
FFT−−−−−−−−→

𝒪(𝑁3 log𝑁)
𝑓𝑚(𝑣𝑖, 𝜃𝑗)

GLQ
−−−−→
𝒪(𝑁4)

𝑓𝑙𝑚(𝑣𝑖)
GLQ

−−−−→
𝒪(𝑁4)

𝑓𝑛𝑙𝑚.

Library Implementation

We have implemented the Zernike-based Radon

transform method in the library ZebraDM. This

library aims to become a general-purpose, high-

performance tool for theoretical analysis of direct

detection.

https://github.com/sebsassi/zebradm.git
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